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FOREWORD

The workshop entitled “Perspectives on Nuclear Data for the Next Decade” (P(ND)^2) was held
in Bruyères-le-Châtel, France, on 26-28 September 2005, organised under the auspices of the Nuclear
Energy Agency (NEA) of the Organisation for Economic Co-operation and Development (OECD),
and hosted by the Commissariat à l’énergie atomique (CEA) in its DAM Ile-de-France (DIF) research
centre. The workshop was a direct successor to the highly successful series of specialist meetings on
optical model potentials held in Paris in 1985, and in Bruyères-le-Châtel in 1996. Although the scope
of the workshop was widened beyond optical models, it was organised in the same spirit as its
predecessors, as a specialist meeting dedicated to exploring the future of nuclear data evaluation.
With a declining number of nuclear data evaluators in the world and an increasing demand for
high-quality data, there is a risk that evaluators will concentrate on producing new nuclear data to the
detriment of developing new models and methods for evaluating existing data. In this context, it is
essential to identify the basic physics issues that are going to be important for future nuclear data
evaluation processes. At the same time, demand for new types of data, which will be needed in
emerging nuclear applications, could warrant new evaluation techniques that are presently only used in
the context of fundamental research and not in nuclear data production.
The goal of the P(ND)^2 workshop was to identify current physics issues that are likely to be
employed in the nuclear data evaluation process in the next 10 to 15 years, including both theoretical
modelling and experimental aspects. More specifically, the following questions were discussed during
the workshop:
1. To what extent can pure microscopic, model-based evaluations be performed? Do they satisfy
the accuracy requirements of the applications? If not, what adjustments are possible?
2. Are complex models such as MCAS, CDCC, microscopic fission, and microscopic
pre-equilibrium ready to be used in evaluations? If not, when will that be the case?
3. How far are we from being able to supply complete uncertainty information (covariance
matrices) at every stage of the modelling process: from experimental data, structure calculation,
and nuclear reactions, via nuclear data libraries, to applications calculations?
4. Which directions are the most promising for experimental work?
a. new targets (presumably further from the stability line);
b. indirect/surrogate reactions;
c. new exclusive reaction channels (to further challenge theoretical models);
d. unprecedented neutron fluxes;
e. all of the above?
The present proceedings provide answers to the questions above and draw a roadmap of the
physics issues that need to be included in future evaluation processes.
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WELCOME ADDRESS

Pierre Bouchet
Deputy Director
CEA DAM Ile-de-France

I’m pleased to welcome you on this Atomic Energy Commission Centre, named DAM Ile-deFrance.
This centre is one of the four research units of the CEA Defence Division. This explains the fence
you probably saw all around, and the badging formalities at the entry.
A fence for classified studies, but a real will and a long tradition of opening to international
community for fundamental research, attested by:
x

publications in numerous international scientific journals;

x

collaborations with national and international scientific institutes and industry;

x

and finally taking part on organising visits and meetings like this workshop I have the honour
of introducing today.

This centre has been founded in 1955 and nuclear physics has always been a topic matter for 50
years.
The evaluation of nuclear data is of crucial importance for Atomic Energy Commission in some
of its main goals:
x

to succeed in providing an even more secure and cheaper energy;

x

to build the last issue for nuclear waste question;

x

and to work on our Defence Simulation Program.

This workshop is clearly oriented toward the future. You will discuss innovative approaches,
open new perspectives, build new research programs, and probably start new collaborations.
I am confident that you will give more complete and accurate nuclear data to the international
community. I hope you will find here, in Bruyères-Le-Châtel, a favourable environment to do so.
Let me wish you a pleasant workshop and fruitful days of discussions. Thank you for your
attention.
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Current status and future of nuclear model-based data evaluation
Arjan Koning
NRG
P.O. Box 25, NL-1755 ZG Petten
The Netherlands
Abstract
Nuclear reaction models, and their computational implementation, have become indispensible in modern
nuclear data evaluation. To perform adequate inter- and extrapolation on the energy and angular grids per reaction
channel, technological software (e.g. codes to analyze nuclear reactors) relies on a complete representation of a
nuclear reaction in a data ﬁle, and not only on the data that happen to be available through measurements. For
nuclear model evaluation, future research is seen to proceed in two directions simultaneously: (a) broad scale
nuclear model calculations (dripline-to-dripline) and the associated comparison with the experimental database
and global parameter determination, (b) precise determination of nuclear data for very important nuclides and
reaction channels. For (a), microscopic physics, or trends derived from it, is necessary to obtain a credible
prediction for unmeasured reactions, while for (b) the experimental data that are of high quality need to be
identiﬁed from the existing database, or otherwise, need to be re-measured. For both cases, uncertainties play
an important role, and the current abilities to generate covariance data will be demonstrated. Next, an outlook is
presented for nuclear models and reaction channels that should become routine in the coming 10 years, such
as microscopic optical models, quantum-mechanical multi-step theories, microscopic level densities, ﬁssion
fragments and their neutron spectra.

1 Introduction
Why are nuclear reaction models important? The ﬁrst answer is Nuclear Physics. The interplay between experiment and theory gives us insight in the fundamental interaction between particles and nuclei, and precise
measurements enable us to constrain our models. In return, when the resulting nuclear models are believed to
have sufﬁcient predictive power, they can give an indication of the reliability of measurements. In particular, we
can test basic reaction mechanisms, e.g. the quantum mechanical multi-step direct pre-equilibrium model vs. the
semi-classical exciton model, the microscopic optical model and many other reaction theories. The same comparison between measurements and nuclear models allows us to probe the quality of nuclear structure (which is
a necessity for cross section calculations), as present in level density models and ﬁssion barrier models. Finally,
with theoretical nuclear reaction models one can produce basic cross sections for other fundamental applications,
such as astrophysics.
The second reason to develop nuclear reaction models is Nuclear Data. A complete set of reaction models
can generate nuclear data for all open reaction channels, on a user-deﬁned energy and angle grid, beyond the
resonance region. The resulting nuclear data libraries provide essential information for existing and new nuclear
technologies. Important applications that rely directly or indirectly on data libraries generated by nuclear reaction
simulation are: conventional and innovative power reactors (GEN-IV), accelerator-driven systems and transmutation of radioactive waste, fusion reactors, homeland security, medical isotope production and radiotherapy. At
low energies, say for neutrons below 1 MeV, only a few reaction channels are open, usually the elastic, capture
and ﬁssion channels. For very important nuclides, such as 235 U complete measurements could be made a nuclear
models are, in principle, not necessary. However, as soon as the enrgy increases above a few MeV many reaction
channels open up and predictive nuclear models are essential to produce the required nuclear data. In general one
can state that the number of experiments that can be ﬁnanced is very ﬁnite. A model code can produce data for all
nuclides, energies and channels, albeit not always with the quality that can be obtained by measurement. Thus, the
required accuracy of a particular type of nuclear data is crucial for the choice between measurement and theory.
Some aspects of nuclear model calculations are discussed in this paper.
1
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Figure 1: Nuclear models in TALYS

2 TALYS
TALYS[1] is a computer code system for the prediction and analysis of nuclear reactions. TALYS simulates
reactions that involve neutrons, gamma-rays, protons, deuterons, tritons, helions and alpha-particles, in the 1 keV
- 200 MeV energy range and for target nuclides of mass 12 and heavier. This is achieved by implementing a suite
of nuclear reaction models into a single code system. It enables to evaluate nuclear reactions from the unresolved
resonance region up to intermediate energies. Data evaluations by TALYS are based on a theoretical analysis that
utilizes the optical model, compound nucleus statistical theory, direct reactions and pre-equilibrium processes, in
combination with databases and models for nuclear structure. Fig. 1 summarizes the nuclear models implemented
in TALYS. The following output is produced by TALYS, can be compared with measurement, and can be stored
in data libraries:
• Total, elastic and non-elastic cross sections,
• Elastic scattering angular distributions,
• Inelastic scattering cross sections and angular distributions to discrete states,
• Exclusive channel cross sections, e.g. (n,γ), (n,2n), (n,np),.., energy and double-differential spectra,
• Gamma-ray production for discrete states and continuum,
• Isomeric and ground state cross sections,
• Residual production cross sections,
• Total particle cross sections, e.g. (n,xn), (n,xp),.., energy and double-differential spectra.
• Fission cross sections
In Fig. 1, the label “Input” may give the obviously false impression that the maximal predictive quality can be
obtained by simply specifying the nuclear reaction under consideration. Instead, usually various nuclear model
parameters, fed to the code by means of keywords, need to be adjusted to produce the optimal results, although
the four-line input ﬁle generally produces quite reasonable “blind” results.

2

The use of TALYS as a theoretical nuclear model tool has already been demonstrated for various different
types of nuclear reactions, see e.g. Ref. [2]. Here, we wish to touch upon a recently revived topic: providing
uncertainties with nuclear model calculations. Unfortunately, while the good habit of delivering error bars is
followed by most experimental nuclear physicists, only a few data evaluators and practically no theoreticians
provide uncertainties, let alone a full covariance matrix, with their results. Especially for the last group, the
nuclear model community, there seems to be no excuse: as long as (a) the exact form for the strong interaction,
and (b) the exact solution for the many-body problem, have not been uncovered we know that model-predicted
nuclear data only have one certainty: they are wrong. So why not providing error bars with the results? A simple
method[5], which will undoubtedly be extended to include more realistic approximations in the near future, will
be given below.

3 Covariances
A short, simple mathematical formalism is sufﬁcient to explain the method. Let p be a vector of L nuclear model
parameters, i.e.
p = {p1 , . . . , pl , . . . , pL }.
(1)
This vector contains all adjustable parameters that are relevant to the calculation under consideration. For example,
one may start with the optical model parameters p1 = rv (radius), p2 = av (diffuseness), etc., followed by the
level density parameters and so on. In practice L may take on values from only a few up to several tens, especially
if many residual nuclides are involved in a calculation. Next, let σ be a vector of N calculated cross sections, i.e.
σ = {σ1 , . . . , σi , . . . , σN }.

(2)

We have used the term “cross sections” here, but it should be understood that the deﬁnition of σ applies to all quantities of interest (angular distributions, differential energy spectra, etc.). For example, σ1 = σ tot (E1 ), . . . , σi =
dσ el /dΩ(E1 , Θ1 ), . . .., where E1 and Θ1 are the ﬁrst energy and angle respectively, on the grid. It is obvious that
σ can contain a very large number of elements. The vector σ is a function T of the vector p,
σ = T (p),

(3)

where T stands for the TALYS code. For the determination of the covariance matrix, we run TALYS with K
different sets of model parameters, i.e. vectors p, which we will therefore provide with a superscript (k) to denote
the k-th TALYS run,
(4)
σ (k) = T (p(k) ).
Let us designate the “best” set of input parameters, the central values, as p(0) and the corresponding “best”
calculated cross section vector as σ (0) . These are for example obtained from an appropriate goodness-of-ﬁt
estimator in an optimization scheme with the experimental data of all reaction channels. It can also simply
represent a so-called global nuclear model calculation with all parameters equal to their default values. We assume
that each nuclear model parameter has its own uncertainty,
pl = p0 ± Δpl ,

l = 1, L,

(5)

where it is understood that the uncertainty distribution is assumed to be a Gaussian. The basis of our method is
now formed by running TALYS K times, with e.g. K = 1000, whereby each time all L elements of the p vector
are randomly sampled from a Gaussian distribution with a speciﬁc width Δpl for each parameter pl .
After performing all K calculations, all statistical information is available. First of all, the average calculated
cross sections are
K
1  (k)
σi , i = 1, N.
(6)
σiav =
K
k=1

The average covariance matrix is given by
Vij =

K
1  (k)
(0)
(k)
(0)
(σi − σi )(σj − σj ),
K
k=1

3

i, j = 1, N.

(7)

From this, the average relative covariance matrix can be obtained,
(0) (0)

Rij = Vij /(σi σj ),

i, j = 1, N.

(8)

The square root of the diagonal elements of this matrix represents the uncertainty. Hence, the ﬁnal calculated
cross sections together with their uncertainties can be expressed as

(9)
σiﬁnal = σiav (1 ± Rii ), i = 1, N.
As an example, we apply this system to the optical model. The global neutron OMP, validated for 0.001 ≤
E ≤ 200 MeV and 24 ≤ A ≤ 209, is given by[3]
VV (E)
WV (E)
rV
aV
WD (E)
rD
aD
VSO (E)
WSO (E)
rSO
aSO

= v1n [1 − v2n (E − Efn ) + v3n (E − Efn )2 − v4n (E − Efn )3 ]
= w1n

(E − Efn )2
(E − Efn )2 + (w2n )2

= 1.3039 − 0.4054A−1/3
= 0.6778 − 1.487.10−4A
(E − Efn )2
= dn1
exp[−dn2 (E − Efn )]
(E − Efn )2 + (dn3 )2
= 1.3424 − 0.01585A1/3
= 0.5446 − 1.656.10−4A
n
n
= vso1
exp[−vso2
(E − Efn )]
n
= wso1

(E − Efn )2
n )2
(E − Efn )2 + (wso2

= 1.1854 − 0.647A−1/3
= 0.59,

(10)

where E is the incident energy in the LAB system
The simplest test of the Monte Carlo method is to see to what extent we can simulate the deviation between our
global OMP and experimental data. We have tested our method for a few nuclides and a selection of the results
is shown in Figs. 2 and 3. We have adjusted the widths of the model parameters such that we get reasonable
agreement for a subset of our large experimental OMP database of Ref. [3] The uncertainties for the global
neutron OMP parameters are given in Table 1. On average, the uncertainty bands are large enough to cover the
deviation between the global results and experimental data. For a few cases we are slightly too optimistic, e.g. for
27
Al at 7.5 MeV at backward angles, and sometimes we are a bit too conservative, e.g. for total cross sections
above 20 MeV. Nevertheless, on average the results represent a reasonable uncertainty.
The method can also be extended to a full TALYS calculation, for all partial reaction channels. Then, one also
assigns uncertainties to level density parameters, gamma strength function parameters, pre-equilibrium parameters, etc. Two examples for 208 Pb are given in Fig. 4.

4 Challenges
Contemporary nuclear model codes like TALYS or EMPIRE[6] are reasonably well equipped to give reliable
predictions of cross sections, spectra, angular distributions and other observables. Obviously, there is always room
for improvement for the physics of the implemented nuclear models. As for nuclear model code development,
here are some challenges for the coming decade:
Optical model:
• Microscopical JLM or full-folding approaches using modern interactions (Skyrme, Gogny, etc.) should be
further developed, replace the phenomenological model where/if possible, and be implemented in all-in-one
reaction codes.
4

Parameter

uncertainty (%)

Parameter

uncertainty (%)

rV
aV
v1n
v2n
v3n
v4n
w1n
w2n
rD
aD

2
2
2
3
3
5
10
10
3
4

dn1
dn2
dn3
rSO
aSO
n
vso1
n
vso2
n
wso1
n
wso2

10
10
10
10
10
5
10
20
20

Table 1: Uncertainties of the global neutron OMP parameters, given as fraction (%) of the absolute value.
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Figure 2: Comparison of experimental angular distributions and calculated results including uncertainty.
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• Complicated coupling schemes, including various rotational and vibrational bands, should become routine
in nuclear data evaluation.
• A systematic derivation of neutron reaction cross section from the total and elastic cross sections using
Wick’s limit, as suggested by Dietrich[4], should be undertaken.
Level densities:
• Microscopical HFB approaches (with Gogny or Skyrme force) should be used to create level density tables
as ingredients of nuclear reaction calculations.
• Phenomenological level densities (which are still powerful, since they have an adjustment possibility)
should be reparameterized on the basis of microscopic results.
Compound nucleus:
• The isospin-dependent Hauser-Feshbach statistical reaction model should be implemented in contemporary
reaction codes.
• Width ﬂuctuation models according to HRTW, Moldauer, and GOE random matrix models have already
been tested. What about the Kawai-Kerman-McVoy model?
Pre-equilibrium models:
• Someone should solve the causality problem in the Feshbach-Kerman-Koonin model once and for all.
• Quantum-mechanical multi-step direct/compound theories (FKK, modiﬁed FKK, TUL, NWY) should become routine in nuclear data evaluation.
Fission:
• Fission beyond the Hill-Wheeler approach (microscopic) should become routine.
• Evaporation of the excited ﬁssion fragments after ﬁssion should be calculated by the Hauser-Feshbach
model, to replace the current empirical models.
General:
• Combine intranuclear cascade models, generally valid in the 100 MeV - GeV range, with low-energy nuclear
reaction models to get a better prediction of certain quantities (isomer production etc.).
• Introduce better microscopic physics in nuclear reaction models, but always allow for a simple phenomenological adjustment of the end results: nuclear technology can not and will not always wait for perfection in
nuclear physics.
6

• Turn EXFOR into a reviewed experimental database, enabling automatic comparison with nuclear model
codes for all nuclides/reactions simultaneously. The current computer power allows this.
• Accompany all ingredients (model parameters) in nuclear reaction calculations with their uncertainties and
propagate these uncertainties to the ﬁnal results. The current computer power allows this.

5 Conclusions
Our ambition is to give a complete prediction of a nuclear reaction using a combination of nuclear models implemented in one code system, TALYS. For both applications and insight in more fundamental reaction mechanisms,
a full covariance description of the calculated results and the nuclear model parameters is needed and now, with
the current computer power, possible. When applied adequately, such an approach towards theoretical model
evaluation may help in choosing the proper new measurements. The increased computer power also leads to the
increased importance of easy (massive) data retrieval from EXFOR, for model-measurement data comparisons
across the periodic table of elements. More microscopic ingredients (for the optical model, level density, ﬁssion,
etc.) are needed, especially for predictions off the stability line. Interesting new developments in nuclear physics
can be found in these proceedings. It can be expected that maintainers of all-in-one codes like EMPIRE and
TALYS will implement such physics with a few years delay.
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Microscopic models for nuclear data evaluation and prediction.
S. Goriely
Institut d’Astronomie et d’Astrophysique, ULB,
Campus de la Plaine CP226, 1050 Brussels, Belgium
Abstract
Most of the nuclear data evaluation and prediction is still performed on the basis of phenomenological nuclear
models. For the last decades, important progress has been achieved in fundamental nuclear physics, making
it now feasible to use more reliable, but also more complex microscopic or semi-microscopic models in the
evaluation and prediction of nuclear data for practical applications. In the present contribution,the reliability
and accuracy of the global phenomenological and microscopic nuclear theories are detailed and compared for
most of the relevant quantities needed to estimate reaction cross sections, namely nuclear masses, nuclear level
densities, ﬁssion properties and γ-ray strength. It is shown that nowadays, microscopic models can be tuned at
the same level of accuracy as the phenomenological models, renormalized on experimental data if needed, and
therefore can replace the phenomenogical inputs little by little in the evaluation of nuclear data. The added value
of microscopic models is illustrated on some speciﬁc examples.

1 Introduction
Strong, weak and electromagnetic interaction processes play an essential role in many different applications of
nuclear physics, such as accelerator driven waste incineration, production of radioisotopes for theorapy and diagnostics, charged-particle beam therapy, material analysis as well as nuclear astrophysics. Although important
effort has been devoted in the last decades to measure reaction cross sections, experimental data only covers a
minute fraction of the whole set of data required for such nuclear physics applications. Required reactions often
concern unstable or even exotic (neutron-rich, neutron-deﬁcient, superheavy) species for which no experimental data exist. Given applications (e.g nuclear astrophysics, accelerator-driven systems) involve a large number
(thousands) of unstable nuclei for which many different properties have to be determined (including ground and
excited state properties, strong, weak and electromagnetic interaction properties). Finally, the energy range for
which experimental data is available is restricted to the small range reachable by present experimental setups. To
ﬁll the gaps, only theoretical predictions can be used.
For speciﬁc applications such as nuclear astrophysics or accelerator-driven systems, a large number of data
need to be extrapolated far away from the experimentally known region. In this case, two major features of
the nuclear theory must be contemplated, namely its reliability and accuracy. A microscopic description by a
physically sound model based on ﬁrst principles ensures a reliable extrapolation away from experimentally known
region. For these reasons, when the nuclear ingredients to the reaction models (e.g Hauser-Feshbach) cannot
be determined from experimental data, use is made preferentially of microscopic or semi-microscopic global
predictions based on sound and reliable nuclear models which, in turn, can compete with more phenomenological
highly-parametrized models in the reproduction of experimental data. The selection criterion of the adopted
model is fundamental, since most of the nuclear ingredients in rate calculations need to be extrapolated in an
energy and mass domain out of reach of laboratory measurements, where parametrized systematics based on
experimental data can fail drastically. Global microscopic approaches have been developed for the last decades
and are now more or less well understood. However, they are almost never used for practical applications, because
of their lack of accuracy in reproducing experimental data, especially when considered globally on a large data
set. Different classes of nuclear models can be contemplated according to their reliability, starting from local
macroscopic approaches up to global microscopic approaches. We ﬁnd in between these two extremes, approaches
like the classical (e.g liquid drop, droplet), semi-classical (e.g Thomas-Fermi), macroscopic-microscopic (e.g
classical with microscopic corrections), semi-microscopic (e.g microscopic with phenomenological corrections)
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and fully microscopic (e.g mean ﬁeld, shell model, QRPA) approaches. In a very schematic way, the higher
the degree of reliability, the less accurate the model used to reproduce the bulk set of experimental data. The
classical or phenomenological approaches are highly parametrized and therefore often successfull in reproducing
experimental data, or at least much more accurate than microscopic calculations. The low accuracy obtained
with microscopic models mainly originates from computational complications making the determination of free
parameters by ﬁts to experminental data time-consuming. This reliability vs accuracy character of nuclear theories
are detailed below for most of the relevant quantities needed to estimate reaction rates, namely nuclear masses,
nuclear level densities (NLD), ﬁssion properties and γ-ray strength functions. Phenomenological, as well as
microscopic models are available for each of these ingredients. Nowadays, microscopic models can be tuned at
the same level of accuracy as the phenomenological models, renormalized on experimental data if needed, and
therefore could replace the phenomenogical inputs little by little in nuclear data evaluation, as well as in various
nuclear applications for which nuclear properties need to be predicted.

2 Towards global microscopic predictions
2.1 Prediction of ground state properties
Among the ground state properties, the atomic mass M (Z, A) is obviously the most fundamental quantity (for
a review, see [1]). The calculation of the reaction cross section also requires the knowledge of other ground
state properties, such as the deformation, density distribution, single-particle level scheme and pairing strength.
When not available experimentally, these quantities are traditionnally extracted from a mass formula which aims
at reproducing measured masses as accurately as possible, i.e typically with an rms deviation of about 700 keV.
The importance of estimating all ground state properties reliably should not be underestimated. For example,
the NLD of a deformed nucleus at low energies (typically at the neutron separation energy) is predicted to be
signiﬁcantly (about 30 to 50 times) larger than of a spherical one due principally to the rotational enhancement.
An erroneous determination of the deformation can therefore lead to large errors in the estimate of radiative
capture cross sections.
Until recently the atomic masses were calculated on the basis of one form or another of the liquid-drop model,
the most sophisticated version being the FRDM model [2]. Despite the great empirical success of this formula (it
ﬁts the 2149 Z ≥ 8 measured masses [3] with an rms error of 0.656 MeV), it suffers from major shortcomings,
such as the incoherent link between the macroscopic part and the microscopic correction, the instability of the
mass prediction to different parameter sets, or the instability of the shell correction. It is now well demonstrated
[4] that Hartree-Fock (HF) calculations in which a Skyrme force is ﬁtted to essentially all the mass data are not
only feasible, but can also compete with the most accurate droplet-like formulas available nowadays. The latest
Skyrme forces are derived on the basis of HF calculations with pairing correlations taken into account in the
Bogoliubov approach and lead to an rms error with respect to the measured masses of all the 2149 nuclei included
in the 2003 atomic mass evaluation [3] with Z, N ≥ 8 of about 0.630 to 0.730 MeV, i.e the same level of accuracy
as the FRDM mass model. The HFB rms charge radii as well as the radial charge density distributions are also in
excellent agreement with experimental data [7]. In addition, it is found that globally the extrapolations out to the
neutron dripline of all these different HFB mass formulas are essentially equivalent.
Despite the success of the HFB mass formula, uncertainties remain in relation to the large parameter space
made by the coefﬁcient of the Skyrme and pairing interactions. For this reason, a series of studies of possible modiﬁcations to the basic force model and to the method of calculation were initiated all within the HFB framework
[4, 5, 6, 7, 8]. The most obvious reason for making such modiﬁcations would be to improve the data ﬁt, but there is
also a considerable interest in being able to generate different mass formulas even if no signiﬁcant improvement in
the data ﬁt is obtained, since, in the ﬁrst place, it is by no means guaranteed that mass formulas giving equivalent
data ﬁts will extrapolate in the same way out to the neutron-drip line: the closer that such mass formulas do agree
in their extrapolations the greater will be our conﬁdence in their reliability. But there is another reason to study
different HFB mass models, and that concerns the fact that masses are not the only property that one is interested
to extract from mass models. In particular, nuclear applications requires also the determination of ﬁssion barriers,
γ-ray strengths, NLD, nucleon optical potentials and β-decay strength functions, and the corresponding models
are inevitably (and most particularly in microscopic approaches) sensitive to the ground state properties. It may
be that different models that are equivalent from the standpoint of masses may still give different results for other
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Figure 1: Ratio of theoretical (Dth ) BSFG [11] (left), HFBCS plus statistical [10] (centre) or HFB plus combinatorial [13] (right) to experimental (Dexp ) s-neutron resonance spacings for the 295 nuclei compiled in [14].

properties. The construction of different HFB mass models is thus motivated also by the quest for a universal
framework within which all the different nuclear quantities of relevance in nuclear applications can be treated.

3 Nuclear level densities
In a similar way as for the determination of the nuclear ground state properties, until recently, only classical
analytical models of NLD were used for practical applications. Although reliable microscopic models (in the
statistical and combinatorial approaches) have been developed for the last decades, the back-shifted Fermi gas
model (BSFG) approximation–or some variant of it– remains the most popular approach to estimate the spindependent NLD, particularly in view of its ability to provide a simple analytical formula. However, it is often
forgotten that the BSFG model essentially introduces phenomenological improvements to the original analytical
Fermi gas formulation, and consequently none of the important shell, pairing and deformation effects are properly
accounted for in such a description. Drastic approximations are usually made in deriving analytical formulae
and often their shortcomings in matching experimental data are overcome by empirical parameter adjustments.
It is well accepted that the shell correction to the NLD cannot be introduced by neither an energy shift, nor a
simple energy-dependent level density parameter, and that the complex BCS pairing effect cannot be reduced to
an odd-even energy back-shift (e.g [9]). Furthemore, the lack of experimental information still constitutes the
main problem faced by the NLD models and the parameter ﬁtting procedures they require. The most reliable
experimental data on NLD concerns the s-wave neutron resonance spacings D at the neutron separation energy
Sn . which is very sensitive to shell, pairing and deformation effects, so that systematics based on simple analytical
formulas adjusted around this energy and for stable nuclei only can lead to large uncertainties, especially when
extrapolating to high energies (U >
∼ 15MeV) and/or to nuclei far from the valley of β-stability.
Several approximations used to obtain the NLD expressions in an analytical form can be avoided by quantitatively taking into account the discrete structure of the single-particle spectra associated with realistic average
potentials. This approach has the advantage of treating in a natural way shell, pairing and deformation effects on
all the thermodynamic quantities. The computation of the NLD by this technique corresponds to the exact result
that the analytical approximation tries to reproduce, and remains by far the most reliable method for estimating
NLD. As illustrated in Fig. 1, the statistical approach based on a HFBCS ground-state description reproduces
experimental data with the same degree of accuracy (frms = 2.17; see [10] for the deﬁnition of frms ) as the
global BSFG formulas (frms = 1.78). Furthemore, the microscopic HFBCS model has been renormalized on
experimental (neutron resonance spacings and low-lying levels) data to account for the available experimental
information.
The combinatorial method based on mean-ﬁeld nuclear inputs also represents one of the most reliable approach
to determine NLD. Of particular interest in this method is the possibility to derive within the same framework not
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only the energy-, spin- and parity-dependent total density, but also the particle-hole partial level density. In addition, the discrete nature of the NLD as well as any deviation from the statistical limit at low energies is taken
into account. So far, nuclear applications could make no use of NLD derived globally from the combinatorial
method essentially because of the large global disagreement (by factors of 10 or even 100) with experimental
s-wave resonance data at the neutron separation energy. Recent developments have demonstrated that the combinatorial approach can clearly compete with the statistical approach in the global reproduction of experimental data
[12, 13]. The latest calculation makes a coherent use of the ground-state properties (single-particle states, pairing
properties, deformation) predicted within the HFB framework and treats explicitly parity, angular momentum,
pairing correlations as well as collective (rotation and vibration) enhancements. As seen in Fig. 1, the HFB plus
combinatorial approach agrees rather well with experimental data, and is of the same accuracy (frms = 2.20) as
the statistical approach.
To illustrate an application of the combinatorial approach, we show in Fig. 2 the observed and J=1/2 NLD
in 57 Fe for both parities which clearly indicates that in this case the parity equipartition is not obtained below
some 10 MeV. The impact of the parity dependence is illustrated on the 56 Fe radiative neutron capture in Fig. 2
(right panel), where the cross section with the parity-dependent NLD is compared with the cross section obtained
assuming the NLD to be given by the average value of both parities.

4 Fission properties
So far, extended tables of ﬁssion barriers have been constructed in the microscopic-macroscopic framework of
the liquid drop model (e.g [15]) or the Extended Thomas-Fermi plus Strutinsky Integral (ETFSI) method [16]. In
order to increase the predictive power, the HFB method based on the BSk8 effective Skyrme interaction has been
used to study the ﬁssion properties of heavy nuclei [17]. The same framework as the one described above is used,
i.e the full HFB model corrected for the restoration of broken symmetries (translation, particle number, rotation)
and constrained on the quadrupole, octupole and hexadecapole moments. In addition to the axial deformation
considered for equilibrium shapes, the reﬂection asymmetry (including the projection on the good parity quantum
number) is taken into account at large deformations, where it is known to affect the outer barrier height. The
energy surfaces are analysed using the ﬂooding method [16]. More details can be found in [17]. The resulting HFB
ﬁssion barriers are found to be in agreement with experimental data within roughly 1 MeV. This level of accuracy,
though far from being satisfactory for many applications, is similar to the one obtained by previous global models
[15, 16]. The HFB energy surface is also analysed to estimate the static ﬁssion path and the corresponding widths
at both the inner and outer saddle points, assuming that the barrier shape can be well described by an inverted
parabola. Interestingly, the shape of the ﬁssion barriers often deviate from a simple inverted parabola and a wide
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third barrier at large deformations is predicted. Details are given in [18].
The NLD at the ﬁssion saddle points is a fundamental quantity needed to estimate ﬁssion transmission coefﬁcients. So far, only parametric modiﬁcations of the BSFG formula have been adopted to estimate the local increase
of the NLD at the saddle point relative to the one at the equilibrium deformation. This empirical approach is exclusively guided by experimental cross section, so that for unknown reactions the lack of a reliable theory makes
the determination of the transition state NLD highly uncertain. In the global microscopic approaches described in
the present paper, a sound determination of the NLD at the ﬁssion saddle point can also be derived. Based on the
constrained HFB model, the single-particle level scheme at both the inner and saddle points have been estimated
and used within the partition function model to generate the NLD at the saddle point deformations [14, 18].
In summary, microscopic models for the predictions of the ﬁssion properties and the corresponding NLD at
the saddle points show clear departures from the traditional classical approximations used so far and bring new
insight as needed for a correct prediction of ﬁssion cross sections. However, future investigations are desperately
needed to still improve the accuracy and confront microscopic predictions with experimental data.

5 γ-ray strength function
The total photon transmission coefﬁcient from a compound nucleus excited state is also one of the key ingredients
for statistical cross section evaluation. The photon transmission coefﬁcient is most frequently described in the
framework of the generalized Lorentzian model of the giant dipole resonance (GDR) [19, 20]. Until recently,
this model has even been the only one used for practical applications and data evaluations The Lorentzian GDR
approach suffers, however, from shortcomings of various sorts. It is unable to predict the enhancement of the E1
strength at low energies and even if a Lorentzian function provides a suitable representation of the E1 strength,
the location of its maximum and its width remain to be predicted from some underlying model for each nucleus.
This approach clearly lacks reliability when dealing with nuclei for which no photoabsorption data exists.
In view of this situation, it is clearly of substantial interest to develop models of the microscopic type which
are hoped to provide a reasonable reliability and predictive power for the E1-strength function. Attempts in this
direction have been conducted within the QRPA model based on a realistic Skyrme interaction. The QRPA E1strength functions obtained within the HFBCS [21] as well as HFB framework [22] have been shown to reproduce
satisfactorily the location and width of the GDR and the average resonance capture data at low energies [19]. The
aforementioned QRPA calculations have been extended to all the 8 ≤ Z ≤ 110 nuclei lying between the two drip
lines. Although the QRPA distributions are close to a Lorentzian proﬁle in the vicinity of the GDR peak, signiﬁcant
departures are found at low energies, in particular for neutron-rich, but also stable nuclei. In particular, QRPA
calculations [21, 22] show that the neutron excess affects the spreading of the isovector dipole strength, as well as
the centroid of the strength function. The GDR energy is found to be larger than predicted by the usual A−1/6 or
A−1/3 dependence given by the phenomenological liquid drop approximations. In addition, some extra strength is
predicted to be located at sub-GDR energies, and to become more signiﬁcant with the neutron excess. The energy
location of this extra sub-GDR strength as well as its amplitude predicted by the HFBS+QRPA model [21] are
shown in Fig. 3 for all stable nuclei. The resonance energy is found above the neutron separation energy, typically
at 8-9 MeV for heavy nuclei and the strength can reach a few percents of the total E1 strength. Within an isotopic
chain, this energy tends to decrease and the strength to increase with the neutron excess. Maximum strengths
are found for nuclei above the neutron shell closures. Even if this sub-GDR strength represents only about a few
percents of the total E1 strength, it can be responsible for a signiﬁcant increase of the photodissociation cross
section that can not be reproduce by the more traditional Lorentzian-type description, as illustrated in Fig. 3 for
the 181 Ta(γ,n)180Ta case. Similarly, an increase by more than an order of magnitude is obtained for the radiative
neutron capture cross section by exotic neutron-rich nuclei [21, 22]. Such effects predicted by microscopic models
need to be included in future data evaluations.

6 Conclusions
Most of the nuclear data evaluation and prediction is still performed on the basis of phenomenological nuclear
models. For the last decades, important progress has been achieved in fundamental nuclear physics, making it now
feasible to use more reliable, but also more complex microscopic or semi-microscopic models in the evaluation
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Figure 3: Left panel: Energy of the low-lying E1 mode predicted by the QRPA model [21] for all stable nuclei.
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and Lorentz-type Hybrid model of [20] (dashed line).

and prediction of nuclear data for practical applications. The extrapolation to exotic nuclei or energy ranges far
away from experimentally known regions required in many applications constrains the use of nuclear models to
the most reliable ones, even if empirical approaches sometime present a better ability to reproduce experimental
data. Microscopic models can nowadays be tuned at the same level of accuracy as the phenomenological models,
renormalized on experimental data if needed, and therefore can replace the phenomenogical inputs little by little
in the evaluation of nuclear data. A subtle compromise between the reliability, accuracy and applicability of
the different theories available has to be found according to the speciﬁc application considered. A continued
effort to improve the prediction of the reaction, and above all ﬁssion, cross sections will require a better coherent
description of the ground-state as well as ﬁssion properties, i.e in particular masses, radii, deformations, ﬁssion
barrier heights and widths. Nuclear level densities and γ-ray strength functions also remain fundamental input in
reaction theory that need to be further explored within microscopic approaches.
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The evaluation of atomic masses - present and future
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Bâtiment 108, F-91405 Orsay Campus, France
Abstract
Different types of experimental data require different procedures for collection and for evaluation. In nuclear
physics, the “static” data are collected and evaluated “vertically” in a worldwide network (N SDD). I am more
directly concerned with the evaluation of the experimental masses of nuclei - to be more precise their atomic
masses - in what we call the “Atomic Mass Evaluation” (A ME ). And also, directly connected to the masses, by the
evaluation of the experimental properties of ground-states and long-lived isomers of nuclei, called the N UBASE
evaluation. Masses as well as nuclear and decay properties (both are also “static” data) have in common to require
“horizontal” collection and evaluation. After developing some general ideas about evaluations and explaining
the various concepts above, I describe the most prominent features of the A ME , the reasons for its complexity,
how they are faced and solved. I will explain how the masses of still unknown nuclides are estimated from the
regularity of the surface of masses. We succeeded in having A ME and N UBASE coordinated and published for
the ﬁrst time together in December 2003. The future of A ME and N UBASE is also sketched.

1 Evaluation - Vocabulary
It often occurs that, due to the extend and high specialization in our domain, some words end up with being used
by different groups to designate non identical concepts. We could observe one of these phenomena during the
present workshop about the word ‘evaluation’. In the presentation and discussion below, ‘evaluation’ is used in
the meaning of ‘experimental evaluation’: examination of experimental data; their adequacy with the possibilities
of the experimental equipment used to obtain them; the pertinence of the assigned uncertainties;. . . And also, when
available, the agreement with - or divergences from - equivalent data measured in other experiments. The result of
the ‘experimental evaluation’ is to get the best possible value for some physical quantity, taking into account all the
available experimental data. However, the restriction to experimental data is not absolute. It sometimes happens
that knowledge from some experimental observation may put constraints, through well established theories, on
the value of the physical quantity being examined. The interested reader will ﬁnd examples in Ref. [1].

2 “Static” nuclear data
There are two classes of nuclear data: one class is for data related to nuclides at rest (or almost at rest); and the
other class is for those related to nuclidic dynamics. In the ﬁrst class, one ﬁnds ground-state and level properties,
whereas the second encompasses reaction properties and mechanisms.
Nuclear ground-state masses and radii; magnetic moments; thermal neutron capture cross-sections; half-lives,
spins and parities of excited and ground-state levels; the relative position (excitation energies) of these levels; their
decay modes and the relative intensities of these decays; the transition probabilities from one level to another and
the level width; the deformations; all fall in the category of what could be called the “static” nuclear properties.

2.1 The N SDD: data for nuclear structure
The amount of data to be considered for nuclear structure is very large. They are represented schematically in
Fig. 1 for each nuclide as one column containing all levels from the ground-state at the bottom of that column
to the highest known excited state. All the known properties for each of the levels are included. Very early, it
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Figure 1: Schematic representation of all the available “static” nuclear data (structure, decay, mass, radius, moments,. . . ).
Each nuclide is represented as a building with its ground-state at the ground ﬂoor. The mass evaluation is represented on the
ground ﬂoor, across all buildings. It includes also data for upper levels if they represent an energy relation to another nuclide.

was found convenient to organize their evaluation in a network, splitting these data according to the mass of the
nuclides, the A-chains. Such a division makes sense, since most of the decay relations among nuclides are βdecays where A is conserved. This structure is the one adopted by the Nuclear Structure and Decay Data network
(the N SDD) organized internationally under the auspices of the I AEA in Vienna. In this evaluation network, most
of the “static” nuclear data are being considered.

2.2 The atomic mass evaluation A ME
However, the evaluation of data for energy relations between nuclides is more complex due to numerous links that
over-determine the system and exhibit sometimes inconsistencies among data. This ensemble of energy relations
is taken into account in the ‘horizontal’ structure of the Atomic Mass Evaluation A ME. By ‘horizontal’ one
means that a unique nuclear property is being considered across the whole chart of nuclides, here the ground-state
masses. Only such a structure allows to encompass all types of connections among nuclides, whether derived
from β-decays, α-decays, neutron-capture, reaction energies, or mass-spectrometry where any nuclide can be
connected to 12 C, H, 35 Cl,. . . .

2.3 The N UBASE evaluation
At the interface between the N SDD and the A ME, one is faced with the problem of identifying which state is the
ground-state. The isomer matter is considered with care in the A ME, since a mistreatment can have important
consequences on the ground-state masses. When an isomer decays by an internal transition, there is no ambiguity
and the assignment as well as the excitation energy is given by the N SDD evaluators. However, when a connection
to the ground-state cannot be obtained, most often a decay energy to (and sometimes from) a different nuclide
can be measured (generally with less precision). In the latter case one enters the domain of the A ME, where
combination of the energy relations of the two long-lived levels to their daughters (or to their parents) with the
masses of the latter, allows to derive the masses of both states, thus an excitation energy (and, in general, an
ordering).
The isomer matter was one of the main reasons for setting up in 1993 the N UBASE collaboration leading to
a thorough examination and evaluation of those ground-state and isomeric properties that can help in identifying
which state is the ground-state and which states are involved in a mass measurement [2]. N UBASE appears thus
as a ‘horizontal’ database for several nuclear properties: masses, excitation energies of isomers, half-lives, spins
and parities, decay modes and their intensities. Applications extend from the A ME to nuclear reactors, waste
management, astrophysical nucleosynthesis, and to preparation of nuclear physics experiments.
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2.4 Other ‘horizontal’ evaluations
There might be other reasons for ‘horizontal’ evaluations. The splitting of data among a large number of evaluators
- like in the N SDD network described above - does not always allow having a completely consistent treatment of
a given nuclear property through the chart of nuclides. In addition, some quantities may fall at the border of the
main interest of such a network. This is the reason why a few ‘horizontal’ compilations or evaluations have been
conducted for the beneﬁt of the whole community (see examples in [1]).

3 The evaluation of atomic masses (A ME)
The atomic mass evaluation is particular when compared to the other evaluations of data, in that all mass determinations are relative measurements. Each experimental datum sets a relation in energy or mass among two (in a
few cases, more) nuclides. It can be therefore represented by one link among these two nuclides. The ensemble
of these links generates a highly entangled network. This is the reason why a ‘horizontal’ evaluation is essential.
Generally a mass measurement can be obtained either by establishing an energy relation between the mass we
want to determine and a well known mass, this energy relation is then expressed in electron-volts (eV); or obtained
as an inertial mass from its movement characteristics in an electro-magnetic ﬁeld, the mass is then expressed in
‘uniﬁed atomic mass’ (u) (or its sub-unit, μu), since it is obtained as a ratio of masses.
Penning traps have allowed to reach incredible accuracies in the measurement of masses. If one observes the
increase of accuracies over the last seven or eight decades, for example on 28 Si, see Fig. 2, one would see that after
a regular increase of one order of magnitude every ten years until 1970, the mass accuracy of 28 Si seemed to have
reached a limit at the level of 5 × 10−7 . Until the arrival of high precision Penning traps, that allowed to catch
up with the previous tendency and yielded an accuracy slightly better than 10−10 in 1995 [3]. Such precision
measurements with Penning traps have considerably improved the precision in our knowledge of atomic mass
values along the backbone.
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Figure 2: Our knowledge of the mass of 28 Si has increased by one order of magnitude per decade since 1935. Extrapolating

this tendency, one expects that a precision of 10−11 in 2005, and that we will reach a precision of 10−12 in 2015. As a matter
of fact a paper just published [4] shows that ratio of masses could be determined with a precision of 7 × 10−12 , opening the
possibilities to detemine the mass of 28 Si with a precision close to this number.

3.1 Data evaluation in the A ME
Since all measurements are relative measurements, each experimental datum can be represented by a link connecting two or three nuclei. The set of connections results in a complex canvas where data of different type and origin
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are entangled. Here lies the very challenge to extract values of masses from the experiments. The counterpart is
that the overdetermined data system will allow cross-checks and studies of the consistencies within this system.
The ﬁrst step in the evaluation of data is to make a compilation, i.e. a collection of all the available data. The
collection includes also poorly documented datum, which is labelled accordingly in the A ME ﬁles.
The second step is the critical reading, which might include:
1. the evaluation or re-evaluation of the calibration procedures, of the calibrators, and of the precisions of the
measurements;
2. spectra examination: peaks position and relative intensities, peaks shape, quality of the ﬁt;
3. search for the PRIMARY information, in the data, which does not necessarily appear always as clearly as it
should. (i.e. in cases the authors combined the original result with other data, to derive a mass value, the
A ME should retain only the former). It also happened that the authors gave only the derived mass value.
Then the evaluator has to reconstruct the original result and ask for authors’ conﬁrmation.
The third step in the data evaluation will be to compare the results of the examined work to earlier results if
they exist (either directly, or through a combination of other data). If there are no previous results, comparison
could be done to estimates from extrapolations, exploiting the regularity of the mass surface, or to estimates from
mass models or mass formulae (cf. Section 4).
Finally, from time to time, the evaluator has to establish a dialog with the authors of the work, asking for
complementary information when necessary, or suggesting different analysis, or suggesting new measurements.

3.2 Data treatment
3.2.1 Data entanglement - mass correlations
Assembling all links produces an extremely entangled network. A part of this network can be seen in Fig. 3.
One notices immediately that there are two types of symbols: the small ones represent the so-called SECONDARY
nuclides; while the nuclides with large symbols are called PRIMARY. Secondary nuclides are represented by full
small circles if their mass is determined experimentally, and by empty ones if estimated from trends in systematics.
Secondary nuclides are connected by SECONDARY data, represented by dashed lines. A chain of dashed lines is
at one end free, and at the other end connected to one unique primary nuclide (large symbol). This representation
means that all secondary nuclides are determined uniquely by the chain of secondary connections going down to a
primary nuclide. The latter are multiply determined and enter thus the entangled canvas. They are inter-connected
by PRIMARY data, represented by full lines.
We see immediately from Fig. 3 that the mass of a primary nuclide cannot be determined straightforwardly,
because these PRIMARY data are correlated, and the correlation coefﬁcients are to be taken into account. This is
obtained from the least-squares method. The primary data will be improved in the adjustment, since each will
beneﬁt from all the available information.
Secondary data will remain unchanged; they do not contribute to χ2 . The masses of the secondary nuclides
will be derived directly by combining the relevant adjusted primary mass with the secondary datum or data.
Typically, we start from a set of 7000 experimental data connecting some 3000 nuclides. After separating
the secondary data, and reducing the system of data [1], we are left with a system of 1500 primary data for 800
nuclides to be treated by the Least-squares method into which the A ME pionneeringly plugged-in, since 1993, the
‘Flow-of-Information’ matrix [5]. It is a powerful method that allows to trace back, in the least-squares method,
the contribution of each individual piece of data to each of the parameters (here the atomic masses).
3.2.2 Consistency of data
The system of primary data, being overdetermined, offers the evaluator several interesting possibilities to examine
and judge the data. One might for example examine all data for which the adjusted values deviate importantly
from the input ones. This might help to locate erroneous pieces of information. One could also examine a group of
data in one experiment and check if the errors assigned to them in the experimental paper were not underestimated.
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Figure 3: Diagram of connections for the experimental data. Each symbol represents one nuclide and each line represents
one piece of data connecting two nuclides. When a nuclide is connected to Carbon-12 (often the case for mass spectrometry),
it is represented by a square symbol. Explanation of the other symbols is given in the text.

4 Estimates of unknown masses - extrapolations
Drawing the mass surface allows to derive estimates for the still unknown masses, either from interpolations or
from short extrapolations.
Unfortunately, the direct representation of the mass surface is not convenient since the binding energy varies
very rapidly with N and Z. Splitting in four sheets, due to pairing, complicates even more such direct representation (see [1]). There are two ways to still be able to observe with some precision the surface of masses: one of
them uses the DERIVATIVES of this surface, the other is obtained by subtracting a simple function of N and Z
from the masses [1]. An example of the latter is illustrated in Fig. 4.
In the case of extrapolation however, the error in the estimated mass will increase with the distance of extrapolation. These errors are obtained by considering several graphs of systematics with a guess on how much
the estimated mass may change without the extrapolated surface looking too much distorted. This recipe is unavoidably subjective, but has proven to be efﬁcient through the agreement of these estimates with newly measured
masses in the great majority of cases.
Thus, our method of extrapolation does not allow to go far enough from the valley of stability, in particular in
regions of interest for nucleosynthesis. One would like to turn to models and formulae for masses. Unfortunately,
their predictions exhibit strong divergences in the regions of interest, as can be seen in Fig. 5. I’ll come back to
this point in the Conclusion.

21

70

75

80

85

90

95

100

105

110

115

76

76
188

Re
190

160

Re

Mexp-M(Duflo-Zuker) +Z*1.0 (MeV)

74

188
158

W

186

156

Ta

W

74

Hf

Ta
184

72
150

Lu

72

154

Hf

Lu

181

Yb

148

70

146

Yb

70

Tm
179

Tm

144

Er

68

142

Ho

Er

175

140

Ho

Dy

66
138

Tb

64

68

177

66

173

Dy

64

136

Gd

171

Tb

133

Eu

62

169

62

Gd

132

Sm
167

154

Eu

Sm

60
70

75

80

85

90

95

100

105

60
110

115

Neutron Number N

Figure 4: Differences, in the rare-earth region, between the masses and the values predicted by the model of Duﬂo and Zuker
[6]. Open circles represent values estimated from the regular trends of the mass surface; points are for experimental values.

5 The Tables
In December 2003, we succeeded in having published TOGETHER the “Atomic Mass Evaluation” A ME [8, 9] and
the N UBASE evaluation [2], which have the same “horizontal” structure and basic interconnections at the level of
isomers.
After the 1993 tables (A ME ’93) it was projected to have updated evaluations performed regularly (every two
years) and published in paper only partly, while all ﬁles should still be distributed on the Web. Effectively, an
update A ME ’95 appeared two years later. Lack of time to evaluate the stream of new quite important data, and
also the necessity to create the N UBASE evaluation (see below), prevented the intended further updates of the
A ME. The N UBASE evaluation was thus published for the ﬁrst time in September 1997, but in order to have
consistency between the two tables, it was decided then that the masses in N UBASE ’97 should be exactly those
from A ME ’95. A certain stabilization, was soon after reached, allowing us to publish in 2003 a new full evaluation
of masses, together with the new version of N UBASE. Thus, for the ﬁrst time, the A ME 2003 and N UBASE 2003
were completely ‘synchronized’.
Full content of the two evaluations is accessible on-line at the web site of the Atomic Mass Data Center
(A MDC) [10] through the World Wide Web. One will ﬁnd at the A MDC, not only the published material, but also
extra ﬁgures, tables, documentation, and more specially the A SCII ﬁles for the A ME 2003 and the N UBASE 2003
tables, for use with computer programs.
The contents of N UBASE can be displayed with a PC-program called “N UCLEUS” [11], and also by a Java
program JV N UBASE [12] through the World Wide Web, both distributed by the A MDC.
For the future, we plan to have always the two evaluations, A ME and N UBASE published together, next time
in 2008, and then in 2013, i.e. every ﬁve years. At the same time, we are looking for someone to join already
the 2008 evaluations and eventually take over in 2013. As seen above, it is not a difﬁcult job, it only requires
to handle data very carefully and to have basic experimental knowledge in mass spectrometry, or in reaction and
decay energy measurements, or in both.
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Figure 5: Comparison of mass model predictions for the tin isotopes, between N = 40 and 120 (from D. Lunney [7]). In the
hatched area, where masses are experimentally known, the agreement is good. Strong divergences appear outside this area.

6 Conclusion
Deriving a mass value for a nuclide from one or several experiments is in many cases not easy. Some mathematical tools (the least-squares method) and computer tools, and especially the evaluator’s judgment are essential
ingredients to reach the best possible recommended values for the masses.
Unknown masses close to the last known ones can be predicted from the extension of the mass surface.
However, for the ones further out, more particularly those which are essential in many astrophysical problems,
like the nucleosynthesis r-process, values for the masses can only be derived from some of the available models.
Unfortunately, the latter exhibit very large divergences among them when departing from the narrow region of
known masses, reaching up to tens of MeV’s in the regions of the r-process paths. Therefore, one of the many
motivations for the best possible evaluation of masses is to get the best set of mass values on which models may
adjust their parameters and better predict masses further away.
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Abstract
The nuclear binding energy is of fundamental importance for a diverse range of physics and its determination
results from mass measurements, employing an equally diverse range of experimental techniques. This diversity,
providing an interlinked data set, requires a global evaluation procedure that results in the so-called atomic mass
table. The mass table is unique in its role as universal starting point for the development of mass models and a
benchmark for their performance. The role of the atomic mass evaluation is examined in light of the different
physics applications. An overview of mass measurement programs is also given, including planned projects, in
order to highlight the importance of the evaluation for the future.

1 Introduction
The atomic mass reﬂects the interplay of all forces at work within the atomic system. This is due to a manifestation
par excellence of the famous relation E = mc2 that gives us the binding energy from the difference of the mass of
an atom and the sum of its constituent nucleon and electron masses. Not only is the mass arguably one of the most
basic characteristic properties of the atomic nucleus, its all-important determination of energy balance in reactions
and decays makes it a fundamental input to areas of “applied” nuclear physics such as stellar nucleosynthesis and
weak interaction studies.
The ﬁeld of mass measurements per say started with the work of Francis Aston at Cambridge in the 1920’s
[1]. His discovery – from systematic measurements of unprecedented experimental accuracy – not only revealed
the nuclear binding energy but also resolved the apparent problem of non-integer atomic weights, leading to the
idea of isotopes (and the discovery of the neutron 10 years later). Aston’s (more well known) contemporary,
Arthur Eddington, consequently developed a stellar model in which the nuclear binding energy (as opposed to the
chemical or gravitational energy sources propounded at the time) powered the heat output of the sun, solving the
problem of the Sun’s (and the Earth’s) age [2]. Thus the link between nuclear masses and astrophysics goes back
to the ﬁrst days of the ﬁeld.
One particularity of the atomic mass is the fact that it can be determined in different ways e.g., from an inertial
measurement or a radioactive decay. As such, the mass of any one nuclide is often interlinked with many others.
For this reason, mass values must be determined from an evaluation. The end result of this judicious procedure is
the famous “mass table” – not a simple compilation as commonly supposed.
For a description of the evaluation, see the paper of G. Audi in these proceedings, or the venerable Evaluation itself [3]. For a deﬁnition of the atomic mass, the mass unit, and the various measurement techniques, see
the recent review article [4]. As detailed in that work, masses are of great importance for atomic physics and
fundamental constants, nuclear structure, nuclear astrophysics and weak interaction studies. In this paper we
will examine the importance of the mass evaluation in light of these applications, ﬁrst giving a brief overview of
measurement programs and theoretical models.
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Figure 1: Uncertainty of the 28 Si mass versus year of measurement. From this ﬁgure, measurement accuracy has
improved at an average rate of about one order of magnitude per decade. The big jump in the mid-90’s is courtesy
of the Penning trap. (Data from G. Audi. See also Fig. 1 in [7].)

2 An overview of mass measurement programs
Determining the binding energy of exotic nuclides ranks as one of the most difﬁcult challenges of experimental
nuclear physics. Masses fall under the class of precision measurements, particularly difﬁcult due to the work of
exhaustively establishing all possible sources of (systematic) error. This is combined with low production rates
(down to a few per second) and further compounded by requiring sensitive and precision apparatus to operate in
the harsh environment of accelerator facilities. Such facilities produce radionuclides using two canonical methods
[8], fragmentation (or fusion-evaporation) of thin targets with in-ﬂight separation (FIFS) and thick-target, isotope
separation on-line (ISOL).
Traditionally, we speak of two categories of mass measurements: so-called indirect techniques – reactions
and decays – that produce Q-values, or energy differences; and direct (or inertial) methods – mass spectrometry
– where time-of-ﬂight or cyclotron-frequency measurements of the exotic species are combined with those of
well-known reference masses, ultimately linking them to 12 C (from which the mass unit is deﬁned). Aston’s
measurements used the latter scheme, for which he invented the double-focusing technique, achieving a precision
of about 10−4 (see [6]). Mass measurements have evolved steadily since Aston’s time with brilliant improvement
in experimental techniques, yielding progress at a rate of roughly an order of magnitude reduction in uncertainty
per decade (see Fig. 1; see also Fig. 1 in [7]). Note that in the 1990’s a signiﬁcant jump in progress was made with
the advent of the Penning trap (described below).
Mass measurement programs have been underway for many years at GANIL, GSI and ISOLDE. Very recently,
ANL, MSU and JYFL have made their ﬁrst measurements and realization is well underway at MAFF and TRIUMF. Figure 2 shows a global view of (direct) mass measurement program locations. A comprehensive review
is given by Lunney, Pearson and Thibault [4], with an update by Lunney in [9]. For details on the experimental
methods, see [5].
It might be argued that there is no need for the masses themselves of nuclei very far from stability since
what is important for nuclear structure are Q−values or proton/neutron-separation energies (especially in the
case of unbound nuclides, for example). While this is indeed true, there are other considerations that make the
(direct) determination of a mass important, for example a strong constraint on a theoretical shell-correction term
(especially in the case of doubly-magic nuclei). This point is of particular interest for mean-ﬁeld-based mass
formulas under development (see Goriely, in this volume). Below, is a summary of the direct measurement
programs only. The reader is refered to the [4, 5] for information on indirect techniques.
Until recently, a clear correlation existed between the mass measurement techniques, namely time-of-ﬂight
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Figure 2: Global view of mass measurement programs. In light type are programs that use Penning traps. In italic
type are facilities that are under construction.
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associated with FIFS and and cyclotron frequency with ISOL. While the in-ﬂight approach is generally more
sensitive, the ISOL-based method is generally more accurate. Thanks to the advent of gas cells and RFQ coolers,
the best of both worlds is now possible: the high precision brought by holding an ion at rest in a Penning trap can
now also be brought to bear on ions born at relativistic speeds in fragmentation (as explained by Savard in [9]).
This has now happened at ANL with the CPT [10] and very recently at the LEBIT facilty at NCSL/MSU [11].
With TOFI (LANL) gone, SPEG at GANIL is now the grand-daddy of mass programs. Using fragmented
projectiles, measurements of time-of-ﬂight and rigidity are combined to determine the mass. Although the resolving power is modest, the tremendous sensitivity of their method allows them to reach the drip line for many light
species (see Savajols et al. in [9]).
At GANIL, attempts were made to improve time-of-ﬂight measurements by lengthening the ﬂight path using
the many turns that result from injection of fusion-evaporation products into the CSS2 cyclotron [12]. Some difﬁculties were experienced initially but recently the technique has been improved and the newly-measured results
and revised errors now provide good agreement in all cases [13].
The same idea of lengthening the time of ﬂight can be realized by storing them in a ring, as with the Experimental Storage Ring (ESR) at GSI [14]. Relativistic fragments are ﬁltered through a mass separator and injected
into the ring operated with a given rigidity where their masses can be measured two ways. One is by detecting
the so-called Schottky signal of a charged particle each time it passes an electrode and obtaining the revolution
frequency from the Fourier transform. To do this, however, the ions must be cooled since the fragmented beam
has a relatively large velocity spread. This is done with an electron cooler but the process requires several seconds
[15]. The second method, used to measure short-lived species, requires operating the ring in isochronous mode
where the revolution frequency is (to ﬁrst order) independent of the velocity spread. In this case the ions are
monitored in-beam with a thin-foil detector the the revolution frequency is derived from matching successive time
signals [16]. An enormous volume of mass data has now been produced by the ESR, spanning a sizeable portion
of the nuclear chart.
The very drip line itself is a question of binding energy (or rather, its disappearance). We also know that for
light, neutron-rich nuclides, halos manifest themselves at the dripline. The mass is a critical input parameter for
halo models and due to the extremely small binding energies and very short half-lives, special techniques must be
used. MISTRAL is a good example of such a technique. As a transmission, time-of-ﬂight spectrometer using a
radiofrequency “clock”, its measurement technique is very fast and as it determines the ion cyclotron frequency,
it is very accurate [17]. In 2003 MISTRAL measured the mass of 11 Li (a “superlarge” nuclide - see [18]) with an
accuracy of 5 keV (see Bachelet et al. in [9]). MISTRAL is located at the mother of all ISOL facilities: ISOLDE,
where a few meters of beamline separate it from ISOLTRAP, the mother of all on-line Penning trap installations .
ISOLTRAP (see Herfurth et al. in [9]) has pioneered most of the trap-based methods now (mostly) being
used for measuring masses of radioactive species elsewhere. 1 Starting with a gas-ﬁlled, linear RFQ trap, lowenergy ion bunches are injected into a large-volume, cylindrical Penning trap for isobaric puriﬁcation. The isobar
of interest is retained and sent to the precision Penning trap where its cyclotron frequency is excited and measured
by time of ﬂight after ejection. By bringing an enormous reserve of resolving power to bear, ISOLTRAP is able to
weigh even isomeric states, resulting in unambiguous identiﬁcation otherwise impossible by nuclear spectroscopy.
Such was the interesting case of the triple-decker isomer 70 Cu [22].
The superior performance of the versatile Penning trap has naturally triggered new experimental programs.
The ﬁrst “clone” of ISOLTRAP was SMILETRAP, located at the Manne Siegbahn Laboratory in Stockholm
[21], generally dedicated to stable species produced with high charge states. The next project was the Canadian
Penning trap which, after a difﬁcult early life and excommunication from Canada, is now in full-ﬂedged operation
(see papers of Clark et al. and Wang et al. in [9]). It is the ﬁrst instrument of its kind making use of “the
best of both worlds”; the advantages of high energy reactions and low energy precision apparatus - linked by a
gas cell (see G. Sarvard in [9]). Now starting to produce results (and produced by the makers of ISOLTRAP) is
SHIPTRAP at GSI (see Block et al. in [9], a new-generation instrument reaching for the best of both worlds by
trapping trans-uranium elements created by fusion-evaporation residues that issue forth from a gas cell.
The newest arrival is JYFLTRAP in Jyvaskyla, a two-in-one design meaning that the isobaric separator trap
and precision hyperbolic trap – separated in the case of ISOLTRAP – are located in the same magnet (inspired by
SHIPTRAP). One great advantage of JYFLTRAP is the host of neutron-rich refractory elements that can be fed to
it by the IGISOL facility (see Jokinen et al. in [9]).
1 Note

that the original use of the Penning trap for precision measurements earned H. Dehmelt a share of the 1989 Nobel prize.
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Figure 3: Experimental uncertainty of mass results (published in only the last two years) versus half life of the
nuclide. Data from SPEG: Savajols et al. in [9]; CSS2: [13]; ESR-IMS: [16]; ESR- SMS: [15]; MISTRAL:
Bachelet et al. in [9]; CPT: [10, 25]; ISOLTRAP: Herfurth et al. and Guénaut et al. in [9] and [23, 24].
MAFFTRAP (see Habs et al. in [9]) will enjoy the copious production rates of neutron-rich species offered
by thermal neutron-induced ﬁssion using the FRM-2 reactor, now operating near Garching. Also under test is
TITAN (see Dilling et al. in [9]), a Penning trap at TRIUMF in Vancouver, which will be the ﬁrst installation to
use high-charge states of radioactive species (bred in an EBIT) to achieve higher accuracy (i.e., higher cyclotron
frequencies) with shorter trapping times.
Last, but yes, least – concerning uncertainty – are the “Tallahassee Trap” (at Florida State University [20],
formerly at MIT [19]) and the University of Washington Penning trap (UWPTMS) which hold the world records
for accuracy on stable species, approaching 10−11 (see Rainville et al. and Van Dyck et al. in [5], respectively.)
Another Penning trap in this category is SMILETRAP, mentioned above (and reponsable for the last – and least –
point in Figure 1 [21]!).
Figure 3 shows an interesting comparison of the different techniques devoted to radioactive species: the obtained measurement uncertainty (for some recent results) as a function of the half life of the measured nuclide. All
in all, the different techniques are quite complementary. Without going into details (see Lunney in [9] for those),
it is clear to see that achieving good accuracy is difﬁcult to very short-lived nuclides. However, great progress is
being made in the case of traps for accessing short half lives.

3 Mass models
Attempts at (and needs for) the prediction of the nuclear mass date from not so long after the very discovery of
the binding energy. The ﬁrst mass formula was that of Von Weizsaecker [26]. The same formula is still used
today with various reﬁnements – sometimes in (dubious) attempts at mass predictions but mostly for illustrating
the effects of shell closures that were not included. It is instructive to consider that Von Weizsaecker initially
formulated his model using only four parameters (volume, surface, symmetry, and Coulomb) which he ﬁt to the
200 or so mass values known at the time. The same exercise today reproduces the masses of over 2200 nuclides
with an rms error of only 4.25 MeV. Given that shell effects were unknown at that time, this is a remarkable
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achievement.2
For the last 60 years, mass formulas have been based on this type of liquid-drop formula with “modern”
reﬁnements from microscopic effects such as shell closures and deformation (see general description in [4]).
This class of models is known as microscopic-macroscopic due their hybrid nature. Such models are widely
used since they provide extended data sets for masses and sometimes, other nuclear properties. The most wellknown microscopic-macroscopic approach is the Finite-Range Droplet Model (FRDM) of Moeller, Nix et al.
[27]. The FRDM has pushed the mic-mac approach to its limit and is exemplary for the generalized data sets
and availability. The microscopic part, though somewhat uncoupled from the liquid-drop part, is constructed
using a single-particle, folded-Yukawa potential which can also be used to generate beta-decay half-lives, strength
functions, ﬁssion barriers and nuclear deformation parameters in addition to the mass.
Some handy algebraic relations exist that have been formulated from the symmetry of the nuclear charge and
(taking into account the easily-determined Coulomb component) allow calculation of masses of locally-unknown
masses surrounded by many known masses. Examples are, the Isospin Mass Multiplet Equation (IMME) with
which the mass of a nuclide forming an isobaric analog multiplet can be remarkably reproduced using only a
quadratic function. Another scheme, the Garvey-Kelson relation, uses a similar idea but by constructing a sort of
ﬁnite-difference grid in which unknown masses are determined iteratively using the neighboring known masses
as boundary values.
Such relations, broadly classiﬁed as local, can be useful where speciﬁc, locally-unknown masses are required
(for example, near the proton drip line) but generally show gross systematic deviations in distant, unknown territory (see discussion in [4]). Moreover, no auxiliary nuclear properties can be computed.
Another microscopically-rooted approach worth mentioning is an evolution by Duﬂo and Zuker, inspired by
the shell model Hamiltonian [28]. Though still a parametrization, (in order to empirically bypass the problematic
monopole term which is responsible for nuclear saturation), it involves solving the Schroedinger equation that
produces wave functions from which other nuclear properties may be consistently derived in addition to a full
mass table.
Mass tables have – at last – been constructed using a nucleon-nucleon interaction: the Skyrme-Hartree-FockBogoliybov appraoch (see S. Goriely in these proceedings). Due to the availability of computing power, procedures have now been implemented that allow systematic ﬁtting of Skyrme-force parameters to the entire mass
table for HFB calculations. The sensitivity of the interaction parameters has also been systematically studied
through the elaboration of eight further mass tables, the latest of which, HFB9, has been tailored to satisfy constraints of neutron matter. These tables now provide residual ﬁts to the ensemble of known nuclides that rival all
other approaches. The reader is referred to [4] for a detailed review and explanation of all the above methods.
The question that we would like to answer is: What is the best mass model? Obviously it will be impossible to
answer given the apparent failure of theory and the need for experiment to conﬁrm reality. However, the problem
is that experiment is in no position to determine the location of the drip line and we are forced, in a vicious circle,
to rely on theory. Let us examine some criteria that might help us judge the different approaches.
One benchmark of importance is the rms error of model predictions compared to experimental data. This
quantity is a ﬁrst indication since the models are all adjusted to the same data. Indeed, this is one of the fundamental contributions that the Atomic Mass Evaluation makes to nuclear theory, by providing common starting
point and benchmark data for meaningful comparison.
Figure 4 shows the rms error of various models. On the left are the global models. On the right are local
models for which essentially all calculated masses are adjustable. For more details on these models and their
(number of) parameters, see [4].
The local models generally provide a better ﬁt, simply because they have a very large parameter space and as
such, more souplesse for incorporating different effects. This causes disaster for extrapolations, however. In the
case of the Garvey-Kelson relations (GK in Fig. 4) only 60% of the experimental masses could be reproduced,
since going farther caused instability in the algorithm. With the exception of Duﬂo-Zuker (DZ in Fig.4), who
show an impressive ﬁt of only 375 keV, the global models all give practically the same ﬁt of about 700 keV.
This observation prompted Bohigas and Leboeuf ([29] and hopefully, these proceedings) to suggest that perhaps
the idea of chaos, or ﬂuctuations in the periodic orbits of particles in the nuclear potential, contrive to limit the
possibilities in calculation of the nuclear binding energy. This interesting idea has been taken up by others, notably
Hirsch et al. in [9] who have exploited the non-physics of the Garvey-Kelson relations to lower this limit to about
2 The

formula also gives an astonishingly concordant prediction for the location of the drip lines (see Fig.2 by J.M. Pearson in [5]).
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Figure 4: The root-mean-square difference between experimental masses (of the AME1995) and different mass
models (global approaches on the left and local, on the right). See [4] for model descriptions.
80 keV.
The rms error can be viewed as a scalar indication. Perhaps more important, due to the fact that we develop
models in order to extrapolate, is a vector approach. For this we can calculate the rms error for new data, which
have not been used in the adjustment procedure. This study was performed in [4] and the reader is refered there
for the results and discussion. It is interesting to note that there is by no means a common result amongst the
different models concerning extrapolation.

4 The mass evaluation and its physics impact
In the introduction, four general areas were cited in which mass measurements have impact: atomic physics (and
fundamental constants), nuclear structure, astrophysics and weak-interaction studies.

4.1 Special cases
Atomic and weak-interaction physics concern a relatively small number of nuclides however their masses need
to be known with the greatest possible accuracy. In the case of fundamental constants, this reaches 10−11 (see
[19], for example). The comparative half life (or F t value) of a super-allowed beta transition (occuring chieﬂy
in N ≈ Z nuclides) gives us almost unhindered access to the weak vector coupling constant. (This quantity is
needed to determine Vud , one element of the Cabibbo-Kobayashi-Maskawa quark-mixing matrix, the unitarity
of which provides constraints on the standard model of particle interactions [30]). To determine F t, the decay
Q-value is needed (along with the half life and branching ratio as well as nuclear corrections and the rate function,
f ). For these tests, the requisite accuracy (remember that these are radioactive nuclides produced on-line) is 10−8 .
The atomic mass evaluation plays a crucial role for these special cases, but inevitably, several independent and
redundant evaluations are also necessary (see [30] for an overview and [24, 25] for the example of 22 Mg).

4.2 General cases
The evaluation will have a huge impact on the cases of nuclear structure and the modeling of explosive stellar
nucleosynthesis. Two examples will be used for illustration.
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4.2.1 Nuclear structure
The systematic behavior of binding energies gives us important insight into nuclear structure. The simplest case is
an isobaric sequence, where the well-known parabolic behavior is seen where less binding energy can be correlated
with the corresponding decrease in decay halﬂife. (Binding energies range from about 500 MeV for ligher nuclides
to over 2 GeV for the heavier systems.)
The two-neutron separation energy plot, versus neutron number, gives us a very clear view of shell closures
(see, for example, the entire series of two-neutron and two-proton separation energies in [3]. Stable nuclides
have S2n values of about 30 MeV whereas halo nuclides go below 1 MeV. The kink in the S2n versus N plots
that corresponds to a shell closure is still fairly large: about 4 MeV. Sub-shell closures and deformation manifest
subler effects and pairing, deﬁned using the differences of four masses, gets us down to an energy scale of a few
hundred keV.
At this scale, not only must mass measurements be of superior accuracy (better than 10−7 ) but entire mass
region must be coherent in order to discern ﬁne structure. This means that the global evaluation is of great importance. This has been illustrated by comparing pairing energies to data on nuclear radii to search for correlations
with shape transitions (see Weber et al., in [9]). At this scale, even reference mass values can change with time
and the propagation of such a change happens automatically due to the evaluation’s linked, articulated structure.
4.2.2 Astrophysics
Mass determinations continue to play an important role in stellar nucleosynthesis. The rapid neutron-capture (the
r process) is thought to be responsible for the presence of over half the heavy elements in the Universe (see, e.g.,
[31]). Modeling the r process requires the knowledge of all the properties of some 4000 neutron-rich nuclides out
to the drip line (see, S. Goriely, this volume) and models are the only recourse in the face of this daunting task.
The development of mass models was discussed in the previous section and I can only reiterate here that
the mass evaluation plays at once, a critical and unique role in the establishment of the common input data base
and unique standard to which all models can be compared. A particularly illustrative story can be found in the
development of the ﬁrst two HFB mass tables (told in [4] and [32]) where the experimental masses of the AME
were used for the ﬁrst time as diagnostics to sucessfully identify the problems with the HFB-1. As more data are
produced, this type of diagnosis as well as confrontation of the the different model predictions will be especially
important.

5 Conclusions on the future of the evaluation
The evaluation of mass data is a sine qua non for the advancement of nuclear structure, nuclear astrophysics and
other ﬁelds. Due to the particular nature of mass data that form an extensive linked network, an evaluation is of
particular importance. In addition to providing a coherent data set for systematic studies, the mass table provides a
common starting point and benchmark for the all-important development of nuclear mass models. The numerous
existing programs and many ambitious projects for mass measurements worldwide highlight the importance of
the mass evaluation for the future.

6 Dedication
The author would like to dedicate this work to our late colleague, Jean Duﬂo, whose diligent labor – long after his
retirement – helped produce one of the ﬁnest mass models available today.
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Toward a new parameterization
of the Gogny force
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Abstract
The Gogny force was ﬁrst introduced in 1980. The ﬁrst parameterization D1 gave satisfying results for
masses, radii and pairing properties of many nuclei. Unfortunately, the surface energy term was too high and
therefore D1 was not able to reproduce ﬁssion barriers. To correct for this deﬁciency, the new parameterization
D1S was proposed. In spite of the numerous advantages of this new interaction over the earlier one, we have
observed that D1S was still unable to reproduce the Neutron Matter (NM) Equation Of State (EOS). The NM
EOS was predicted by different authors. Their results, obtained by variational calculations, are very similar. We
have chosen the EOS proposed by Friedman-Pandharipande (FP) as our benchmark to improve the Gogny force
parameterization. The aim of the present study is to investigate a new parameterization of the Gogny force which
ﬁts the EOS of FP. Its properties in nuclei (binding energies, pairing effects, moments of inertia ...) are presented.

1 Introduction
The production of nuclei or nuclear states of unusual structure (exotic nuclei, large deformations, isomers, high
spins, ...) and the study of their properties represent a very promising research domain for nuclear physics.
Thanks to the experimental progress in the last decade, the masses and ﬁrst excited states of many nuclei far from
stability have been measured. These new experimental data have stimulated many theoretical studies. Among
the different approaches, the phenomenological methods based on the liquid drop model and the Strutinsky shell
correction are the most commonly used. The present study relies upon a method particularly well adapted to the
description of exotic nuclear structures: the completely microscopic approach based on the mean ﬁeld theory and
its various extensions. A microscopic approach to nuclear structure encounters two main difﬁculties: the ﬁrst
one is that the nucleon-nucleon (N-N) interaction is not completely known. Indeed, there does not exist (at this
moment) a tractable method which allows the derivation of the interaction between two or more nucleons from
their constituants and the quantum chromodynamic theory. The second difﬁculty arises from the complexity of
the formalism and of the numerical calculations associated with the treatment of the many-body problem starting
from the bare interaction with a repulsive core. Because of these difﬁculties, some studies have been performed at
the end of the 60’s which aimed at building an approach to nuclear structure starting directly from a parameterized
form of the effective interaction. The adopted parameterization is determined so as to simulate the behaviour of
a G-matrix in the nucleus. Furthermore, this parameterization is chosen to be simple enough in order to use it
in calculations of complex phenomena such as giant resonances or ﬁssion. These so-called phenomenological
effective interactions, like the G-matrix, contain a density dependence. However, the parameterizations do not
depend on energy. Furthermore, they generally do not contain a tensor term. Their similarity with the G-matrix
suggests that these phenomenological interactions contain correlations associated with the repulsive core of the
bare N-N interaction (short-range correlations) and can thus be employed to describe independent particle states.
Especially, the ground state of nuclei is obtained by minimizing the mean value of the energy calculated with
Slater determinants. This procedure which is the basis of the mean-ﬁeld approximation leads, in its simplest form,
to the Density Dependent Hartree-Fock (DDHF) method and, when the pairing correlations are included, to the
Density Dependent Hartree-Fock-Bogolyubov (DDHFB) method. In the last decades, different phenomenological
effective interactions have been proposed. The Skyrme interaction [1] based on the Density Matrix Expansion [2]
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and the Gogny interaction [3] are the most employed. In all our studies, we have used this ﬁnite range Gogny
interaction. The last parameterization, called D1S [4], was introduced in order to correct the ﬁrst parameterization
(D1) for a too large value of the surface energy term. In spite of this improvement, we have noticed that D1S
still suffers some deﬁciencies. Among them, the EOS of neutron matter calculated with D1S is poorly behaved as
compared to the one derived in fundamental approaches using the bare N-N force and correlated wave functions
[5]-[7]. The aim of this study is to investigate a new parameterization of the Gogny force which provides a
neutron matter EOS in agreement with the more fundamental approaches mentioned above, while keeping a good
description of nuclear properties.
In the next section, we give a general presentation of the Gogny force and introduce a new parameterization. This
new set of parameters has still to be fully tested, therefore we have not assigned it a deﬁnite name, but just refer
to it as a ”new” parameterization. In the third section, the single particle spectra and pairing properties obtained
with the new parameterization are interpreted in terms of the effective mass. The last section deals with the link
between the neutron matter properties of the force and the trend of binding energies along isotopic chains.

2 The parameterizations of the Gogny force
2.1 Analytical form of the Gogny interaction
The Gogny effective interaction has the following analytical expression [3]:
V (1, 2) =



e

−

(r 1 −r 2 )2
μ2
j

(Wj + Bj Pσ − Hj Pτ − Mj Pσ Pτ )

j=1,2

 
α
r1 + r2
+t0 (1 + x0 Pσ ) δ (r1 − r2 ) ρ
2
→
−
←
−
→
−
→
+i Wls ∇ 12 δ (r1 − r2 ) × ∇ 12 . ( σ 1 + −
σ 2) ,
where Pσ and Pτ are the spin and isospin exchange operators, respectively. The main difference between this
interaction and the Skyrme one is that the central part of the Gogny force is ﬁnite ranged. Thanks to this property, the parameters of the interaction can be adjusted so as to reproduce not only the global properties of nuclei
associated with the mean ﬁeld, but also the strength of pairing correlations. Indeed, the pairing correlations play
a fundamental role in nuclear structure and must be taken into account. Different quantities are used to constrain
the parameters of the Gogny interaction. In inﬁnite symmetric nuclear matter, we require that the saturation point
(energy per nucleon E0 /A and density ρ0 ), the compression modulus K, the effective mass m∗ /m and the symmetry energy Esym are in agreement with the empirical values. The surface energy term Esurf is also calculated
using the model of semi-inﬁnite nuclear matter. Quantities concerning the properties of a few nuclei are also used:
the binding energies and radii of 16 O and 90 Zr, the energy difference between neutron and proton single particle
2s
energies in 2S states for 48 Ca: SY M = 2s
N − P . Finally, a matrix element between harmonic oscillator states
”α” of two nucleons coupled to total spin S=0 and isospin T=1 is calculated:
< α, S = 0, T = 1|V12 |α, S = 0, T = 1 > .
This matrix element governs the pairing properties of the interaction. It is assigned a negative value (attraction)
which is determined in order to reproduce the odd-even mass differences in Tin (Sn) isotopes.

2.2 The D1 and D1S parameterizations
The ﬁrst calculations using the Gogny interaction were made more than 30 years ago. The parameterization used
was called D1 [3] and gave satisfying results for binding energies and radii known at that time, and also for pairing
properties. However, the ﬁssion barrier heights in actinides calculated with this ﬁrst parameterization were too
high due to a too strong value of the surface energy. This deﬁciency has been corrected with the introduction of
the D1S [4] parameterization. Indeed, the surface energy obtained with D1S is in agreement with the empirical
value and the results for ﬁssion barrier heights are improved. Therefore, the D1S parameterization has supplanted
the old D1 parameterization. Many studies comﬁrm the reliability of the D1S interaction.
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However, by investigating the neutron matter properties of D1S, we have observed that this parameterization is
unable to reproduce the EOS of neutron matter as predicted by more fundamental approaches. These approaches,
based on the Argonne bare N-N forces, were applied by different authors [5]-[7], and the various predictions
appear to be very similar. We consider here the EOS obtained by Friedman-Pandharipande (FP) [5] which is
displayed in Fig.1 together with the EOS calculated with the D1S interaction.

40

E /A (MeV)

30

20

10

0
0.0

FP
D1S
new

0.5

1.0

1.5
/

2.0

2.5

0

Figure 1: Comparison of neutron matter EOS (energy per particle as a function of density, ρ0 = 0.16f m−3 being
the saturation density) obtained with three different calculations. One of them was performed by FP (triangles).
The two others were made with the D1S Gogny interaction (crosses) and with the new parameterization (circles)
under study.
The two results appear to be very different. Especially, for typical neutron densities in nuclei (ρn around
0.5ρ0 ) D1S overestimates the energy per particle by 2 to 3 MeV. This deﬁciency makes it necessary to ﬁnd a new
set of parameters for the Gogny force which better describes the neutron matter EOS. The same kind of study has
already been carried out for Skyrme forces, with the introduction of the Sly4 interaction [8].

2.3 Toward a new parameterization of the Gogny force: the ﬁt of neutron matter EOS
The quantities used to determine the parameters (Wi , Bi , Hi , Mi )i=1,2 of the interaction have been listed in section
2.1. One of them is the quantity called SYM which represents the difference between neutron and proton single
particle energies in 2S states for 48 Ca. By varying this quantity, it is possible to change the isospin properties of
the interaction and to ﬁnd a set of parameters (labelled ”new”) which reproduces, for densities below ρ0 , the EOS
predicted by FP. This result is shown in Fig.1. The EOS obtained with this new parameterization begins to differ
signiﬁcantly from the FP’s result for densities above 1.5ρ0 . As in nuclei, typical neutron densities lie below 0.8ρ0 ,
these differences at high density have no impact on nuclear structure predictions.
In Table 1 are reported the nuclear matter properties of D1S and those of the new parameterization, together
with empirical values. The empirical values of the compression modulus and of the effective mass were taken
from Blaizot et al. [9] and Mahaux et al. [10] respectively.
It can be checked that the nuclear matter properties obtained with D1S and with the new parameterization are in
close agreement with the empirical values. However, it is worth mentioning the differences between predictions
based on the two parameterizations. The numbers in Table 1 show that the compression modulus, the surface
energy, the effective mass and the symmetry energy are a bit different for the two parameterizations.
The discrepancy (1.8 MeV) between the symmetry energy obtained with D1S and the new parameterization can
roughly be explained by assuming the so-called parabolic approximation:
E
E
(ρ, β) = (ρ, β = 0) + Esym (ρ)β 2 .
A
A
In this expression, the parameter β represents the asymmetry of the medium and is deﬁned as β = (ρn − ρp )/ρ
where ρn , ρp and ρ = ρn + ρp represent respectively the neutron, proton and total densities. Furthermore, E
A (ρ, β)
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ρ0 (f m−3 )
E0 /A(M eV )
K(M eV )
m∗ /m
Esym (M eV )
Esurf (M eV )

D1S
0.163
-15.93
210
0.70
31.1
20.0

new
0.161
-15.96
230
0.75
29.3
19.3

Emp. values
0.160±0.002
-16.0±0.2
220±10
0.70±0.05
30±2
21±2

Table 1: Inﬁnite and semi-inﬁnite nuclear matter properties of the D1S interaction, the new parameterization and
empirical values.
and Esym (ρ) denote respectively the energy per particle in inﬁnite nuclear matter at density ρ, asymmetry β and
the symmetry energy at density ρ (in Table 1, Esym ≡ Esym (ρ0 )). Thus, in this approximation, the symmetry
energy (at density ρ) can be expressed in terms of the difference of the energy per particle between neutron (β = 1)
and symmetric (β = 0) matter:
Esym (ρ) =

E
E
(ρ, β = 1) − (ρ, β = 0).
A
A

Therefore, the difference between the symmetry energies at saturation density obtained with the D1S and the new
parameterizations is approximately given by:
E D1S
A

D1S
new
Esym
− Esym
≈

(ρ0 , β = 1) −

E new
A

(ρ0 , β = 1),
D1S

(ρ0 , β =
where the superscripts indicate the parameterization (D1S or new), and we have used the fact that E
A
E new
(ρ0 , β = 0) ≈ −16 MeV (see Table 1). The two EOS displayed on Fig.1 give an estimation of this
0) ≈ A
D1S

new

difference: E
(ρ0 , β = 1) − E
(ρ0 , β = 1) ≈ 2 MeV. These considerations thus roughly explain the
A
A
1.8 MeV difference between the predictions for the symmetry energy obtained with the two parameterizations of
the Gogny force.
The next section deals with the increase in the effective mass from D1S to the new parameterization. Especially,
the effects on the single particle spectra and pairing properties are investigated.

3 Effective mass, single particle spectra and pairing properties
The average level density at the Fermi surface scales with the effective mass as:
gq (εF,q ) ≈

2m∗q
3
Nq
,
4 (h̄kF,q )2

where Nq is the particle number, m∗q the effective mass, and kF,q the Fermi momentum for a given nucleon
species. Indeed, with the new parameterization, the increase of the effective mass leads to single particle spectra
which are compressed with respect to those obtained with D1S. An example of this effect is presented for the
244
Pu proton levels in Fig.2.
This modiﬁcation of the single particle spectra impacts other properties such as those related to pairing. The
proton pairing energy deﬁned as Ep = T r(Δκ) (Δ: pairing ﬁeld, κ: pairing tensor) is shown, for 244 Pu, on the
upper panel of Fig.3 as a function of the rotation frequency ω. For the new parameterization, the proton pairing
energy at ω = 0 is 2 MeV higher than for D1S. This new parameterization is also shifting from ωD1S = 0.20
MeV to ωnew = 0.23 MeV the rotational frequency at which pairing energy is falling off. For the kinetic moments
of inertia shown in the lower panel, the backbending effect appears at the same rotation frequency as this abrupt
decrease of the pairing energy. Thus, with the new parameterization, the backbending effect appears at 0.23 MeV,
in closer agreement with experimental data [11] than with D1S.
Furthermore, care has been taken of the odd-even mass differences for Tin isotopes:
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Figure 2: Proton single particle levels in 244 Pu for the D1S parameterization (m∗ /m = 0.70) and the new one
(m∗ /m = 0.75). Dashed and solid lines represent negative and positive parity states respectively. The triangle
shows the position of the Fermi energy.
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Figure 3: Proton pairing energy (upper panel) and kinetic moments of inertia (lower panel) as functions of rotation
frequency in 244 P u. Results are given for the D1S (empty circles) and the new (full circles) parameterizations;
available experimental data (squares) [11] are also reported for the kinetic moments of inertia.
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ΔB = B (A) −

1
2

[B (A + 1) + B (A − 1)], with A odd.

The present ΔB values are equivalent to those obtained with D1S in blocking Hartree-Fock-Bogoliubov (HFB)
calculations. Indeed, the differences between the HFB values of ΔB and experimental data have been kept of
the order of 200 keV as in D1S. Let us recall that the ΔB’s calculated with HFB have to be taken slightly larger
than the experimental ones in order to account for the particle-vibration effects which are not treated in the HFB
description of odd nuclei.

4 Neutron matter and binding energies
The D1S parameterization was not providing us with reasonable predictions for binding energies along isotopic
chains. An illustration of the drift of binding energies in Gd isotopes obtained with D1S in HFB calculations is
presented in Fig.4. We have shown in a previous paper [12] that the ﬁt to neutron matter EOS and the drift of
binding energies are closely related. This is again demonstrated here for Gd isotopes: the new parameterization
which ﬁts the neutron matter EOS corrects the drift which occurs with D1S.
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Figure 4: Difference between mean-ﬁeld predictions (EHF B ) and experimental[13] (Eexp ) binding energies
(ΔE = EHF B − Eexp ) as a function of the neutron number in Gd isotopes. Results for D1S (squares) and
the new parameterization (circles) are given, the dashed lines show the overall trend of binding energies.

5 Conclusion
In this work, we have investigated a new parameterization of the Gogny force. The ﬁt of the neutron matter EOS
predicted by more fundamental approaches based on variational calculations has been used as a new constraint to
determine the parameters of the interaction. The nuclear matter properties of this new parameterization are closed
to those of D1S. The slight increase in the effective mass (0.70 for D1S versus 0.75 for the new interaction) leads
to more compressed single particle spectra. This, in turn, impacts many nuclear properties. An example has been
given with the 244 P u proton pairing energy and kinetic moments of inertia which, when calculated with the new
parameterization, are in close agreement with the experimental data. Finally, as already mentioned in Ref.[12],
this new parameterization corrects for the drift of binding energies observed with D1S along isotopic chains. This
has been illustrated in Gd isotopes.
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Isospin dependent dispersive coupled channel optical model
potential for actinides
R. Capote 1 , E.Sh. Soukhovitskii 2 , J.M. Quesada 3 , S. Chiba 4
Abstract
An isospin dependent coupled channel optical model potential containing a dispersive term including nonlocal contribution is used to simultaneously ﬁt the available experimental database (including strength functions
and scattering radius) for neutron and proton scattering on strongly deformed actinide nuclei. The energy range
0.001-200 MeV is covered. A dispersive coupled-channel optical model (DCCOM) potential with parameters
that show a smooth energy dependence and energy independent geometry are determined from ﬁts to the entire
experimental data set. Inclusion of nonlocality effects in the absorptive volume potential and its corresponding
dispersive contribution to the real potential is needed to achieve excellent agreement above 100 MeV. Calculations using obtained DCCOM potential reproduce measured total cross section for all actinides and total cross
section differences between 232 Th and 238 U up to 200 MeV within experimental uncertainty. The isovector terms
and the observed very weak dependence of the geometrical parameters on mass number A were instrumental to
extend the derived potential parameters for 238 U and 232 Th to neighboring actinide nuclei.

1 Introduction
Knowledge of accurate cross sections of a number of reactions (e.g. total, elastic and inelastic scattering, capture, ﬁssion, and so on) between neutrons and actinide nuclei is crucially important for design of various reactor
systems. In the accelerator driven system (ADS) of radioactive-waste transmutation and energy generation, the
nuclear reaction data are needed both for neutrons and protons as projectiles up to several hundreds MeV. The optical model is one of the fundamental theoretical tools which provides the basis of nuclear reaction data analysis
and evaluations.
During the last 50 years the nuclear optical model has been extensively applied to analyse the elastic scattering
of pions, nucleons and heavier particles by nuclei over a wide range of energies [1, 2, 3]. It has been extended
to include inelastic scattering by the coupled-channels formalism [4, 5] and consideration of dispersion effects
allows to describe both bound and scattering states by the same nuclear mean ﬁeld [6]-[17]. Additional constraint
imposed by dispersion relations helps to reduce the ambiguities in deriving phenomenological OMP parameters
from the experimental data. Using the optical model, one can calculate not only total, elastic and reaction cross
sections, but also transmission coefﬁcients needed in the statistical and preequilibrium model calculations. Thus,
the OMP parameters that can reproduce well nucleon scattering data over a wide energy range are essential to
make reliable nuclear data prediction.
Pioneering dispersive optical model (DOM) analysis for nucleon scattering have been carried out by Lipperheide [18, 19], Passatore [20] and Lipperheide and Schmidt [21]. A global spherical potential for nucleon induced
reactions derived by Koning and Delaroche [22] used local dispersive OMPs as starting point [23]. Recently a
global dispersive spherical potential for neutron induced reactions was derived by Morillon and Romain [24].
However, very few studies have been devoted to dispersive optical model potentials for strongly deformed nuclei,
where coupled-channel formalism should include dynamical potential corrections arising from dispersion effects
[25, 26, 27, 28]. The DOM analysis of neutron scattering on 27 Al [29] showed the importance of the dispersive
1 Nuclear Data Section, Division of Physical and Chemical Sciences, Department of Nuclear Sciences and Applications, International
Atomic Energy Agency, Wagramerstrasse 5, Vienna A-1400, Austria
2 Joint Institute for Energy and Nuclear Research, 220109, Minsk-Sosny, Belarus
3 Departamento de Fı́sica Atómica, Molecular y Nuclear, Universidad de Sevilla, Ap.1065, E-41080 Sevilla, Spain
4 Advanced Science Research Center, Japan Atomic Energy Agency, Tokai, Naka, Ibaraki 319-1195, Japan
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contribution to describe σT data for energies above 100 MeV using non-symmetric version of the volume absorptive potential for large positive and large negative energies as proposed by Mahaux and Sartor [16] . Similar
behavior was recently conﬁrmed in 232 Th dispersive coupled-channel analysis of nucleon induced reactions [30]
and in combined dispersive coupled-channel analysis of nucleon induced reactions on 232 Th and 238 U [31].
A new global parameterization using non-dispersive CC OMP for actinide nuclei valid from 1keV to 200
MeV was recently proposed by Soukhovitskii and coworkers [32] (in the following we will refer to this work
as NDOMP04). Coupled-channel OMPs describing nucleon scattering on 238 U nucleus up to 150-200 MeV
became recently available [33, 34]. Most of the CC potentials suggested for actinides are based on the potentials
determined by Lagrange [35]. However, during the last year, several new OMPs for thorium are being discussed
in the framework of the on-going IAEA Coordinated Research Program [36], including those derived by Maslov
[37] and Ignatyuk and coworkers [38]. The main purpose of this contribution is to construct a deformed complex
mean ﬁeld felt by neutrons and protons in actinide nuclei theoretically valid from the Fermi energy up to 200 MeV
energy. The methodology was already outlined in our previous contributions devoted to the study of the 232 Th
and 238 U nuclei [30, 31]. We will follow the ”dispersive optical model analysis” [39, 15, 14], where the unknown
potential parameters are derived by performing optical-model ﬁts to experimental scattering cross sections that
need to be available over an energy range as broad as possible. The real and imaginary parts of the mean ﬁeld are
connected by a dispersion relation and, moreover, the mean ﬁeld is required to closely reproduce the experimental
value of the Fermi energy EF both for neutrons and protons. The Lane model [40, 41], which assumes isospin
symmetry in nuclei, is employed so our nucleon-nucleus OMP can be decomposed into isoscalar and isovector
parts.
Recent high-precision measurements of the neutron total cross sections for 232 Th and 238 U nuclei at energies
from 5 MeV up to 560 MeV were published by a Livermore-Los Alamos-Ohio University collaboration [42].
These high precision data together with earlier nucleon scattering angular distributions and low-energy observables (strength functions and scattering radius) are the database considered at positive energies. The Fermi energy
values derived from nuclear masses are used to constrain the mean ﬁeld value at negative energies. Therefore the
energy variation of the model parameters is reasonably deﬁned over a wide range, an extremely important point
for a successful dispersive analysis. Since the employed database extends up to 200 MeV and since the recent
high energy σT data are very accurate [42], i.e. the uncertainty ΔσT is about ±1%, we use relativistic corrections
in all our calculations.
It is generally accepted that differences of neutron total cross sections among neighboring nuclei provide
unusually stringent test of optical models [43, 44, 45, 46]. At the same time it has been shown that the standard optical model treatment fails to reproduce the observed differences of total cross sections both for tungsten isotopes [46] and Th-U nuclei [37]. The measured cross section difference data [42] are presented as
the ratio of the measured difference to the averageof the individual cross sections: i.e. as R238 U−232 T h =
[σ(238 U ) − σ(232 T h)]/ σ(238 U ) + σ(232 T h) /2 . We will use these data as a test of a newly derived dispersive coupled-channel optical model, based on all available nucleon scattering information for 232 Th and 238 U
nuclei.
The paper is structured as follows. Section II provides a description of the coupled-channel dispersive optical model formalism and the forms of the energy and radial dependencies of the real, imaginary and spin-orbit
potentials. Section III describes the resulting isospin dependent potential for the simultaneous description of neutron and proton induced reactions on actinides. In the same section we compare derived DCCOM potential with
state-of the-art non-dispersive potentials [34, 32, 38, 33, 37] and experimental data. Finally Section IV contains
our conclusions.

2 Coupled-channel dispersive optical model formalism
2.1 Optical-model potential
Actinides are expected to be well deformed rigid rotors, where low-lying collective levels are strongly excited in
nucleon inelastic scattering. The customary coupled-channels calculations were performed by coupling the ﬁrst
ﬁve states of the ground state K π rotational band. Our analysis spans an energy range from 0.001 up to 200 MeV.
Both direct and statistical processes contribute to nucleon-nucleus elastic scattering at these energies. However,
according to our estimation, the statistical processes are not important above 3MeV so we neglect them in the
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OMP derivation. The direct processes, increasingly dominant at higher energies, can be described by the optical
model.
The deformed nuclear optical potential arises from deformed instant nuclear shapes
⎫
⎧
⎬
⎨

βλ0 Yλ0 (θ , ϕ ) ,
i = HF, v, s, so, c
(1)
Ri (θ , ϕ ) = Ri0 1 +
⎭
⎩
λ=2,4,6,8

where Yλ0 means spherical harmonics, θ and ϕ - angular coordinates in the body-ﬁxed system, v, s, so, c volume, surface, spin-orbit and Coulomb terms and Ri0 = ri A1/3 , being A the target mass number. HF index
corresponds to the smooth real volume potential (usually called ”Hartree-Fock” term).
The optical model potential is taken to be a standard Woods-Saxon form, but with account of the deformed
nuclear shapes. A more general formulation than the one used in our previous work [30] is described below. The
optical model potential may be written as
Coul
(E) fW S (r, RHF (θ , ϕ ))
V (r, R(θ , ϕ ), E) = − VHF (E) + ΔVHF

− ΔVv (E) + ΔVvCoul (E) + iWv (E) fW S (r, Rv (θ , ϕ ))
− ΔVs (E) + ΔVsCoul (E) + iWs (E) gW S (r, Rs (θ , ϕ ))

2



1 d
+
fW S (r, Rso (θ , ϕ )) σ̂ · ˆl
[Vso (E) + ΔVso (E) + iWso (E)] ×
mπ c
r dr
+ VCoul (r, Rc (θ , ϕ ))

(2)

where the ﬁrst term is the real smooth volume potential VHF (E) and its corresponding Coulomb correction
 2
e d
Coul
ΔVHF
(E) = −CCoul ZZ
(VHF (E)), calculated proportional to the derivative of the ”Hartree-Fock” real
A1/ 3 dE
potential term. Similar Coulomb correction terms ΔVvCoul (E) and ΔVsCoul (E) are also calculated for volume ΔVv (E) and surface ΔVs (E) dispersive contributions to the real potential. Successive complex-valued
terms are the volume, surface and spin-orbit potentials, all containing the corresponding dispersive contributions
ΔVv (E), ΔVs (E) and ΔVso (E). The geometrical form factors are given as
−1

fW S (r, Ri (θ , ϕ )) = [1 + exp (r − Ri (θ , ϕ )) /ai ]

,

i = HF, v, so

(3)

d
f (r, Rs (θ , ϕ ))
dr
where deformed radii Ri (θ , ϕ ) are described in Eq.(1). The Coulomb potential VCoul (r, Rc (θ , ϕ )) was calculated using a multipole expansion of charged ellipsoid with a uniform charge density within the Coulomb radius
Rc and zero outside as suggested by Bassel et al. [47]. The spherical term of the Coulomb potential was calculated
−1
by taking account of the diffuseness of the charge density distribution of the form fc = 1 + exp r − Rc0 /ac
[48].
As energy losses due to collective levels excitation compared with the nucleon incident energies for low
incident energies involved in the analysis are noticeable, the dependence of the local optical potential for different
channels was taken into account as


Ei + Ef
Vif (E) = V E −
,
(4)
2
gW S (r, Rs (θ , ϕ )) = −4as

where i and f denote initial and ﬁnal channels, while Ei and Ef the corresponding level energies.
The present optical potential includes relativistic corrections as discussed by Elton [49]. Firstly, the nucleon
wave number k was calculated in the relativistic form:
(k)2 = [E 2 − (Mp c2 )2 ]/c2

(5)

where E denotes the total energy of projectile, Mp the projectile rest mass, and c the light velocity. Secondly,
projectile and target masses were replaced by corresponding relativistic energies in reduced mass formulae.
In our formulation of the OMP in Eq.(2) the geometrical parameters of the ”Hartree-Fock” potential rHF
and aHF are in general different from geometrical parameters rv , av , rs , as of the volume and surface absorptive
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potentials; however the real and imaginary spin-orbit terms share the same rso and aso parameters. Therefore the
volume dispersive contribution has different geometry (determined by rv and av ) from the real smooth volume
potential (determined by rHF and aHF ). As a result we have two separate volume contributions to the potential
(as can be seen in the ﬁrst and second line of the Eq.(2)), effectively giving us more ﬂexibility than allowed by the
optical model potential used in our previous work [30].
In a dispersion relation treatment, the real potential strength consists of a term which varies slowly with energy,
the so called Hartree-Fock (HF) term, VHF (r, E), plus a correction term, V (r, E), which is calculated using
a dispersion relation. Under favorable conditions of analiticity in the complex E-plane the real part ΔV can be
constructed from the knowledge of the imaginary part W on the real axis through the dispersion relation

P ∞ W (r, E  ) 
dE ,
(6)
ΔV (r, E) =
π −∞ E  − E
where we have now explicitly indicated the radial and energy dependence of these quantities and P means that
the principal value of the integral should be taken. Assuming that ΔV (r, E = EF ) = 0, where EF is the Fermi
energy, eq. (6) can also be be written in the subtracted form



1
1
P ∞
−
W (r, E  )
(7a)
dE  .
ΔV (r, E) =
π −∞
E − E
E  − EF
Here EF denotes the Fermi energy, determined as EF (Z, A) = − 12 [Sn (Z, A) + Sn (Z, A + 1)] for neutrons and
EF (Z, A) = − 12 [Sp (Z, A) + Sp (Z + 1, A + 1)] for protons, where Si (Z, A) denotes the separation energy of
nucleon i from a nucleus labeled by Z and A.
For energy dependent geometry we should use directly equation (7a) to calculate the dispersive contribution to
the real potential. To simplify the problem, however, the geometry of the imaginary terms of the OMP are usually
assumed to be energy-independent and they are expressed in terms of a Woods-Saxon function fW S (r) or its
derivative. In such case the radial functions factorize out of the integrals and the energy-dependence is completely
accounted for by two overall multiplicative strengths ΔV (E) and W (E). Both of these factors contain, we note,
volume and surface contributions.
It should be noted that the general deﬁnition of the Coulomb correction implies the existence of the dynamical
dispersive Coulomb correction arising from the derivative of the dispersive contributions Vv (E) and Vs (E).
To our knowledge such corrections were ﬁrst introduced by us in our previous work [30]. These dynamical
contributions to the Coulomb corrections are the dominant contribution below 20 MeV to the total Coulomb
correction to the real potential.
It is known that the energy dependence of the depth VHF (E) is due to the replacement of a microscopic
nonlocal HF potential by a local equivalent [50]. For a Gaussian non-locality VHF (E) is a linear function of E
for large negative E and is an exponential for large positive E. Following Mahaux and Sartor [16], the energy
dependence of the Hartree-Fock part of the nuclear mean ﬁeld is taken as that found by Lipperheide [19]:
VHF (E) = AHF exp(−λH F (E − EF ))

(8)

where the parameters AHF and λH F are undetermined constants. This equation (8) can be used to describe HF
potential in the scattering regime [16].
It is useful to represent the variation of surface Ws (E) and volume absorption potential Wv (E) depth with
energy in functional forms suitable for the dispersive optical model analysis. An energy dependence for the
imaginary volume term has been suggested in studies of nuclear matter theory by Brown and Rho [51]:
Wv (E) = Av

(E − EF )2
(E − EF )2 + (Bv )2

(9)

where Av and Bv are undetermined constants. An energy dependence for the imaginary-surface term has been
suggested by Delaroche et al. [14] to be:
Ws (E) = As

(E − EF )2
exp(−Cs |E − EF |)
(E − EF )2 + (Bs )2

where As , Bs and Cs are undetermined constants.
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(10)

The isospin dependence of the potential (the Lane term [40, 41]) was considered in real VHF (E) and imaginary
surface Ws (E) potentials as follow,



Cviso N − Z
AHF = V0 1 + (−1)Z +1
V0
A



Cwiso N − Z
As = W0 1 + (−1)Z +1
W0
A
where V0 , Cviso , W0 and Cwiso are undetermined constants.
The symmetry condition
W (2EF − E) = W (E)

(11)
(12)

(13)

is used to deﬁne imaginary part of the OMP for energies below the Fermi energy.

2.2 High energy behavior of the volume absorption
The assumption that the imaginary potential Wv (E) is symmetric about E  = EF (according to equation (13)) is
plausible for small values of |E  − EF |, however as was pointed out by Mahaux and Sartor [16] this approximate
symmetry no longer holds for large values of |E  − EF |. In fact the inﬂuence of the nonlocality of the imaginary
part of the microscopic mean ﬁeld will produce an increase of the empirical imaginary part W (r, E  ) at large
positive E  and approaches zero at large negative E  [6, 8]. Following Mahaux and Sartor [16], we assume that
the absorption strengths are only modiﬁed above some ﬁxed energy Ea . They used Ea = 60 MeV, however this
value is fairly arbitrary [16] and we will use it as a ﬁtting parameter. Let us assume the non-local imaginary
v (E), then we can write [17]
potential to be used in the dispersive integral is denoted by W
v (E) = Wv (E) − Wv (E)
W
and
v (E) = Wv (E) + α
W



(EF − E − Ea )2
, for E < EF − Ea
(EF − E − Ea )2 + Ea2


√
3
(EF + Ea )3/2
−
E+
(EF + Ea ) , for E > EF + Ea
2E
2

(14)

(15)

These functional forms are chosen in such a way that the function and its ﬁrst derivative are continuous at E  =
|EF − Ea |. At large positive energies nucleons sense the ”hard core” repulsive region of the nucleon-nucleon
√
v (E) diverges like α E. Using a model of a dilute Fermi gas hard-sphere the coefﬁcient α
interaction and W
can be estimated to be equal to 1.65 MeV1/2 [8], assuming that the Fermi impulse kF is equal to 1.36 fm−1 and
the radius of the repulsive hard core is equal to 0.4 fm. On the contrary, at large negative energies the volume
absorption decreases and goes asymptotically to zero.
The asymmetric form of the volume imaginary potential of equations (14) and (15) results in a dispersion
relation that must be calculated directly from Eq.(7a) and separates into three additive terms [52]. Therefore, we
write the dispersive volume correction in the form
Vv (E) =

Vv (E) +

V< (E) +

V> (E)

(16)

where Vv (E) is the dispersive correction due to the symmetric imaginary potential of equation (9) and the
terms V< (E) and V> (E) are the dispersive corrections due to the asymmetric terms of equations (14) and
(15), respectively. While the symmetric case features an equal contribution coming from negative and positive
energies, in the asymmetric case the negative energy contribution to the dispersive integral is very different from
the positive energy value. The resulting dispersive correction for the asymmetric case starts to increase already for
energies above 50 MeV, making a signiﬁcant contribution to the real part of the OMP at high energies. It should be
noted that non-locality corrections (equations (14) and (15)) can be used either for the volume or surface imaginary
potential; however, Mahaux and Sartor [16] have shown that nonlocality consideration for the surface imaginary
potential has a very small effect on the calculated cross sections. Therefore in this work we followed Ref. [17]
and only considered the effects of nonlocality in the volume absorption.
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2.3 Spin-orbit potential
For the energy dependence of the spin-orbit potential we started from the functional form suggested by Koning
and Delaroche [22], namely:
Vso (E) = VSO exp(−λso (E − EF ))
(E − EF )
(E − EF )2 + (Bso )2

(17)

2

Wso (E) = WSO

(18)

In this work we connected the imaginary spin-orbit potential Wso (E) to the real spin orbit potential Vso (E)
by a dispersion relation as discussed by Walter [53] and ﬁrst carried out by Morillon and Romain [24]. Spin orbit
functional (18) is exactly the same as the one employed for symmetric volume absorptive potential (9), so the
dispersive contribution ΔVso (E) to the real spin-orbit potential can be calculated using the analytical expressions
for volume absorptive potential derived by Quesada et al. [54].

3 Dispersive coupled-channel optical model analysis
A survey of the experimental data for nucleon interaction on 232 Th and 238 U nuclei spanning from 0.001 to 200
MeV used in the DCCOM analyses coincide with the data used by Soukhovitskii and coworkers [32]. Additional
average total cross section data for 232 Th in the unresolved resonance region from 1 up to 140 keV were recently
obtained by Geel’s group [55]. The total cross section data considered cover all the critical energy points which
are necessary to reveal the structure due to the Ramsauer effect. Energy-averaged total cross sections σT for
both nuclei obtained from Abfalterer et al. [42] from 5 to 200 MeV were used to calculate R232 T h−238 U and its
associated experimental error.
The potential parameters were searched for to reproduce available neutron- and proton-induced cross section
data for 232 Th and 238 U. At incident energies above several MeV, it is almost impossible to separate neutron
inelastic scattering data into each excitation level experimentally for actinide nucleus. Thus experimental proton
scattering data, which can be done with much higher resolution, was highly relevant to determine the optical
potential parameters uniquely. Evaluated neutron strength function for 232 Th and 238 U, S0 and S1 , and potential
scattering radius R [56, 55, 57] were used in parameter search.
The optical potential parameters were searched for by minimizing the quantity χ2 deﬁned by
⎡
  Si,calc − Si,eval 2  R − R 2
1
2
calc
eval
⎣
+
χ =

N + M + 3 i=0,1
ΔSi,eval
ΔReval

2 ⎤
2 
Ki 
N
M

σtotca lci − σtotev a li
dσij /dΩcalc − dσij /dΩexp
1 
⎦
+
+
(19)
K
Δdσ
/dΩ
Δσ
i
ij
exp
tot
ev
a
l
i
i=1
j=1
i=1
where N denotes number of experimental scattering data sets, Ki - number of angular points in each scattering
data set and M - number of energies for which experimental (evaluated) neutron total cross section is involved.
Optical model code OPTMAN [58, 59] was used for OMP parameter ﬁtting. Originally the code did not
include dispersion terms, so numerical [60] and analytical solutions [54, 61] of dispersion relations were implemented within the OPTMAN code. We were using symmetric surface and nonsymmetric volume imaginary absorptive potentials, therefore we initially adjusted 16 parameters, namely V0 , λH F , Cviso , which deﬁne the smooth
energy dependence of the real volume potential; W0 , Cwiso , Bs , Cs and Av , Bv , Ea deﬁning the surface and volume absorptive potential respectively plus six geometrical parameters (rHF , aHF , rv , av , rs , as ). After proper
values were obtained by this global minimization spin-orbit parameters Vso , λso , Aso , Bso , rso and aso , parameters of the Coulomb interaction, CCoul , rc and ac and multipolar deformation parameters βi (for both nuclei) were
also optimized. The ﬁnal iteration involved a free variation of all parameters using the best-ﬁt search option of the
OPTMAN code. All parameters but deformation and geometrical ones were exactly the same both for 232 Th and
238
U nuclei ﬁtting. The derived DCCOM potential parameters are listed in Table 3. The attained minimum χ2
value, as deﬁned by eq.(19), for all the available 238 U (232 Th) experimental data is 2.10 (2.55), being 2.00 (2.21)
for the neutron database, while for proton angular data description the corresponding χ2 minimum is 2.39 (3.52).
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VOLUME
V0 = 48.62
λHF = 0.01037
Cviso = 10.0

Real depth
[MeV]

Imaginary depth
[MeV]

Geometry
[fm]

Real depth
[MeV]

SURFACE
dispersive

Av = 12.53
Bv = 80.94
Ea = 350

W0 = 17.73
Bs = 11.56
Cs = 0.01328
Cwiso = 23.5

rHF = 1.2516 + 0.001367(238 − A)
aHF = 0.636 − 0.002(238 − A)
rv = 1.253
av = 0.680 − 0.00033(238 − A)

rs = 1.1808
as = 0.603 − 0.0005(238 − A)

SPIN-ORBIT
Vso = 6.03
λso = 0.005

COULOMB
CCoul = 1.62

Imaginary depth
[MeV]

Wso = −3.1
Bso = 160

Geometry
[fm]

rso = 1.1214
aso = 0.59

rc = 1.2174
ac = 0.551

Table 1: Dispersive coupled-channel OMP parameters for actinides

238

Present work U (2 keV)
Evaluated values 238 U
Present work 232 Th (2 keV)
Evaluated values 232 Th

S0 , (eV )−1/2 10−4
0.918
1.03 (0.08) [56]
0.859
0.935 (0.05) [55]
0.87 (0.07) [56]

S1 , (eV )−1/2 10−4
1.72
1.6 (0.4) [56]
1.72
1.81 (0.03) [55]

R , f m
9.59
9.6 (0.1) [57]
9.62
9.53 (0.05) [55]

Table 2: Comparison of predicted resonance parameters with experimental ones.

Nuclide
232
Th
233
U
235
U
238
U
239
Pu
240
Pu
242
Pu

β20
0.213
0.172
0.211
0.228
0.219
0.224
0.218

β40
0.069
0.126
0.107
0.062
0.095
0.075
0.056

β60
0.0017
-0.0013
-0.021
-0.0056
-0.016
-0.0085
0.0011

Table 3: The deformation parameters of actinides allowing the best ﬁt of experimental data
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242

S0
((10−4 )
S1
((10−4 )
R
(f m)

P resent
[56]
P resent
[57]
P resent
[57]

Pu
0.88
0.98(.08)
1.97
−
9.54
9.7(.2)

240

Pu
1.03
1.05(.10)
1.80
2.8(.8)
9.52
9.6(.1)

239

Pu
1.18
1.25(.10)
2.19
2.3(.4)
9.49
9.6(.1)

238

U
0.92
1.03(.08)
1.72
1.7(.3)
9.64
9.6(.1)

235

U
0.93
.88(.08)
1.93
1.8(.3)
9.51
9.65(.1)

233

U
0.89
1.04(.07)
2.16
−
9.48
9.75(.2)

232

Th
0.86
0.87(.07)
1.72
1.6(.6)
9.68
9.65(.3)

Table 4: Comparison of predicted and experimental average resonance parameters.
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{[Vtot(U-238) + Vtot(Th-232)]/2}
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0.10
0.08
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Current work
Ignatyuk et al (RIPL 2300 [26] and 2303 [28])
Maslov (RIPL 601 [25] and 603 [5])
Soukhovistkii et al (RIPL 2601 [24])
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Figure 1: Energy dependence of the measured ratio [σ(238 U ) − σ(232 T h)]/
calculated values using different optical model potentials.


σ(232 T h) + σ(238 U ) /2 vs.

These values compared favorably with the NDOMP04 values, which are 1.66 (2.55) and 1.90 (3.8) for neutron
and proton databases respectively. One can see that the χ2 value is slightly increased for 238 U and decreased for
232
Th, probably because a new accurate Geel’s group data [55] was used in optical parameter search for the later.

4 Results and discussion
Optical model calculations of the total cross section for 232 Th and 238 U nuclei used for comparison, were carried
out using the newly ﬁtted DCCOM potential, NDOMP04, Ignatyuk et al. [34, 38] and Maslov et al. [33, 37]
OMPs . The calculated total neutron cross section data were used to obtain the ratio R238 U−232 T h for each of
employed potentials. Calculated results were compared with Abfalterer experimental data [42] in ﬁgure 1. The
experimental data was shifted up by +0.002, well within the estimated uncertainty of the vertical scale (0.02) [46],
arising from uncertainties in the areal densities of the uranium and thorium targets. The measurements are well
reproduced by the axial rigid-rotor DCCOM potential calculations with the present optical potential parameters
from Table 3. Conventional non-dispersive coupled channel potentials fail to reproduce the experimental data,
being NDOMP04 results closer to the data than results for other two potentials.
The coupled-channel model makes it also possible to calculate the angular distributions for scattering of neutrons and protons to the low-lying collective levels belonging to the ground state rotational band of 232 Th and 238 U
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Figure 2: Total cross section for plutonium isotopes.
nuclei. We are not including pictures for angular distributions, but the quality of the agreement is very good as
can be judged by above quoted chi-squares. Furthermore, calculated average resonance parameters reproduce the
evaluated values for 232 Th and 238 U nuclei very well as shown in Table 3. It is important to remark the advantage
of dispersive approach for average resonance parameters description. The real potential of this work is almost
ﬂat toward the low energies, by a combination of the increasing contribution of the smooth exponential ”HartreeFock” VHF (E) potential with the decreasing dispersive contribution (which goes to zero at Fermi energy). Such
behavior allows for a good simultaneous description of the average low-energy total cross sections, strength functions and scattering radius. This simultaneous description is a tough challenge for conventional non-dispersive
potentials.
The 232 Th - 238 U optical potential energy dependence is very simple. We only need to specify individual
Fermi energies for a given combination of projectile and target. We do not need to introduce energy-dependent
geometry and the potential parameters are unique for both neutron and proton projectiles. The dispersion relations,
coupled to the smooth energy dependent ”Hartree-Fock” potential VHF (E), fully determine the real part of the
dispersive contribution once the imaginary part of the mean ﬁeld is ﬁxed. Very few parameters are required in
comparison with a conventional non-dispersive coupled-channel OMP analysis.
A rather weak dependence of geometry on mass number A is observed in Table 3. This allowed to extend
the derived potential parameters to neighboring actinide nuclei with a great conﬁdence. Assuming geometrical
parameters to depend linearly on mass number A and adjusting only deformations parameters (Table 3) an ex51
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Figure 3: Total cross section for uranium isotopes and thorium. For thorium data several OMP calculations are
shown.
cellent agreement in the whole energy range between calculations and the experimental total cross section for
242,240,239
Pu, 238,235,233 U and 232 Th nuclei is obtained (see ﬁgures 2 and 3). Average resonance parameters are
also consistently described by our calculations as can be seen in Table 3.

5 Conclusions
In this work we have presented a dispersive isospin dependent relativistic coupled-channel optical model analysis
of nucleon scattering on actinides nuclei from 1 keV to 200 MeV. The use of proton and neutron scattering data
simultaneously made it possible to increase the accuracy of estimated optical potential parameters especially at
high energy region. The excellent overall agreement obtained between predictions and experimental data would
not have been possible without including dispersive terms in the calculations and non-locality effects in the volume absorptive potential. Very weak dependence of the geometrical parameters on mass number is observed.
Calculations using DCCOM potential reproduces experimental total cross section difference between 232 Th and
238
U nuclei measured by Abfalterer et al. [42] within experimental uncertainty. The isovector terms and the
very weak dependence of the geometrical parameters on mass number A allowed to extend the derived potential
parameters to neighboring actinide nuclei with a great conﬁdence. Excellent agreement in the whole energy range
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between calculations and the experimental total cross section for 242,240,239 Pu, 238,235,233 U and 232 Th nuclei is
obtained. These results prove that suggested coupled-channel optical potential including dispersive relations can
be used for prediction of optical data for nucleon induced reactions (e.g. total, elastic and inelastic scattering,
nucleon transmissions and so on) on experimentally uninvestigated minor actinide nuclei, which are crucially important for design of various advanced reactor and nuclear waste transmutation systems. Unavailable deformation
parameters needed for coupled channel calculations, can be found by ﬁtting measured neutron strength functions
or derived from microscopic Hartree-Fock-Bogoliubov calculations.
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Solution of multi-channel problems using MCAS for spectra and
scattering cross sections.
K. Amos 1 , S. Karataglidis 1 , P. Fraser 1 , D. van der Knijff 2 ,
J. P. Svenne 3 , L. Canton 4 , and G. Pisent 4
Abstract
A multi-channel algebraic scattering theory, to ﬁnd solutions of coupled-channel scattering problems with
interactions determined by collective models, has been structured to ensure that the Pauli principle is not violated.
Positive (scattering) and negative (sub-threshold) solutions can be found to predict both the compound nucleus
sub-threshold spectrum and all resonances due to coupled-channel effects that occur on a smooth energy varying
background. The role of the Pauli principle is crucial in deﬁning what interaction potentials are required to ﬁt
data. The theory also gives an algebraic form for the dynamic polarization potential which adds to the ground
state interaction to deﬁne the optical potential that gives the same elastic scattering cross sections.

1 Introduction
Low-energy cross sections from the collision of nucleons with light-mass nuclei show sharp as well as broad
resonances upon a smooth, energy-dependent background. Those resonances may correlate to states in the discrete
spectrum of the target. To interpret such scattering data requires use of a complex coupled-channel reaction theory
. A theory with very important improvements over those used heretofore has been developed [1]. This theory,
named a multi-channel algebraic scattering (MCAS) theory, ﬁnds solution of the coupled Lippmann-Schwinger
equations for the quantum scattering of two fragments. Though the method can be applied to quite general
scattering systems, to date studies have been limited to nucleon scattering from zero ground state spin targets.
The prime information sought are scattering (S-) matrices which are easily extracted from the T -matrices
generated by MCAS. The approach involves using matrix algebra on matrices built using Sturmian-state expansions of the relevant nucleon-nucleus potential matrix. With this method, all resonances in any energy range can
be identiﬁed, and their centroids, widths, and spin-parities determined as can the energies and spin-parities of
sub-threshold states of the system.
It has long been known that collective-model prescriptions of nucleon-nucleus scattering violate the Pauli principle. However, the MCAS procedure enables use of an orthogonalizing pseudo-potential (OPP) approximation
by which unphysical effects due to violation of the Pauli principle can be avoided. Doing so is crucial to ﬁnding
the parameter values of the interaction that simultaneously gives the sub-threshold spectrum and the low energy
scattering cross sections [2].
The multichannel formalism and the process by which resonances can be identiﬁed and located are outlined
next. Results of calculations made using a collective-model prescription for the potential matrix are then discussed.
In that collective model, the interaction ﬁeld is allowed to be deformed from sphericity and that deformation is
+
taken to second order. In studies of nucleon scattering from 12 C, coupling is taken to the ground 0+
1 , 21 (4.4389
+
MeV), and 02 (7.6542 MeV) states and we consider nucleon energies to 6 MeV. With these three states deﬁning
the relevant target spectrum, only quadrupole deformation is involved. In a new development, we have applied the
MCAS method to the p+6 He system and have compared results with the spectrum of 7 Li known from experiment.
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The theory also allows the construction of the optical potential by appropriately subsuming the coupledchannel equations into effective elastic-channel scattering equations. The optical potentials thus constructed,
as well as allowing for the Pauli principle, are very nonlocal and energy dependent. However, the potentials
guarantee that their use lead to cross section details including resonance effects. We present typical results for the
n+12 C case.

2 The MCAS theory (in brief)
The integral equation approach to scattering in momentum space for potential matrices VccJ  (p, q) where c =
[(s)j, IJ π ] where J π are conserved quantum numbers which will often be omitted for convenience, requires
solution of coupled Lippmann-Schwinger (LS) equations giving a (partial wave) multichannel T -matrix of the
form
open 
2μ  ∞
x2
Tc c (x, q; E) dx
Vcc (p, x) 2
Tcc (p, q; E) = Vcc (p, q) + 2
kc − x2 + i
h̄ c =1 0
!
closed
  ∞
x2
Vcc (p, x) 2
Tc c (x, q; E) dx .
(1)
−
hc + x2
c =1 0
"
"
(E − c ) and hc = 2μ
( − E),
The open and closed channels contributions have channel wave numbers kc = 2μ
h̄2
h̄2 c
for E > c and E < c respectively. c is the threshold energy of the target state inherent in channel c and μ is
the reduced mass. Solutions of Eq. (1) are sought using expansions of chosen model potential matrix elements in
(ﬁnite) sums of energy-independent separable terms,
Vcc (p, q) ∼

N


χcn (p) ηn−1 χc n (q) .

(2)

n=1

In the MCAS method [1], the form factors are speciﬁed in terms of a set (n) of Sturmians Φc,n (p) via

|χc,n =
Vcc |Φc,n ,

(3)

c

and the Sturmians themselves are solutions of coupled-channel (Schrödinger) equations for the chosen matrix of
potentials Vcc (p, q) with eigenvalues ηn .
In coordinate space those potentials are deﬁned using a collective model prescription for the nucleon-target
system, with local forms Vcc (r). The Pauli principle can be satisﬁed by using an OPP method in the determination
of the Sturmians. Those Sturmians then are solutions of coupled-channel equations for the matrix of nonlocal
potentials
(4)
Vcc (r, r ) = Vcc (r)δ(r − r ) + λAc (r)Ac (r ) δcc ,
where A(r) is the radial part of the single particle (bound) state wave function in channel c spanning the phase
space excluded by the Pauli principle. The OPP method holds in the limit λ → ∞, but use of λ = 1000 MeV
sufﬁces.
√
kc kc Tcc which expands in
The link between the multichannel T - and S-matrices is Scc = δcc − iπ 2μ
h̄2
matrix form with the Sturmians as the basis set to
Scc = δcc − ilc −lc +1

N
2μπ  
kc χcn (kc ) [η − G0 ]−1
h̄2 n,n =1

nn


χc n (kc ) kc ,

(5)

where now c, c refer to open channels only. In this representation, η has matrix elements (η)nn = ηn δnn while
G0 has elements
open 
2μ  ∞
x2
χcn (x) dx
χcn (x) 2
(G0 )nn =
2
kc − x2 + i
h̄ c=1 0
!
closed
  ∞
x2
−
χcn (x) 2
χcn (x) dx .
(6)
hc + x2
0
c=1
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The bound states of the compound system are deﬁned by the zeros of the matrix determinant when the energy is
E < 0 and so link to the zeros of {|η − G0 |} when all channels in Eq. (6) are closed.
The Sturmian expansions and their use have been detailed recently [1] and are not repeated herein. Sufﬁce it
to note that a ﬁnite set can be used to make the expansion of ﬁnite rank. An essential feature in such studies, if
very narrow resonances are to be observed, is a resonance ﬁnding scheme. Such is also given in detail in Ref. [1].
Essentially that requires recasting the elastic scattering S-matrix (for each J π and with the elastic channel taken
as c = 1) as

M
−1 
1
1
1
2μ 
1 
1 − η − 2 G0 η− 2
S11 = 1 − iπ 2
k χ1n (k) √
(7)
√ χ1n (k) .
ηn
ηn
h̄

nn
nn =1

1

Here, the elements of the diagonal (complex) matrix η − 2 are
− 12

√1
ηn

δnn . Then the complex-symmetric matrix,

− 12

η G0 η
can be diagonalized and the evolution of its complex eigenvalues ζr with respect to energy, deﬁne
resonance attributes. Resonant behavior occurs when one of the complex ζr eigenvalues passes close to the point
(1, 0) in the Gauss plane. At the energy corresponding to that point, the elastic channel S-matrix has a pole.

3 Results using MCAS for n and p + 12C
The MCAS approach has many advantages over the more usual coordinate space solution methods. Notably with
it one can 1) account for the effects of the Pauli principle, even for collective model descriptions of the coupling
potentials, 2) specify sub-threshold states in the compound nucleus, 3) locate all resonances caused by Vcc (r)
and ﬁnd their centroid energies and widths in the energy range chosen, no matter how small their widths, and 4)
specify the complete T - and S-matrices off-shell enabling prediction of all low energy elastic and inelastic cross
sections and spin observables.

3.1 A comparative study
In this ﬁrst subsection, we present the results from a comparative study of a coordinate space program with MCAS
(with and without taking into account the Pauli principle). We seek to see if, when one performs as exactly the
same evaluation as possible, the calculations are equivalent. Also, for a typical low energy problem, we ask how
the Pauli principle inﬂuences the results.
To make a “fair” comparison, we have used a simpliﬁed model for the n+12 C system. We chose the same
three target states to deﬁne the coupled channels in both the coordinate-space (ECIS97 [3]) and momentum-space
(MCAS) evaluations. For this we take coupling to be effected by a simple rotational model scheme having only a
quadrupole deformation, β2 = −0.52, on the real potential [3],

2
#
$−1
r−2.885
h̄
1
V (r) = −49.92 f (r) +
6 σ · ∇f (r) × ∇; f (r) = 1 + e( 0.63 )
.
(8)
mπ c
i
The potential units are MeV and all lengths are in fm. In the MCAS evaluation, however, the spin-orbit term is
reduced to the l·s form. Doing so has little effect on elastic scattering [5]. Initial runs of ECIS97 for the simpliﬁed
model were for (lab.) energies from 0.1 MeV to 4.0 MeV in steps of 0.1 MeV. Those results indicated that there
were three resonances near 0.7, 2.1, and 3.3 MeV. Thus additional calculations were made for more closely spaced
energies spanning those three values and the results are displayed by the ﬁlled circles in Fig. 1.
Therein they are compared with the results of MCAS calculations, using the same simpliﬁed model and,
essentially, the ﬁxed interaction given in Eq. (8), but without accounting for the Pauli principle. The solid curve
is the MCAS result when the deformation (of Vcc ) was taken through second order [1, 4]. The three resonances
seen in the ECIS results are present though their energy centroids are slightly shifted. But the background on
which those resonances lie agrees very well with the ECIS result. The second MCAS result (dashed curve) was
obtained by limiting deformation to ﬁrst order and now the agreement with the ECIS result is much better for both
background and the resonances; centroids and widths.
We draw two conclusions. First when the simpliﬁed model is used in exactly the same way in ﬁnding solutions
of the coupled-channel problem using the coordinate-space approach [3] and the momentum-space approach with
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Figure 1: The n+12 C cross section results from using MCAS theory with those found using the ECIS approach.
Details are given in the text.
MCAS [1], the scattering cross sections agree very well. The smooth background as well as the speciﬁc resonances
that can be generated with ECIS are found with the MCAS run. Those were calculations with deformation taken
to ﬁrst order. The second conclusion from comparison of the two MCAS results is that, with deformation of -0.52
in the n+12 C system, expansion of Vcc need be taken to second order.
However, all of the calculations ignored the effects of the Pauli principle [2]. But in the MCAS approach, the
OPP method can be used to ensure that there is no violation of the Pauli principle even when a collective model is
used to specify the interaction potentials. The OPP method constrains the Sturmians used as an expansion set are
orthogonal to all states in which the incoming nucleon would be trapped into an orbit fully occupied by nucleons
in the target. Using such a conditioned Sturmian function set to solve the MCAS theory of coupled equations gave
the cross section displayed by the solid curve in Fig. 2. There is a considerable change in the resonances observed
though the background cross section, being dominated by s-wave scattering, is little varied.
The number of resonances drops from three to two in this energy range when the Pauli principle is considered.
+
Further, those resonances inherently have different underlying structures, as the 52 resonance with centroid near
0.6 MeV is of rank 1 and not 2 when the Pauli principle is considered. (Here by rank we mean the number of the
−
state of given J π in 13 C.) Likewise the 12 resonance, in addition to being shifted in position by some 2 MeV, has
a smaller width and is of rank 2.
The MCAS method can be used with negative energies and so produce the sub-threshold compound nucleus
bound state spectrum. With the ﬁxed interaction of Eq. (8), the spectra (including the resonance states) found with
and without using the OPP are shown on the right and left of Fig. 3 respectively. If the Pauli principle is violated,
a large number of spurious states result.

3.2 Resonance ﬁnding
With MCAS, all resonances (spin-parity, centroid, width) can be found without requiring use of an inordinately
large number of energy values. The procedure is to solve the matrix equations for the eigenvalues ζr (Ei ) for a
(ﬁnite) set of energies. The energy centroid of a resonance is that value at which the eigenvalue track passes close
to the point (1,0). Those eigenvalues are complex and their imaginary part relates to the resonance width [1]. A
+
sample set of the eigenvalues for 32 resonances in the n+12 C system generated using this method are shown in
Fig. 4. The point values of the largest eigenvalue (labeled (1)) has been connected by a long-dashed line to guide
the eye to link the energy sequence of the results. The actual trajectory has a cusp. That is very evident with curve
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Figure 2: The n+12 C cross section results from using MCAS theory with (solid curve) and without (dashed curve)
using the OPP method.
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Figure 3: The n+12 C sub-threshold (and resonance) spectra found using MCAS with (right) and without (left)
accounting for the Pauli principle.
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resonance ﬁnding eigenvalues for the n+12 C system. The dashed line is the unit

(1), but similar though more slight features are evident in the trajectories (2) and (3). That cusp feature of the
eigenvalue trajectories links to the opening of the 2+
1 state at 4.4389 MeV in the coupled-channel algebra. Note
that these eigenvalues have small imaginary parts and so the plot is semi-logarithmic. Thus some details of the
trajectories lie below the graphed range. The largest eigenvalue clearly evolves well beyond the unit circle after
+
crossing at the energy of the lowest 32 compound resonance in this cross section. That centroid is located at 3.0
MeV. The imaginary part is consistent with the width. Next note that the 2nd trajectory crosses the unit circle at
+
higher energy and with a larger imaginary part. This coincides with a second, broader, 32 resonance at 3.4 MeV.
The 3rd and 4th Sturmian trajectories shown track toward the unit circle but have not crossed before 5 MeV. In
this way all resonances of all the spin-parities considered are always found, no matter how narrow they are.

3.3 Cross sections and sub-threshold states
Results of our MCAS study of the neutron plus 12 C system for excitation in 13 C to ∼ 10 MeV, are displayed
in Fig. 5. The interaction potential parameters used were those tabulated in Ref. [2]. In this ﬁgure, the elastic
scattering cross section is compared with data with respect to the ground state of 12 C as zero energy. On the
same scale, in the right hand parts of the ﬁgure, we compare the experimental with theoretical sub-threshold and
resonance states in 13 C. The labels denote values of 2J and parity.
That same elastic cross section and MCAS result are shown in the top panel of Fig. 6 with the bottom two
panels showing what using the S-matrices give as predictions of polarizations at two scattering angles. The resonance structures most evident in the cross section are well reproduced by MCAS and those details are conﬁrmed
in the polarizations. The spin-parities of the resonances also coincide with those of known states in the spectrum
+
+
of 13 N. Notably the prominent 52 resonance at 2 MeV, and the two 32 resonances spanning 2.8 - 4.0 MeV, are
found with very good widths, narrow and broad respectively. In Fig. 7, proton scattering cross sections (from 12 C)
is shown at two scattering angles. Found simply by adding a Coulomb potential to the n+12 C system interactions,
the results from MCAS calculations (of p-12 C scattering) compare well with the data.

62

0

5

Ex (MeV)

2

0

0

+

+

9+
1 +
5
+
3 +
3
+
7
+
5

+

+

5

12

12

C

-

-

3

n+ C

+

5
+

1

1

-5

-

13

13

Cexp

Cth
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Figure 8: The spectra of 7 Li as determined using MCAS for the p+6 He system.

3.4 The spectra of 7 Li from the p+6 He system
MCAS results for the p+6 He system have been found when the target (6 He) structure is taken as three states; the
0+ (ground), and two 2+ states at 1.78 and 5.68 MeV respectively. A quadrupole deformation was considered and
both 2+ states were allowed to couple to the ground with the same deformation and between each other through
second order. To get the results displayed in Fig. 8, the input interaction potential required a large diffuseness
consistent with the target having an extended neutron matter distribution. The results on the far left in Fig. 8,
were found with the deformation set to zero. They show the sub-structural origins of each state in the actual
spectrum [4]. Again use of the OPP to account for Pauli blocking of occupied states was crucial in ﬁnding these
results. With zero deformation then states reduce to those of a bound proton to one of the three states of 6 He. The
ground state is a 0p3/2 proton bound to the 6 He ground and 1.8 MeV above that there is the quadruplet of states
formed by such a proton bound to the ﬁrst excited (2+ ) state. That is also the case for the quadruplet 5.6 MeV
above the ground and due to coupling to the second excited (2+ ) state. The single state remaining is that of a
0p1/2 proton bound to the ground. With non-zero deformation, these states mix and spread to give the theoretical
set that compare quite favorably with those known from experiment for 7 Li. Evaluating the n+6 He system, one
would expect more sub-threshold states, as is the case with the mass 13 systems.
However, one also has to alter the OPP since there is a (partial at least) new blocking of the 0p-shell. The
MCAS result for the particle-unstable nucleus 7 He gives one weakly-bound state. A slight adjustment of the
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Figure 9: The DPP (MeV-fm−1) for three partial waves for 2.73 MeV neutrons from 12 C
interaction chosen would move that state into the continuum without seriously changing the 7 Li results.

4 MCAS and the optical potential
Assuming a local form for the elastic channel element of the potential matrix in the MCAS approach, and with
the operator
#
$−1
(Q)
Λ(E) = η − G0 (E)
− η −1 ,
(9)
involving the free Green function excluding the elastic channel, the optical potential for elastic scattering takes
the nonlocal form [1] with the addition of
ΔU (r, r ; E) =

N


χ1n (r) [Λ(E)]nn (E)χ1n (r ) ,

(10)

n,n =1

to V11 (r). Here χ1n (r) are Bessel transforms of the form factors χ1n (k) and ΔU is known as the dynamic
polarization potential (DPP). At low energies it is this makes the formulated optical potential complex (if the
energy allows more than one open channel), nonlocal, and energy dependent. The DPP has been calculated using
the MCAS approach and values of them found for 2.73 MeV neutrons on 12 C are plotted in Fig. 9 for three partial
waves,  = 0, 1, 2. The central depths of each are indicated on the right as are the energy steps of the contour
lines. As the energy is below the ﬁrst inelastic threshold, the DPP is purely real. But the coupled-channel effects
make that aspect of the optical potential extremely nonlocal. The DPP is also very angular momentum dependent.
Of course for energies above 4.4389 MeV, the DPP becomes complex since the threshold for the ﬁrst inelastic
scattering has been exceeded.

5 Conclusions
The MCAS approach to analyze (low-energy) nucleon-nucleus scattering is built from a model structure of the
interaction potentials between a nucleon and each of the target states taken into consideration. All resonances
(narrow and broad) in the cross section within the selected (positive) energy range can be found on a background.
With negative energies, the MCAS method speciﬁes the sub-threshold bound states of the compound nucleus. The
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scheme allows for a resonance ﬁnding procedure by which all resonances (and sub-threshold bound) states will
be found within a chosen energy range. Further via use of the OPP in deﬁnition of the Sturmians to be used, those
functions are assured to be orthogonal to any single nucleon bound state that is Pauli blocked. That allowance for
the inﬂuence of the Pauli principle is crucial in ﬁnding results that concur well with observation.
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Abstract
We present a microscopic analysis of elastic and inelastic proton scattering oﬀ closed-shell nuclei.
The ground and excited states of the target are described within a RPA framework with the D1S
interaction, and interactions between projectile and target’s nucleons are described with the Melbourne G-matrix. We then use these ingredients to study several approximations used in quantum
multistep direct (MSD) models for pre-equilibrium emission.

1

Introduction

Our goal is to describe elastic and inelastic scattering oﬀ spherical nuclei coming from direct and preequilibrium processes by using no phenomenological adjustment. For direct processes, we will review our
previous results obtained from fully microscopic optical model potential (OMP) calculations. This OMP
is constructed from the Melbourne G-matrix [1] taken as the two-body interaction between the projectile
and target nucleons and a RPA (Random Phase Approximation) description of the target nucleus, which
include correlated ground state. Inelastic scattering is then calculated using RPA description of the
target excited states, within the DWBA framework. As we will see, all results are in fair agreement with
experimental data. This has allowed us to go further and use these ingredients to describe processes which
lie beyond the scope of direct reactions. Among such processes, inelastic scattering with high energy
transfer cannot been described using only DWBA calculations. We will focus on inelastic scattering
calculations using the Born expansion of the transition amplitude up to the second order and its link
with theoretical approaches of pre-equilibrium reactions such as the FKK (Feshbach, Kerman, Koonin)
[2] model, the TUL (Tamura, Udagawa, Lenske) [3] model and the NWY (Nishioka, Weindenmüller,
Yoshida) [4] model. These three approaches involve several kind of approximations of the Born expansion
of the transition amplitude which have not yet been tested [5]. The FKK and the TUL models use some
statistical approximations which allow to ignore of interference terms present in the second order crosssection. Moreover, the FKK model is usually applied with a modiﬁed closure relation which is not well
justiﬁed. Finally, these three models use the on-shell approximation. Comparisons between exact second
order calculations and the same calculations using one of the three approximations above allow us to
challenge them. Our results allow us to discuss on the validity of these three quantum pre-equilibrium
models and to give some directions to improve them.

2

Elastic scattering

We brieﬂy recall our method of treating nucleon elastic scattering oﬀ double closed-shell nuclei at medium
energy (40-225 MeV). An microscopic non-local optical potential is constructed with a two-body eﬀective
interaction, the Melbourne G-matrix [1], and a HF or HF+RPA description of the ground state of the
target nucleus. In radial coordinates, the optical potential reads : U (r, r ) = δ(r − r )UL (r) + UN L (r, r )
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with the direct term:
UL (r) =

dr



ρδβ ϕ∗β (r )ϕδ (r )rr |Vef f |rr

,

(1)

δβ

and the exchange term:
UN L (r, r ) =



ρδβ ϕ∗β (r)ϕδ (r )rr |Vef f |rr .

(2)

δβ

The eﬀective interaction Vef f is the Melbourne G-matrix which depends on nucleon density and incident
energy: Vef f ≡ Vef f (ρ, Ei ). The ρδβ are the HF or RPA one-body density matrix elements, and the ϕα (r)
are the single particle HF wave functions. More details can be found in [6], where we assess the validity
of our calculations for elastic proton scattering oﬀ 16 O, 40,48 Ca and 208 Pb targets for medium incident
energy (40-200 MeV).

3

Inelastic scattering oﬀ target discrete states

We have performed inelastic scattering calculations (DWBA98 code [7]) by using the same ingredients
that elastic scattering, i. e. a RPA/D1S description of the target states and the Melbourne G-matrix to
represent the interaction between the projectile and the target nucleons. All observables are calculated
with the DWBA expression of the transition amplitude, namely:
T = χ(−) (kf ), nJM Π|Vef f |χ(+) (ki ), 0̃ ,

(3)

where χ(−) (kf ) and χ(+) (ki ) are solution of the scattering equation with respectively ingoing and outgoing boundary conditions, calculated with the optical potential deﬁned in section 2. |0̃ is the RPA
ground state and |nJM Π is a RPA excited state (boson) deﬁned as:


JΠ +
jΠ
|nJM Π = Θ+
X
|
0̃
=
A
(JM
Π)
−
Y
A
(J
M̄
Π)
|0̃
(4)
ph
n
n
nJMΠ
ph
ph

We recall that the density at the transition is not well deﬁned because it is ﬂuctuating during the
transition. As a consequence a rearrangement term should be added to the interaction Vef f (ρ). Such
a correction is not yet included in our calculations, but this work is in progress. Comparisons between
our predictions and experimental data are depicted on Fig.1 for proton inelastic scattering oﬀ (a-bc)208 Pb and (d) 56 Ni. Fig.1(a) shows diﬀerential cross-sections which correspond to the excitation of the
ﬁrst 2+ , 4+ and very collective 3− 208 Pb excited states. The agreement between our fully microscopic
predictions and data is very good. The data for non-natural parity excitations (Fig.1(b)) are also very well
reproduced. Since this kind of transition is very sensitive to the tensor part of the residual interaction,
this comparison clearly shows that the tensor part of the Melbourne G-matrix is realistic. Our results
for analyzing power also ﬁt the data very well (Fig.1(c)). Calculations for proton scattering on the 56 Ni
unstable target were also performed. Data [14] and predictions are in fair agreement for elastic and
inelastic scattering (to the ﬁrst 2+ excited state). It would be useful to get more experimental data for
this reaction to test more precisely the validity of our predictions.
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Figure 1: (a-b) Diﬀerential cross-sections, (c) analyzing powers for proton inelastic scattering on 208 Pb.
The circles represent experimental data (2+ [8], 3− , 5− [9, 10, 11], 4− , 8− , 14− [12], 11+ [13]) and the
curves represent our DWBA calculations using a RPA description of the target states. (d) full curves:
diﬀerential cross section for elastic and inelastic scattering (state 2+ ) oﬀ 56 Ni (data [14]). Dashed curve:
diﬀerential cross-section prediction for the excitation of the ﬁrst 4+ state.

4

Pre-equilibrium emission

Quantum pre-equilibrium models can be derived from the Born development of probability amplitude
corresponding to the transition between a state made of an incident nucleon of momentum ki with the
target in its ground state |0 and an outgoing nucleon of momentum kf with the target in an excited
state |F :
n−1
∞ 

1
(n)
(−)
V
|χ+ (ki ), 0 = Tf ←i .
(5)
Tf ←i = χ (kf ), F |V
H
−
E
+
iη
n=1
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where V is the residual interaction, E = E0 + Ei the total energy of the system and H = H0 + H1 the
unperturbed Hamiltonian (target Hamiltonian+projectile Hamiltonian). The nth term is associated to
a multistep process with n steps.
H = HA + Hp , E = E0 + Eki , Eki =

ki2
,
2μ

(6)

Then, the MSD component of the double diﬀerential cross-section for inelastic nucleon scattering reads:
d2 σ(ki , kf )
μ2 kf
1
=
dΩf dEkf
2Δ (2π2 )2 ki



Ek f −Δ

Ek f −Δ



|Tf ←i | δ(Eki − E − EF∗ ) dEk .
2

(7)

F

As this cross-section is calculated for energy region where target states are not well resolved, it has to
be averaged over the outgoing nucleon energy Ekf within a 2Δ width equal to a few MeV.

4.1

First step

The ﬁrst step double diﬀerential cross-section reads:

μ2
k Ek f −Δ  %% (1) %%2
d2 σ (1) (ki , k)
1
=
%Tf ←i % δ(Eki − Ek − EF∗ ) dEk
dΩdEk
2Δ (2π2 )2 ki Ek −Δ
F
f

%2
μ2
k Ek f −Δ  %% (−)
1
%
(+)
=
(k),
F
|V
|χ
(k
),
0
%χ
% δ(Eki − Ek − EF∗ ) dEk .
i
2Δ (2π2 )2 ki Ek −Δ
f

(8)

F

We describe target ﬁnal states |F with particle-hole excitations of HF ground state, or boson excitations
of the correlated RPA ground state. Furthermore, since these states are not exact states of the system,
they need to be corrected to take the residual interactions which are neglected in HF or HF+RPA
framework into account. The corrected eigen energies En read: En = En − δn + i Γ2n . The δn value
is a real energy shift and the Γ2n one is a width representing the ﬁnite life time of a particle-hole or a
boson excited states (damping and escape widths).The δn ’s and Γn ’s values have not been calculated
from theory but have been obtained from phenomenological arguments. These corrected energies lead
to substituting the delta function in (8) with a Lorentzian function:
fn (Ek ) =

Γn
1
2 (Eki − Ek − En − δn )2 +

Γ2n
4

.

(9)

Particle-hole excitations are built on the HF ground state: all possible ph pairs all couple to a given spin
J and parity Π. We note that particle states often have enough energy to escape from the nucleus and
may lead to a second particle emission. The impact of this second emission has been studied [15] in the
FKK formalism and give a non negligible contribution on integrated cross-section. Such a process is not
yet included in our microscopic calculations. On Fig.2, we report comparisons between experimental data
and our one-step calculations for inelastic scattering of 120 MeV protons oﬀ 90 Zr. Figs.2(a-b) display
comparisons between calculation using particle-hole (full curves) or boson (dashed curves) description
of the target ﬁnal states. For an outgoing proton energy of 110 MeV (i.e. 10 MeV transferred to the
target), Fig.2(a) clearly shows that the particle-hole description underestimates the cross-section whereas
the boson description doesn’t. The collectivity included in boson excitations with the RPA formalism
is thus shown to be necessary to account for this scattering process. For an outgoing proton energy of
100 MeV (Fig.2(b) ), the boson description produces negligible improvement and for higher energies,
particle-hole and boson descriptions of the excitations produce very close results. On Fig.2(c), we show
comparisons between experimental data and one-step calculation using particle-hole up to 80 MeV of
outgoing energy. Our calculations reproduce scattering data well for angles below 70◦ , but underestimate
cross-sections at larger angles, which points to the need of including second order processes.
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Figure 2: Double diﬀerential cross sections for inelastic proton scattering oﬀ 90 Zr. Comparison between
experimental data [16] and ﬁrst order calculations using particle-hole (full curves) or boson (dashed
curves) description of ﬁnal target states.

4.2

Second step

The second step, corresponding to a two-step pre-equilibrium process, involves prohibitive calculation
time and needs to be simpliﬁed before being able to perform actual calculations. In this spirit, several
models have been constructed in the past, such as the NWY [4], the TUL [3] and the FKK [2] models.
The last one looks the most appealing because of the convolution structure it gives to the multistep
cross-sections. These models rely on approximations which need to be veriﬁed to ensure the validity of
the whole calculations. However, calculations had so far only been performed with phenomenological
ingredients which could be compensating for deﬁciencies of the models. Our goal is thus to perform MSD
calculation with no adjustable parameters in order to test those approximations without ambiguity. To
do so, we start from the second order cross section expression:
d2 σ (2) (ki , kf )
dΩf dEkf

=

μ2
k
1
2
2
2Δ (2π ) ki



Ek f −Δ

Ek f −Δ





%
%
% (2) %2
fF (Ek ) %Tf ←i % dEk

F


1 μ π kf Ek f −Δ
=
dE
fF (Ek )
k
2Δ (2π2 )2 ki Ek −Δ
F
f
%
%
%
× % χ(−) (kf ), F |Vef f |n, χ(+) (k) χ̂(+) (k), n|Vef f |χ(+) (ki ), HF
%
2 2

n

(10)
%2
%
%
% .
%

where an on-shell approximation has been applied on the projectile energy in the intermediate state
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(see [18] for more details). The distorted waves χ(±) are computed from the optical potential U (r, r )
described in section 2, whereas the distorted wave χ̂(+) is computed from its complex conjugate U + (r, r )
(see [17] for more explanations). In our applications, the ﬁnal state F of the target is a two particle-hole
excitation made on the HF ground state, namely:
+
IF ,μf
|HF
|F = [A+
p1 h1 (J1 Π1 ) ⊗ Ap2 h2 (J2 Π2 )]

(11)

If we exclude (p,n) and (n,p) intermediate process, there are four possible ways to reach a given ﬁnal state
by considering the four kind of intermediate states: |p1 h1 , |p2 h2 , |p1 h2 and |p2 h1 . We ﬁrst evaluate
the importance of interferences terms which explicitly calculated in our formulation of the second step
cross-section. The NWY formulation of second step cross section also involves the calculation of such
interference terms whereas FKK and TUL models get rid of these thanks to the statistical properties of
the target state description (see [17, 18] for instance). Our calculation will tell us the importance of this
terms, and, as we will see, will reveal that statistical assumption on target state are not needed for this
interference term to be negligible . For computational reasons, we have only considered the ﬁrst two kinds
of particle-hole intermediate states to reach a ﬁnal state like (11). We have ﬁrst computed second order
cross-section for a given ﬁnal state, which is composed of a neutron particle-hole excitation of about
5 MeV and a proton particle-hole excitation of about 15 MeV. On Fig.3(a), we display comparisons
between second order cross-sections calculated with and without these interferences term for four sets
of possible quantum numbers If , μf . On Fig.3(b), we show the same comparison for double diﬀerential
cross-sections which correspond to a sum on a set of ﬁnal states with energy close to 20 MeV. Even if one
can see non negligible interference eﬀects for one individual ﬁnal state, the sum over a set of ﬁnal states
averages these eﬀects out, which then become quite negligible. As a consequence, one could conclude
that interferences don’t need to be computed explicitly. To make a deﬁnitive conclusion, all intermediate
states need to be included, but we don’t expect more interference eﬀects.
We now use our second step cross-section formulation in order to test the validity of one of the key
FKK model approximation. It is well known that this model used several approximations to produce the
attractive structure of one-step cross-sections convolution to the second-step (and higher) cross-section
expression. One of these approximations, introduced by H. Feshbach [19, 20], leads to the substitution:
χ̂(+) | → χ̄(−) |, where the small bar represent an averaging on the intermediate energy. Even though this
approximation is not well justiﬁed, the FKK model is intensively applied in pre-equilibrium calculation.
In order to examine the impact of the Feshbach assumption, we have compared second order cross-sections
computed with and without the Feshbach assumption. The results depicted on Fig.4 are striking: there
is almost a factor of 20 between the exact (without the assumption) and the approached (with the
assumption) calculations. However, our two-steps calculations clearly overestimate the data at large
angles. We attribute this problem to the presence of a double counting term coming from the use of a
G-matrix as a residual interaction. This eﬀective interaction already includes ladder graphs with some
intermediate excitations that we are again calculating explicitly in this second order development. To
solve this double counting problem, we see two paths. The ﬁrst one consists in reducing the space on
which G-matrix ladder diagrams are calculated (thus reducing its imaginary part). The second one is to
use RPA excitations (4) as intermediate states and to substract the X components which corresponds
to the particle-hole excitations that are already taken into account in the ladders of the G-matrix.

5

Conclusions

We have analyzed proton elastic and inelastic scattering oﬀ doubly-closed shell nuclei. Comparisons between our predictions and experimental data show excellent agreement. We have extended our approach
to study MSD pre-equilibrium process for proton inelastic scattering oﬀ 90 Zr. We established that a
RPA description of target states is necessary to account for the ﬁrst step process. We have also carefully
examined several approximations of two-steps MSD cross-sections which are used in most microscopic
models. We found that the interferences between diﬀerent paths for a two-steps process can be neglected.
We clearly show that the Feshbach assumption introduced in FKK model is false and it must be avoided.
On the other hand, our “exact” calculations overestimate the second order process contribution. The best
way of improving our second order calculations is to consider a more appropriate eﬀective interaction
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Figure 3: (a) diﬀerential cross-section for proton inelastic scattering oﬀ 90 Zr for one target ﬁnal state:
comparison between second order cross sections computed with (full curves) and without (dashed curves)
interferences between diﬀerent paths. (b) the same comparison for double diﬀerential cross-section which
corresponds to a sum over target ﬁnal states (see Eq.(10)).
which doesn’t include the explicitly calculated intermediate graphs. Another path which needs to be
explored is the importance of the oﬀ-shell part of the propagator which has so far been neglected. A ﬁnal
aspect which should be studied more carefully is the impact of second particle emission on backward
angular distributions, which are closely linked to the importance of the multi-step process.
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without (dashed curves) Feshbach assumption, one+two-step (dotted with Feshbach assumption and
dot-dashed curves without it).
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Abstract
Despite the fact that the nuclear level density has been the object of many studies over decades, our knowledge of the density of levels for nuclei more than one unit in Z off the stability line is still quite limited. An
understanding of the level density systematics off of the stability line is important in improving models of nucleosynthesis in astrophysics, in planning source reactions for radioactive beam accelerators and in reﬁning our
picture of neutron energy distributions from ﬁssion. A simple model gives the prediction that the level density
off the stability line is smaller than it is for nearby nuclei in the valley of stability. An analysis of level density
systematics gives support to this conclusion.

1 Introduction
The initial study of the nuclear level density problem was by Bethe [1]. Bethe made the assumptions that the
nucleons were non-interacting and that the single-particle states were equidistant in energy. This leads to a nuclear
level density of the form
√
e2 aU
(1)
ρ(U ) ∝ 3/2
U
where ρ(U ) is the density of levels per MeV, U is the excitation energy and a is the level density parameter
(= π 2 g/6 , where g is the density of single-particle states per MeV). Many studies of the nuclear level density
have used this form and, although energy shifts for pairing and shell effects are now routinely included, the
fundamental correctness of Equation (1) at low energies for nuclei near the stability line seems well established.
It has been argued that [2, 3, 4] even for nuclei on the stability line one might expect deviations from the Bethe
form at high energies. The nuclear potential has a ﬁnite depth, which implies that the hole state density has a
cutoff at about 45 MeV. This would, in general, have a negligible effect on the level density at energies below
50 MeV. These same papers pointed out, however, that an energy cutoff at high energies was also anticipated.
Single-particle levels at high energy will have large widths; if these are mixed into excited levels, they may make
the state too short-lived to be a compound state. Given the fact that levels at moderate excitation are already quite
thoroughly mixed, it is possible that a single-particle state with a width as large as 1 MeV could still be included.
Single-particle widths are a sensitive function of the centripetal barrier and Coulomb barrier, but for most channels
the single-particle widths reach 1 MeV by the time the level is 10 MeV unbound if not before. Such a cutoff might
have effects which begin to be observable as low as 25-30 MeV in the level density and should cause large effects
1
1
to 10
) at energies above 100 MeV.
(× 50
Recent studies [5, 6] of the level density parameter based on low-lying levels have found tentative evidence for
an effect which is potentially even more far-reaching. In looking at the dependence of a on A (nucleon number),
it was noted that although it is typically assumed that a is proportional to A, nuclei somewhat off the stability line
tended to require smaller values of a than neighboring nuclei on the stability line. It was proposed that
a = α A exp[−γ(Z − Z0 )2 ]
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(2)

where α and γ are constants and Z and a0 , respectively, are the Z of the nucleus and the Z of the beta stable
isotope of that A value. The ﬁtted value of γ(≈ 0.04 − 0.05) was such that the exponential term would have less
than a 5% effect unless |Z − Z0 | ≥ 2.
This latter result is particularly important. Most level density compilations have been based on neutron resonance counting at the neutron binding energy. Since these experiments utilize stable targets, they reach compound
nuclei with |Z − Z0 | ≤ 1 and hence would not be sensitive to such effects.
Other level density information has come from tabulations of resolved levels, Ericson ﬂuctuations and evaporation spectra. In each case, nearly all of the level density information has come for nuclei with |Z − Z0 | ≤ 1.
There is a theoretical reason why a drop in level density might occur as we move away from the stability line.
If we move to larger Z, the number of bound and quasibound proton single particle states diminishes until at the
drip line the highest occupied proton orbital is unbound. Based on the arguments presented about single-particle
energy cutoffs for nuclei on the stability line, the cutoff in levels would come about because low-lying levels
would acquire too large a width to be considered compound nuclear states.
A simple model for this will illustrate the expected behavior. According to the Fermi gas model, U = at2 ,
where U is the excitation energy, a is the level density parameter and t is the temperature. Thus,
&
U
t=
(3)
a
a is approximately

A
8,

so

&

8U
.
(4)
A
If we assume that levels above the nucleon binding energy must have an occupancy of less than 0.1 to allow
the state width to be narrow enough to be compound, then


−B
exp
≤ 0.1
(5)
t
t=

where B is the binding energy of the least bound nucleon (or the energy of the last orbital with narrow decay
width) and where we assume the Fermi Dirac distribution can be approximated by the Boltzmann distribution.
Then
!
&
A
≤ 0.1
(6)
exp −B
8U
or

AB 2
.
(7)
42.3
This deﬁnes an energy above which the level density should be reduced for a given A and B. For A = 20 and
B = 8, this number is approximately 30 MeV, while for A = 200 and B = 8, it is above 300 MeV. As we move
off of the stability line, the U drops rapidly. For B = 4, these values are 7.5 MeV and 75 MeV for A = 20 and
A = 200, respectively, while for B = 2 they are 1.9 and 19 MeV, respectively. We note that reaching nuclei with
a binding energy of 2 MeV for the least bound nucleon is easier for mass 20 than for mass 200. In the former case,
|Z − Z0 | ≈ 3, while in the latter case it is about 8.
The consequences of such an effect are clearly very small for nuclei with Z = Z0 , Z0 ± 1. As we move to
more neutron- or proton-rich nuclei, the predicted magnitude and energy value of the onset of these effects could
have profound consequences, even at low energy.
As the level density is reduced, other effects may also need to be considered. In many regions of the periodic
table, there is a group of single-particle states spanning the Fermi energy which all have the same parity. In such
a case, the level density itself will have mostly levels of one parity. This could effectively “turn off” compound
nuclear contributions to (p,γ) or (n,γ) nucleosynthesis processes if there are no compound states with the right
parity to allow s-wave reactions to occur.
A further complication analogous to the parity limitation is the constraint of angular momentum. At excitation
of 7 MeV for nuclei on the stability line with A ≥ 30, level densities are large enough that one can assume no
spin and parity channel will be bereft of levels in a 200-300 keV interval. In a region where the g9/2 orbit is ﬁlling
and the binding energy of the incident particle is 2-4 MeV, capture on an even-even target may be inhibited even if
Uc ≤
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Figure 1: Dependence of the ratio α = a/A on the Z − Z0 of the ﬁnal nucleus for seven evaporation spectra
identiﬁed in the text.
most low-lying levels are of positive parity. The coupling of a g9/2 particle to either the 0+ target ground state or
+
the 2+ excited state will not yield 1/2 compound states. This would suppress s wave compound nucleus capture.
Measurements are currently underway at Ohio University to test these predictions. Evaporation spectra have
been measured from reactions induced by deuterons on 55 Mn and by 3 He on 58 Fe and 58 Ni. The compound
nuclei are 57 Fe, 61 Ni and 61 Zn, respectively. The ﬁrst two have Z = Z0 while for 61 Zn, Z − Z0 = 2. Results
of a preliminary analysis of these data are shown in Figure 1. The ﬁgure shows data points, from left to right,
of the reactions 58 Fe(3 He, p)60 Co, 58 Fe(3 He, d)59 Fe, 55 Mn(d, n)56 Fe, 58 Fe(3 He, n)60 Ni, 58 Ni(3 He, p)60 Cu,
58
Ni(3 He, α)59 Ni and 58 Ni(3 He, n)60 Zn. Consistent with the predictions, the a/A values tend downward with
increasing Z − Z0 . Note that the Z0 is not derived literally from the Z of the beta stable nucleus, because for
A = 58 there are two (58 Fe and 58 Ni). Instead, we use the predictions from a semi-empirical mass formula
without a pairing term. This predicts a Z0 for A = 60 which is between Z = 27 and Z = 28.
It is clear that a more deﬁnitive test of Equation (2) requires more data. It would be ideal if data could be
obtained for nuclei which have |Z − Z0 | ≥ 2. We are currently planning an experiment at Lawrence Berkeley
Laboratory utilizing the 88 inch cyclotron. This experiment will examine evaporation spectra from the compound
nuclei 88 Sv, 88 Zr and 88 Mo. These have Z−Z0 equal to 0, 2 and 4 respectively. If the data yield a determination of
a with precision comparable to that obtained in the present measurements, it should be possible to decide whether
the level densities do drop off of the stability line. It would be desirable to obtain data points for additional A
values as well, to determine whether γ is constant or perhaps has an A dependence.
A parallel effort is underway to calculate these effects. A realistic Woods-Saxon well will be used to generate
single particle levels and to calculate their single particle width. Level densities calculated with and without the
single particle states of substantial width will be compared to quantify these effects. It is expected that for nuclei
somewhat off the stability line a Fermi gas form with reduced a may be appropriate, but for nuclei near the drip
line a form which peaks at 4-6 MeV and then drops may be more suitable.
At this point, it can only be said that initial results do tend to support the predictions of the model (Equation
2). Further study will be needed to test whether the form is correct and establish the values of the coefﬁcients.
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Abstract
We discuss the role of mean-ﬁeld and moment methods in microscopic models for calculating the nuclear
density of states (also known as the nuclear level density). Working in a shell-model framework, we use moments of the nuclear many-body Hamiltonian to illustrate the importance of the residual interaction for accurate
representations.

1 Introduction: mean-ﬁelds and moments
“We all know that Art is not truth. Art is a lie that makes us realize the truth, at least the truth that is given to us
to understand.” –Pablo Picasso.
If you want to model nuclear reactions in a hot, dense, neutron-rich environment, whether for astrophysics
or for stockpile stewardship, you need to compute neutron capture rates where you have a thick forest of states
or resonances[1]. If you want to compute statistical neutron capture using the Hauser-Feshbach formalism[2],
you need the density of states, or the nuclear level density [3]. The nuclear level density is a challenge both
experimentally and theoretically, because in essence one needs a reliable count of thousands or millions of states.
The level density is generally quoted as being the most uncertain input into statistical capture calculations[1].
You don’t need information on each individual state or resonance; rather you need to average over many many
states. The tools to average over the states, or rather over the nuclear many-body Hamiltonian, are mean-ﬁeld
methods and moment methods; later on we will discuss how moment methods can be considered as a generalization of mean-ﬁeld methods.
A static mean-ﬁeld picture is the basis for the most widely used approach to level densities, generalized Bethe
Fermi gas models[4, 5]. Here one starts with a single-particle spectrum generated by a mean-ﬁeld and derives
the density of many-body states. The most sophisticated applications extract the single-particle spectrum from
mean-ﬁeld calculations, such as Skyrme Hartree-Fock[6]. The residual interaction is mostly ignored, although
pairing interactions are included in part through a quasi-particle spectrum from Hartree-Fock-Bogoliubov, and
corrections can be added for rotational motion, etc.. Although such approaches are simplest to use, the lack of
consistent use of the entire residual interaction is arguably unsatisfactory.
The best framework to fully include the residual interaction is that of the interacting shell model, which uses
a basis of many-body Slater determinants. For application to low-energy spectroscopy, one typically diagonalizes
the nuclear Hamiltonian, but this is impractical for useful applications to the level density.

2 Spectral distribution methods
Nuclear statistical spectroscopy starts from the moments of the Hamiltonian. For example, in a ﬁnite space, most
state densities of many-body systems with a two-body interaction tend toward a Gaussian shape [7] characterized
by the ﬁrst and second moments of the Hamiltonian. In most realistic cases the density has small but non-trivial
deviations from a Gaussian, so one requires higher moments.
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None of the formalism in this section is original; a thorough reference to statistical spectroscopy is Ref. [8],
although some of our notation is different. Due to space limitations we give only a brief overview; for more
careful discussion, readers are referred to our preprint[9].
We work in a ﬁnite model space M wherein the number of particles is ﬁxed. If in M we represent the
Hamiltonian as a matrix H, then all the moments can be written in terms of traces. The total dimension of the
space is D = tr 1, and the average is O = D−1 tr O. The ﬁrst moment, or centroid, of the Hamiltonian is
Ē = H ; all other moments are central moments, computed relative to the centroid:
μ(n) = (H − Ē)n .
The width σ is given by

(1)


μ(2) , and one scales the higher moments by the width:
m(n) =

μ(n)
.
σn

(2)

In addition to the centroid and the width, the next two moments have special names. The scaled third moment
m(3) is the asymmetry, or the skewness.
It has long been realized that, rather than computing higher and higher moments of the total Hamiltonian,
one could partition the model space into suitable subspaces and compute just a few moments in each subspace.
In particular, if the space is partitioned using spherical shell-model conﬁgurations, that is, all states of the form
(0d5/2 )4 (1s1/2 )2 (0d3/2 )2 , etc., then it is possible to derive expressions for the conﬁguration moments directly in
terms of the single-particle energies and two-body matrix elements, without constructing any many-body matrix
elements.
We use α, β, γ, . . . to label subspaces. Let

|i i|
(3)
Pα =
i∈α

be the projection operator for the α-th subspace. One can introduce partial or conﬁguration densities,
ρα (E) = tr Pα δ(E − H).

(4)

The total level density ρ(E) is just the sum of the partial densities.
Now we deﬁne conﬁguration moments: the conﬁguration dimension is Dα = tr Pα , the conﬁguration centroid
(3)
is Ēα = Dα−1 tr Pα H, while the conﬁguration width σα and conﬁguration asymmetry mα are deﬁned in the
obvious ways.
One important result from spectral distribution theory is that the conﬁguration centroids depend entirely upon
the single-particle energies and the monopole-monopole part of the residual interaction[10]. The monopole interaction is attributed to mean-ﬁeld and saturation properties of the nuclear interaction. One can subtract out the
monopole interaction exactly, which sets the centroids to zero but leaves the widths unchanged; such a monopolesubtracted interaction is referred to as a “traceless” interaction. For some more information on computing the
monopole interaction, see the references [8, 9].

3 First moments: the mean ﬁeld
The thermodynamic approach to
' the density of states is to note that the partition function Z is the Laplace transform of the density, Z(β) = e−βE ρ(E)dE. The inverse Laplace transform is accomplish through either a
saddle-point approximation [4, 11] or maximum entropy [12]. The many-body partition function can in principle
be computed from the full Hamiltonian, including the residual interaction, using path integrals[11, 12], but the
integrals must be evaluated through Monte Carlo sampling and in order to avoid the sign problem, only a restricted
class of Hamiltonians can be used[13].
Instead, as mentioned in the introduction, the standard approach is to approximate the many-body partition
function using non-interacting particles in a mean ﬁeld[4]. That is,

ln Z(α, β) = g( ) ln (1 + exp(α − β )) d
(5)
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Figure 1: Comparison of exact level density (from complete diagonalization of shell-model Hamiltonian) with
Fermi gas model, using spherical (dashed lines) mean-ﬁeld or deformed (dotted) mean-ﬁeld. Left: 32 S. Right:
24
Mg. Both are computed in sd-shell with USD interaction.

where g( ) = i δ( − i ) is the single-particle density of states, { i } are the mean-ﬁeld single-particle energies,
and α is proportional to the chemical potential. The excitation energy and the particle number are set through the
derivatives of ln Z with respect to β and α, respectively.
For an example of applying this method, Goriely et al[6] extract single-particle energies from Skyrme HartreeFock calculations and use it to estimate level densities throughout the nuclear landscape. To illustrate this, we
consider a nontrivial model system, a ﬁnite-basis interacting shell model, where we can compare the “true” density
of states (from numerical diagonalization of the many-body Hamiltonian) with approximate methods. We work
in the sd-shell and lower pf -shell where there are sufﬁciently few number of levels (a few thousand) so that
one can carry out the full diagonalization using the shell model codes OXBASH[14] and REDSTICK[15]. The
Hartree-Fock calculations were done using a shell-model based code, SHERPA, used to test the random phase
approximation in exactly the same way[16].
Two sample results are shown in Fig. (1), for 32 S and 24 S, with valence nucleons in the sd-shell using the
so-called universal sd-shell (USD) interaction[17]. The Fermi gas calculations are done exactly according to the
prescription with no corrections.
One sees that for a spherical nucleus, 32 S, the mean-ﬁeld Fermi gas calculation works extremely well for such
a simple prescription. 24 Mg, which is deformed, is much more problematic. For both nuclides we computed the
single-particle energies for both spherical and deformed mean-ﬁelds. Neither yield a very good description for
24
Mg (and for other deformed nuclei), and indeed in practical applications[6] one typically includes “rotational
enhancement” and other corrections.
The sample calculation in Fig. (1) is crude and should not be taken as an indictment of Fermi gas model
calculations; lacking other approaches, they are the best game in town. The above exercise is intended to inculcate
a desire to go beyond the mean-ﬁeld to include the residual interaction.
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Figure 2: Comparison of exact level density (from complete diagonalization of shell-model Hamiltonian) with
sum of Gaussians.

4 Second moments: the residual interaction
To go beyond the mean ﬁeld and include the residual interaction, we turn to the concepts of Section 2. In particular
we write the total density as a sum of conﬁguration densities. But how do we model the conﬁguration densities?
In this section we approximate the conﬁguration densities as Gaussians[18], with the average and width given
by the conﬁguration centroid and width, respectively. We remind the reader that the conﬁguration centroids arise
from the mean-ﬁeld, while the width, or second moment, reﬂects the strength of the residual interaction. Elsewhere
we show that the conﬁguration width is approximately constant[9], at least within a major oscillator shell.
The results for 32 S and 24 Mg are plotted in Fig. (2) (dotted line). While for the latter this is an improvement
over the zeroth order mean-ﬁeld results as seen in Fig 1, it still does poorly at low energy. (For some nuclides, not
shown here, the Gaussian approximation is sufﬁcient[18].) Therefore we must go beyond second moments and
go to third moments.

5 Third moments: collectivity
First conﬁguration moments (centroids) reﬂect the mean-ﬁeld; second moments (widths) reﬂect the overall strength
of the residual interaction. Third moments, we claim, are indicative of collectivity. The argument follows from
simple pictures of collectivity, whereby one has a single collective state pushed down or up in energy relative
to the remaining degenerate noncollective states. Because of the inherent asymmetry one has a nontrivial third
moment. This is distinct from the spreading width (second moment) which, in simplest terms, spreads out the
states symmetrically. Calculations of well-known collective interactions, such as Q · Q, show strong persistent
third moments [9]. The real situation is more subtle than this, but as a simple paradigm of level densities this
argument sufﬁces.
To include third moments in our models for partial densities, we need something beyond Gaussians for the
conﬁguration densities. Many suggestions have been made, such as Gram-Charlier expansions[8], Cornish-Fisher
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expansions[19], or binomials[20]. We use a modiﬁed Breit-Wigner (MBW) form,
ρMBW (E) =

1 (Emax − E)2 (E − Emin )2
W3
(E − E0 )2 + W 2

(6)

which has several advantageous characteristics, including positive-deﬁnite on the interval Emin < E < Emax ,
and exact analytic moments. The four parameters of Eq. (6) can be ﬁtted to reproduce the ﬁrst four conﬁguration
moments.
Fig. (2) compares exact calculations of 32 S and 24 Mg with a sum of MBW conﬁguration densities (dashed
line), which are signiﬁcant improvements over the sum of Gaussians (dotted lines). For this calculation we computed the third and fourth conﬁguration moments from the many-body Hamiltonian matrix, generated using the
REDSTICK shell model code. In principle, one can compute the moments directly from the two-body matrix
elements[8] but we have found apparently discrepancies between the published formulas and direct calculation,
which we have been unable to resolve so far. A more serious problem is that even if one would able to compute the third and fourth moments directly, they are very time-consuming for large spaces. Two options suggest
themselves. First, as seen in Fig. (2), at moderate excitation energy the Gaussian and MBW curves converge, suggesting that one only needs 3rd and 4th moments at lower energy. This further supports our suggestion to think of
the third moment as a sign of collectivity. Second, at least part of the asymmetry in fact arises from the mean-ﬁeld,
which leads to approximate formulas for the asymmetry[9]. Unpublished results suggest these approximations are
partially but not wholly successful, so more work is required.

6 Comparision with experiment
So far we have only compared models against models, which in our case means validating an approximate approach against a more detailed calculation, using exactly the same input. But we need to compare against real
experimental data. While mean-ﬁeld/Fermi gas models have been compared extensively against experiment [5, 6],
moments methods have rarely been compared against experiment[21].
Although important technical issues remain (such as accurate and efﬁcient calculation of third and fourth
moments when needed, and determination of the ground state energy), for large-scale application of moments
methods the most signiﬁcant issue is the choice of interaction. Most shell-model interactions are adjusted for
relatively small model spaces; but believeable calculations of the density of states requires so-called “intruder”
conﬁgurations such as those of opposite parity. This will be the major focus of subsequent work.
Nonetheless we can perform preliminary calculations. We show them in Figs. (3) (sd-shell using the USD
interaction[17]) and (4) (pf -shell using GXPF1[23]). The experimental data are taken from individual states
obtained from the Reference Input Library of the Nuclear Data Services site [22]. The third and fourth moments
were computed in an approximate fashion. The ground state energies were computed either using REDSTICK or
via Hartree-Fock + RPA (the code SHERPA)[16]. As the model spaces were for a single parity, we multiplied by a
factor of 2 to estimate the opposite parity contribution. This is a crude approach and one which needs reﬁnement;
there have been many papers examining the relative contribution of opposite parity states to the level density[24].
We do well for sd-shell nuclides and, in the pf shell, for 48 Ti and 45 Sc, but not so well for 51 V and 52 Cr. While
our crude treatment of parity may be partly at fault, the most likely culprit is the interaction, and in particular the
monopole (mean-ﬁeld) structure of the interaction.

7 Conclusions
We have reviewed applying spectral distribution methods to the nuclear density of states. To guide the reader, we
linked the ﬁrst moment to Hartree-Fock energies and effective single-particle energies, which form the basis for
mean-ﬁeld Fermi gas calculations. Use of the residual interaction lead to higher moments, in particular the second
and third moments, which we interpret as spreading widths and collectivity, respectively.
Finally, we can suggest a revision of Picasso’s quote:
We all know that models are not reality. Models are lies that makes us understand reality, at least that part of
reality that is given to us to understand.
This work is supported by grant DE-FG52-03NA00082 from the Department of Energy /National Nuclear
Security Agency. CWJ acknowledges helpful conversations with Dr. W. E. Ormand.
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An Effect of Spin Distribution in the Pre-Equilibrium Process on
Cross-Section Calculations
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Abstract
We discuss an effect of spin distribution in the pre-equilibrium process, which has not been investigated in
the nuclear reaction calculation, since we expect a small impact on the cross section calculations. However,
γ-ray transition cross section measurements at LANSCE with the GEANIE detector and analysis of those experimental results showed that the spin distribution has a big inﬂuence on the γ-ray transition probability. The
spin distribution is calculated with the Feshbach-Kerman-Koonin (FKK) quantum mechanical pre-equilibrium
theory, and it is incorporated with the GNASH results. We found that the inclusion of FKK has a signiﬁcant
impact on the isomer production cross sections at high energies.

1 Introduction
The spin distribution in the pre-equilibrium process is one of the missing issues we have not investigated in the
calculation for nuclear data libraries, since we expect a small impact on the cross section calculations. However,
γ-ray transition cross section measurements at LANSCE with the GEANIE detector and analysis of those experimental results showed that the spin distribution has a big inﬂuence on the γ-ray transition probability, when a
high-spin state is involved, such as an isomer production[1]. A realistic treatment of the spin distribution may improve the accuracy of calculations of isomer production cross sections with the statistical Hauser-Feshbach model
with the pre-equilibrium process.
There are several well-known statistical multistep direct (MSD) theories: Feshbach, Kerman, and Koonin[2]
(FKK), Tamura, Udagawa, and Lenske[3] (TUL), and Nishioka, Weidenmüller, and Yoshida[4] (NWY). Those
theories employ different statistical assumptions for the multistep reactions, however, descriptions of the ﬁrst step
(one-step) are the same in principle[5]. A validation of the statistical assumption employed in the various theories
is still under discussion, but differences among those theories may appear in reactions at high incident energies.
Therefore at low energies (Ein ≤ 20 MeV), the one-step process as well as the multistep compound (MSC)
process can be adopted to analyze experimental data.
We present calculations of the production cross sections of isomeric-state for 193 Ir. The isomer is produced
by the neutron inelastic scattering process on 193 Ir, and γ-ray lines feeding the isomer were measured at LANSCE with the GEANIE detector[6]. In particular we calculate four γ-ray production cross sections that feed the
isomeric-state (80.22 keV, 11/2−), as shown by the solid arrows in Fig. 1. The level scheme was taken from Table
of Isotopes[7]. The isomer is also produced by a direct transition to the state by emitting a neutron without the
γ-ray cascading. The total isomer production cross section can be inferred by combining the experimental data
with the partial GNASH Hauser-Feshbach statistical model calculations[8].

2 Spin Distribution in the Pre-Equilibrium Process
The γ-ray production cross sections are calculated with the GNASH code[8]. GNASH calculates the pre-equilibrium
process with the exciton model, which is based on a classical theory and does not calculate spin transfer. However,
it is known that the exciton model gives the fraction of pre-equilibrium to total particle emission reasonably well.
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Figure 1: Level scheme of 193 Ir, with the isomer at 80.22 keV and the spin of 11/2−. The isomer decays by
internal transition with the half-life of 10.53 d. Four γ-rays shown by the solid arrows are the GEANIE data we
analysed in this study.
We employ the exciton model for the pre-equilibrium strength calculation, but modify the spin-distribution as
calculated with the FKK theory.
The one-step MSD cross section is given by


d2 σ
2
∝
(2J + 1)
|TJα (θ)| ρ(Ex , J),
dΩdE
α

(1)

J

where TJα (θ) is the DWBA matrix elements which excite a 1-particle 1-hole state in a continuum, α stands for all
of the quantum numbers except for the total angular momentum transfer J, and ρ(Ex , J) is the state density of
residual system. The MSD calculation employed here is similar to the modeling of Koning and Chadwick[9], and
it is reported elsewhere[10]. In the present analysis, the MSC component is absorbed into the compound process,
because it has an isotropic angular distribution, and the magnitude is usually much smaller than MSD[11].
The one-step calculation of Eq. (1) gives a spin-dependent population of continuum states in 193 Ir. We also
calculate the population by a pure compound reaction. The initial population of 193 Ir (after neutron inelastic
scattering, but before γ-ray cascading) is a sum of pre-equilibrium and compound contributions.
The calculated FKK spin-distributions are expressed by a Gaussian form
(
)
(J + 1/2)2
J + 1/2
exp −
,
(2)
R(J) =
σ2
2σ 2
where σ 2 is the spin cut-off parameter. An example is shown in Fig. 2, which is a calculated spin-distribution
for the 193 Ir inelastic scattering, neutron incident energy of 20 MeV, and out-going energy of 11 MeV. The solid
histogram is the FKK result, and the dotted histogram is the spin-distribution of the compound reaction. The FKK
spin-distribution is peaked at lower J-values, because a high-spin state is difﬁcult to make with a simple 1-particle
1-hole conﬁguration in a single-particle model.

3 FKK-GNASH Calculation
We ﬁtted the Gaussian form of Eq. (2) to the FKK results with various neutron incident / out-going energies to
obtain σ 2 as a function excitation energy Ex , which is shown in Fig. 3.
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with the FKK model (solid histogram), and the compound reaction (dotted histogram). The smooth curve is a
Gaussian ﬁt to the FKK result.
By assuming the Gaussian spin-distribution for the pre-equilibrium process, the total spin-distribution in the
initial population is given by
R(J) = f (Ex )RP E (J) + (1 − f (Ex ))RCN (J),

(3)

where RP E and RCN are the spin-distribution for the pre-equilibrium and compound processes, f (Ex ) is the fraction of pre-equilibrium process, which we calculate with the exciton model. We assume that the parity distribution
is just 1/2.
Figure4 shows the spin-distributions in the compound nucleus of 193 Ir that is exited by the 20-MeV neutron
inelastic scattering. In the past, the spin-distribution in the pre-equilibrium process has been assumed to be the
same as the compound reaction in nuclear model calculations, which is shown in the left panel of Fig 4. With
the quantum mechanical theories of pre-equilibrium process, the spin-distribution can be calculated with more
realistic base, which is shown in the right panel. As shown here, the excited nucleus has the spin-distribution that
peaked at lower J-values when the excitation energy is not so high (it means an inelastically scattered neutron has
a high energy).

4 Comparisons with GEANIE Data
The 219 keV, 483 keV, 389 keV, and 399 keV γ-ray production cross sections feeding the isomeric-state are
calculated with GNASH and compared with the GEANIE experimental data[6]. To see the inﬂuence of FKK
calculation, we also calculate the case where the spin-distribution in the pre-equilibrium process is the same as
the compound process, RP E (J) = RCN (J), which is shown in Fig. 4, left panel.
The results for the transition from the 7/2− band to the isomeric-state are shown in Fig 5; the left panel is for
the 219 keV γ-ray production cross section, and the right panel is for the 483 keV γ-ray. The FKK calculation
has a modest impact on the cross section above 5 MeV. These two γ-rays contribute to produce the isomer state
of 11/2−, but the parent spins, 7/2− and 9/2− , are relatively small. As shown in Fig. 2, a big impact can be
expected if the spin of state is larger than 5h̄. A signiﬁcant underestimation is seen for 219 keV γ-ray in Fig. 5 at
low energies, which is probably due to problems in the nuclear level structure data we used, such as γ-ray decay
probabilities.
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The γ-rays of 389 keV and 399 keV are from 469 keV (13/2−) and 479 keV (15/2−) levels in the same
band. The FKK calculations for the 389 keV γ-ray, shown in the left panel of Fig. 6, reduce this γ-ray production,
because the population of 13/2− state is suppressed by the FKK spin-distribution. The calculated cross section
with the FKK model well reproduces the experimental data up to 10 MeV well, and slightly underestimates them
at higher energies. The effect is larger for the 15/2− state, shown in the right panel of Fig. 6. The calculations
without FKK obviously overestimate the experimental data, and the agreement is greatly improved.
The sum of four γ-rays in Figs.5 and 6 is compared with our calculation in Fig. 7, and the total isomer production cross section is shown by the thick lines. Bayhust et al.[12] measured this cross section using radiochemical
techniques, which is shown by the closed-circles. We also conﬁrmed that the γ-ray production cross sections to
the ground-state were well reproduced all the way up to 20 MeV, and it is clearly seen that the FKK calculation
gives a better ﬁt to the data. The impact of FKK spin-distribution is, however, larger for the isomer production.
At 14 MeV the inclusion of FKK reduces the isomer production by 50%, and it is concluded that a realistic
spin-distribution in the pre-equilibrium process is essential to predict the isomer production cross sections.

5 Conclusion
We analyzed the γ-ray production cross sections of 193 Ir measured at LANSCE with the GEANIE detector. Four
γ-rays feeding the isomeric-state (80.22 keV, 11/2−) were reproduced by the statistical Hauser-Feshbach model
with the FKK pre-equilibrium calculations. The FKK calculation reduces γ-ray transitions from a high-spin state,
because the FKK model suppresses such a state in the continuum. We found that the inclusion of FKK has a
signiﬁcant impact on the isomer production cross sections at high energies. The isomer production cross section
is reduced by 50% at 14 MeV.
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Preequilibrium light cluster production in nucleon-induced
reactions at intermediate energies
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Abstract
Two preequilibrium models, the Iwamoto-Harada-Sato coalescence exciton model and the quantum molecular dynamics (QMD) model, are applied to the calculation of light ion production from the reaction n+Si at 96
MeV. The experimental energy spectra are rather well reproduced by the former model calculation except for
deuteron and 3 He. The generalized evaporation model (GEM) is used for the statistical decay process following
the dynamical process described by the QMD. The present QMD/GEM calculation reproduces the experimental data reasonably well by modiﬁcation of the phase space coalescence condition used to identify the type of
clusters at the end of the QMD stage, compared to the original QMD/GEM calculation.

1 Introduction
Preequilibrium models have so far been improved in their application to cross section evaluations for nucleoninduced reactions at intermediate energies up to 200 MeV. It is recognized that their predictive power has reached a
satisfactory level for description of nucleon emission processes that are dominant in the nucleon-induced reactions.
In this report, we focus on production of light clusters, i.e. d, t, 3 He and α, in intermediate energy nucleon-induced
reactions, whose data are required particularly for estimation of nuclear heating and radiation damage in matter.
For instance, radiation effects on microelectronic devices, which is called the single-event upset (SEU), have been
recognized as one of key reliability concerns for both current and future integrated circuit technologies, and the
related subjects are being studied extensively [1, 2].
Up to now, various preequilibrium models for light cluster production have been proposed and applied to the
analyses of the experimental data [3, 4]. Any models are not necessarily complete to account for light cluster
production, and their improvement and proposal of new models are desired. On the other hand, several measurements have recently been reported of light ion production from nucleon-induced reactions at energies up to 100
MeV [5, 6, 7, 8, 9, 10, 11] in connection with high-energy nuclear data needs. Therefore, the study of the light
cluster production in nucleon-induced reactions at intermediate energies is expected as one of the challenging
subjects for the next decade from the standpoint of fundamental and applied nuclear physics.
In the present work, we choose two preequilibrium models to describe light cluster production, the phenomenological exciton model and the quantum molecular dynamics (QMD) [12]. The cluster formation factor
necessary for the former model is calculated by the Iwamoto-Harada-Sato coalescence model [13, 14]. The
present exciton model calculation is also compared with the calculation with the code TALYS [15] in which the
Kalbach phenomenological model [16] of direct pick-up and knock-out processes for cluster emission is employed
as an alternative approach. Few detailed studies have been carried out for application of the QMD to light cluster
production in nucleon-induced reactions at energies below 100 MeV. We present a preliminary result and explore
an improvement in the QMD calculation. In the following, the model calculations are devoted mainly to light ion
production in the interaction of neutrons with silicon, which is crucial for the SEU simulation of semiconductor
memory devices [17].
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2 The Iwamoto-Harada-Sato coalescence exciton model
The preequilibrium emission spectrum of a light cluster β is described in terms of the one-component exciton model with the never-come-back approximation, using the cluster formation factor F ,m (εβ ) given by the
Iwamoto-Harada-Sato coalescence model [13, 14] as follows:


dσ
dεβ

preeq
= σabs

n̄


h̄


+m=A

( ,m)

Wβ

Γtot
n

n =n 0
Δn =2

⎞
(n, εβ ) ⎛ n−2
, Γ↓
m ⎠
⎝
,
tot
Γ
m
m =n 0

(1)

Δm =2

where σabs is the absorption cross section leading to the conﬁguration of n = n0 = 3, i.e., a 2p-1h state, and
( ,m)
(n, εβ ) is the emission rate of a cluster β with the mass number Aβ , which is composed of  particles
Wβ
above the Fermi level and m particles below, given by
( ,m)

Wβ

(n, εβ ) =

2sβ + 1
ω(p − , h, U )
3 μβ εβ σinv (εβ ) ω(p, h, E) F
2
π h̄

,m (εβ )Qβ (p),

(2)

where sβ is the spin, μβ the reduced mass, σinv (εβ ) the inverse cross section, and ω(p−, h, U ) and ω(p, h, E) the
state densities of the residual and composite nuclei with the excitation energies U and E, respectively, expressed
by
ω(p, h, E) =

gn
[E − A(p, h)]n−1 f (p, h, E, V ),
p!h!(n − 1)!

(3)

where g = A/15 is the single particle state density, A(p, h) the Pauli correction factor and f (p, h, E, V ) the
ﬁnite well depth correction function containing the surface effect [18, 19]. The pairing correction is made by Fu’s
method [20].
In Eq. (2), the Qβ (p) denotes the neutron-proton distinguishability factor given by Kalbach [21]. The calculation of F ,m (εβ ) is made in the framework of Fermi gas model, assuming that the internal wavefunction of cluster
β is the ground state of an harmonic oscillator intrinsic Hamiltonian [13, 14]. Note that the expression for nucleon
emission is derived by setting (, m) = (1, 0) and F ,m = 1 in Eqs. (1) and (2).
↑
↓
The total width Γtot
n in Eq. (1) is written as the sum of the escape width Γn and the spreading width Γn . The
escape width is given by the total sum of the emission widths of neutron(ν), proton(π), and all light clusters (d, t,
3
He and α):

Γ↑n = Γ↑(ν)
+ Γ↑(π)
+
Γ↑(β)
,
(4)
n
n
n
β

where each term is calculated by
Γ↑(i)
= h̄
n


0

εmax
i



( ,m)

Wi

(n, εi )dεi .

(5)

+m=Ai

For the spreading width, we use the following expression [18],
Γ↓n = 2π |M |

2

[E − A(p + 1, h + 1)]n+1
g3
f (p + 1, h + 1, E, V ),
2(n + 1)
[E − A(p, h)]n−1

2

(6)

where |M | is the effective squared matrix element. We use the semi-empirical expression [22] multiplied by a
factor of 3/8 [23].
The present Iwamoto-Harada-Sato (IHS) coalescence exciton model is applied to light ion production in the
interaction of 96 MeV neutrons with silicon, whose data are important for the estimation of the SEU rate in
microelectronics. Both σabs and σinv in Eqs. (1) and (2) are given by the cross sections calculated using the
optical model with the optical potential parameters for n and p [24], d [25], t and 3 He [26], and α [27]. Fig. 1
shows the comparison of the calculated angle-integrated spectra of light ions with the experimental ones [6] in
the laboratory system. The IHS model calculation shown by the solid line provides overall good agreement with
the experimental data in the preequilibrium region except for deuteron and 3 He. For deuteron, a large dip appears
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around 50 MeV in the calculated spectrum showing the shape different obviously from the experimental one.
The experimental spectrum shows a strong peak structure that may be due to the superposition of direct proton
pickup transitions to low-lying discrete states at highest energy end. Because of this, the present preequilibrium
model fails to reproduce the experimental data in this region. For 3 He, the calculated spectrum underestimates
the measurement remarkably. The spectral shapes of triton and 3 He look similar for both the experimental and
calculated ones and the relative production ratio is not reproduced well for this case. Consequently, the use of the
one-component model with Qβ (p) might be one of the reasons for the discrepancy.
For comparison, the calculation result with the TALYS code [15] is also presented by the short-dashed line.
The TALYS code is based on the two-component exciton model and the Kalbach phenomenological model [16]
of direct pick-up and knock-out processes for preequilibrium cluster emission and the multistep Hauser-Feshbach
model for the statistical decay processes. The default values are used for all the input parameters in the calculation.
Since the TALYS calculation includes the statistical decay components, it reproduces the experimental data well
at low emission energies below 20 MeV. In addition, better agreement with the measured spectra is shown in the
preequlibrium region above 20 MeV than the IHS model calculation, although overestimation is seen for deuteron.
To see how the dip on the deuteron spectrum calculated by the IHS model shown in Fig. 1 is formed, we
decompose the spectrum into each (, m) component, F2,0 and F1,1 . The result given in the center of mass system
is shown in Fig. 2(a). The F1,1 component is dominant in the low energy part and the the F2,0 component becomes
a leading term in the high-energy region. The dip appears the cross-over region between the two components. In
addition, each (, m) component is decomposed into each exciton state in the composite nucleus in Figs. 2(b) and
2(c). One can see that the emission from the initial state with n = 3 become dominant in the F2,0 component in
the high energy part and the n = 3 component decreases remarkably near the dip region. This decrease is due to
the ﬁnite well depth correction [18, 19] in the residual state density in Eqs. (3) and (6). As the incident energy
decreases, the effect of the ﬁnite well depth is expected to be reduced. We have conformed that the calculated
deuteron spectrum becomes rather smooth and agreement with experimental data [8] is improved at En =62.5
MeV. Further study will be required to resolve the discrepancy seen in the deuteron spectrum.

3 The QMD plus statistical decay model
The QMD is a semiclassical simulation method to describe the time evolution of nucleon many-body system in
a microscopic way. Each nucleon state is represented by a Gaussian wave packet in both the coordinate and
momentum spaces, which is different from the ordinary INC model. The details are described in Ref. [12]. We
use the JQMD code [28]. In the JQMD code, the QMD calculation is switched to the statistical decay model
(SDM) calculation at the end of the dynamical stage. In the present work, the original SDM is replaced by the
generalized evaporation model (GEM) [29]. It should be noted that the JQMD/GEM code was used for the cross
section evaluation for nucleons above 150 MeV on C, Mg and Si isotopes [30, 31].
Identiﬁcation of the generated light clusters and fragments is made at the end of the QMD simulation prior
to the statistical decay calculation. The original JQMD adopts the phase-space cluster chain method [32] as
the identiﬁcation procedure, i.e., if two nucleons are within a certain distance in the coordinate space and their
relative momentum is less than the local Fermi momentum, then they are judged to belong to the same cluster.
The condition can be written by
%
%
%
%
%
%
%
%
(7)
%R1 − R2 % ≤ dN N and %P1 − P2 % ≤ [PF (1) + PF (2)],
where R1 , R2 , and P1 , P2 are centers of position and momentum of nucleons 1 and 2, respectively, and the
distance parameter dN N is chosen to be 4 fm. PF (1) and PF (2) are the local Fermi momentum for nucleons 1
and 2, respectively.
Figure 3 shows the original JQMD/GEM calculation by the thin solid histogram. The width parameter of
the wave packet is ﬁxed as L=2 fm2 and the other parameters use the default values. The switching time when
the QMD stage ends is chosen as tsw =100 fm/c. For proton, the calculation reproduces the experimental data
quite well over the whole emission energy range. However, one can see considerable underestimation in the
preequilibrium region for all light clusters.
As one of the attempts to improve this discrepancy, we modify the above clustering judgement condition
according to a simple coalescence model used in the INC analysis of the reaction p+Au at 2.5 GeV [33, 34] as
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follows:
% %
%
%
% %
%
%
%R1 − R2 % × %P1 − P2 % ≤ h,

(8)

where h is the phase space parameter in units of MeV fm/c. Firstly, only the light clusters (d, t, 3 He and α) are
formed under the condition Eq. (8). Then, the other large fragments are identiﬁed among the remaining nucleon
system according to the condition given by Eq. (7). If the formed clusters are unbound, they are reduced to the
constituent nucleons and/or smaller clusters by the successive statistical decay calculation.
The preliminary JQMD/GEM results with h=300 MeV fm/c are shown in Fig. 3 for three different tsw =50,
100, and 200 fm/c. For proton, the agreement with the measurement becomes slightly worse in the energy range of
10–30 MeV compared to the original result. For the other clusters, the high-energy component appears obviously,
and the calculation shows overall good agreement with the experimental energy spectra except at the high energy
end. The large discrepancy seen for deuteron may be attributable to direct pick-up contribution which the QMD
cannot take into account properly. As can be seen in Fig. 3, the cluster production is reduced as tsw becomes
long, while the proton production is enhanced in the energy range of 10–30 MeV. The calculation with tsw =100
fm/c reproduces the experimental light ion production satisfactorily well except for α. In addition, a calculation
with a different parameter h indicates that the result is also sensitive to h. In Ref. [33], the phase space parameter
corresponding to h was adjusted for each type of cluster to reproduce their measurement. Although the present
coalescence condition for light clusters is somewhat phenomenological, it seems a promising prescription for improvement of the QMD model. More detailed analyses including the other reactions will be needed for adjustment
of various parameters used in the JQMD/GEM calculation.

4 Summary and outlook
The present work has been focused on the preequilibrium emission of light clusters from nucleon-induced reactions at intermediate energies. Two different preequilibrium models, the Iwamoto-Harada-Sato (IHS) coalescence
exciton model and the Quantum Molecular Dynamics (QMD) model, have been applied to the reaction n+Si at 96
MeV and compared with the experimental emission energy spectra of light clusters.
The IHS coalescence exciton model calculation reproduces the measurement rather well for both t and α,
while considerable underestimation is seen for both d and 3 He. The calculated d spectrum is decomposed into
each (, m) component and each exciton number component. This result shows that the coalescence of two
particles above the Fermi level from the initial conﬁguration with n=3 is dominant in the high-energy part and
the pick-up component of a particle below the Fermi level has a main contribution in the low-energy part. From
this analysis, we have found that the dip leading to the understimation appears in the cross-over region of both the
components.
The original JQMD/GEM calculation shows remarkable underestimation for light cluster production at the
preequilibrim stage. To overcome the shortcoming, we have replaced the original phase space coalescence condition at the end of the QMD simulation by that given by Eq. (8). The modiﬁcation results in the enhancement of
the preequilibrim emission component of light clusters and provides generally good agreement with the measurement by adjusting the switching time tsw and the phase space parameter h. Thus we have found a prescription of
improving the QMD model for the nucleon-induced light cluster production.
This work should be extended by performing the analyses of other experimental data for the wide ranges
of mass number and incident energy. The cluster formation probability is the most important quantity in the
IHS coalescence exciton model. We have an interest in the calculation with more realistic single-particle wave
functions and the derivation by the QMD simulation. In the future, more experimental and theoretical studies
will be necessary to enhance our understanding of the mechanism of light cluster production in nucleon-induced
reactions. The obtained knowledge will be useful for the cross section evaluations for various applications such
as the SEU simulation.
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Figure 1: Comparisons of calculated angle-integrated light-ion emission spectra from neutron-induced reactions
on Si at 96 MeV and experimental ones [6] in the laboratory system. The solid and the short-dashed lines are the
IHS coalescence exciton model calculation and the TALYS calculation, respectively.
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Figure 2: Calculated angle-integrated deuteron emission spectra of the 28 Si(n, d) reaction at 96 MeV: (a) decomposition into each (, m) component, (b) decomposition into each exciton state for the F1,1 component, (c)
decomposition into each exciton state for the F2,0 component.
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Figure 3: Comparisons of the JQMD/GEM calculation and the measurement [6] for angle-integrated light-ion
emission spectra from neutron-induced reactions on Si at 96 MeV in the laboratory system.
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Abstract
A method for computing direct-semidirect (DSD) neutron radiative capture is presented and applied to thermal neutron capture on 19 F, 27 Al, 28,29,30 Si, 35,37 Cl, 39,41 K, 56 Fe, and 238 U, in support of data evaluation effort
at the O.R.N.L. The DSD method includes both direct and semidirect capture; the latter is a core-polarization
term in which the giant dipole resonance is formed.
We study the effects of a commonly used “density” approximation to the EM operator and ﬁnd it to be
unsatisfactory for the nuclei considered here. We also study the magnitude of semidirect capture relative to the
pure direct capture. Furthermore, we compare our results with those obtained from another direct capture code
(T EDCA [17]). We also compare our results with those obtained from analytical expression for external capture
derived by Lane and Lynn [3], and its extension to include internal capture [7].
To estimate the effect of nuclear deformation on direct capture, we computed direct thermal capture on
238
U with and without imposition of spherical symmetry. Direct capture for a spherically symmetric 238 U
was approximately 6 mb, while a quadrupole deformation of 0.215 on the shape of 238 U lowers this cross
section down to approximately 2 mb. This result suggests that effects of nuclear deformation on direct capture
warrant a further study. We also ﬁnd out that contribution to the direct capture on 238 U from the nuclear interior
signiﬁcantly cancels that coming from the exterior region, and hence both contributions must be taken into
account.
We reproduced a well known discrepancy between the computed and observed branching ratios in 56 Fe(n, γ).
This will lead us to revisit the concept of doorway states in the particle-hole model.

1 Introduction
For nuclear data evaluations in the resolved resonance region direct capture may be signiﬁcant between resonant
capture peaks, as well as at very low neutron incident energy below the lowest resonance (e.g. thermal capture).
Experimental data is subject to background effects that, at energies below 10 keV, could be sufﬁciently large to
obscure the direct capture cross section. This has motivated the theoretical calculations of direct capture cross
section presented here.
Since the density form of the EM operator is commonly used in computations of direct capture, we investigated
the validity of this approximation by comparing direct capture cross sections computed with and without this
approximation, which results from applying Siegert’s theorem to the more complete current form of the operator.
Lafferty and Cotanch [1] have studied the application of the density approximation, warning that its effect could
be very large.
The study of the effects of the semidirect term of the EM operator was inspired by similar studies of directsemidirect capture near and above the GDR energy, that is 10-20 MeV, where the semidirect term is essential for
explaining the experimental data ([4], [5], and [6]).
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2 Radiative Capture Formalism
A rather complete description of the formulae for calculating direct-semidirect capture was given in Appendix A of
Parker et al. [2]. The expressions in that paper were embodied in the C UPIDO program. For the present application
we are interested principally in capture to separate bound states, and the formulas simplify considerably. We show
here a reduction of formula (A1) of Ref. [2] for this case, and also specialize to electric radiation described by the
density form of the electromagnetic operator in the long-wavelength limit.
We adopt the notation in Ref. [2] in the following, and refer the reader to that article for deﬁnitions of most of
the symbols. The expressions below are for capture of spin- 21 nucleons on a spin-0 target into a pure single-particle
orbital characterized by quantum numbers nf lf jf .
For direct capture a radial electric operator in a density approximation has the following form:
OL = eeff rL .
The symbol eeff stands for kinematic effective charge deﬁned by Eq. (A17) of Ref. [2] as
L
L


1
A
L
+z
,
eeff = (−1) Z
A+1
A+1

(1)

(2)

in which Z, A are the charge and mass number of the target, and z is the charge of the projectile. We also deﬁne
radial matrix elements
 ∞
nf lf jf
(+)
Ic
=
dr unf lf jf OL ulj ,
(3)
0 ∞
d (+)
n l j
ulj ,
dr unf lf jf OL−1
(4)
Jc f f f =
dr
0
 ∞
n l j
(+)
dr unf lf jf OL−2 ulj .
(5)
Kc f f f =
0

For the density form of the electromagnetic operator, we calculate the amplitudes for direct capture in each
channel c ≡ {ljLσ} as
&
1
L+1
nf lf jf
L −l−lf +L iσl
= kγ i
e
Gc
(2L + 1)!!
L
1
n l j
√
Z̄(lf jf lj; 12 L) Ic f f f .
(6)
2j + 1
For the current form of the operator for direct capture, the amplitudes are
&
1
(L + 1)(2L + 1)(2jf + 1)
nf lf jf
j+jf h̄c
L−1 l−lf −L iσl
Gc
= (−1)
k
i
e
μc2 γ
(2L + 1)!!
2l + 1
(
)/
$
#
1
√
lf jf 2
n l j
n l j
×
l + 1 Z̄(l + 1, l, L − 1, L; 1, lf ) Jc f f f − (l + 1)Kc f f f
j
l L
$0
#
√
n l j
n l j
.
− l Z̄(l − 1, l, L − 1, L; 1, lf ) Jc f f f + l Kc f f f

(7)

Direct capture amplitudes are supplemented by semidirect amplitudes using a semidirect transition operator:



1
1
DSD

−
OL
=
hLT (r)
(8)
Eγ − ELT + iΓLT /2 Eγ + ELT
T

where the ELT and ΓLT are the position and the width of the giant resonance of multipolarity and isospin L, T ,
and hLT (r) is a form factor described in more detail in Eqs. (A23-A25) of Parker et al. [2] and references therein.
For our purposes here we only need the total (angle-integrated) cross section, which can be expressed in terms
of the above quantities as:
%
%
μc2 kγ 
n l j
% nf lf jf %2
(2j
+
1)
(9)
σγ f f f = 4πα
% .
%G
c
h̄c ki3 c
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Author
This work
T EDCA [18] [19]
Raman-Lynn
Lane-Lynn
Exp.

27

F
6.5
—
4.6
4.7
9.5

28

Al
60
—
—
108
231

29

Si
133
65
134
107
169

Si
111
58
116
70
119

30

Si
98
67
100
64
107

35

Cl
430
160
—
—
43,600

37

Cl
418
310
—
400
433

39

K
799
—
—
753
2,100

41

K
544
—
—
1,320
1,460

Table 1: Summary of thermal capture results and comparison with prior works; all cross sections are stated in mb;
a systematic error of ±20% comes mostly from the uncertainty in the measurements of the spectroscopic factors
EM operator
Current
Density
Exp.

19

F
6.5
2.7
9.5

27

Al
60
42
231

28

Si
133
108
169

29

30

Si
111
90
119

Si
98
83
107

35

Cl
430
408
43,600

37

Cl
418
411
433

39

K
799
839
2,100

41

K
544
577
1,460

Table 2: Comparison of DSD when using a current vs. density form of the EM operator; the real part of the global
Koning-Delaroche OMP [11] was used for the scattering states, Bear-Hodgson potential for the bound states.
For simplicity, we will drop the subscript from the quantum numbers (nf lf jf ) as there is no longer an ambiguity.
The total radiative capture cross sections is the sum of of capture cross sections into all available orbitals nlj
σγactual =

 2Jf + 1 Snlj
σ nlj .
2Ji + 1 2j + 1 γ

(10)

nlj

The quantity in the sum in front of the calculated cross section is the weight factor W . γ-branching ratios are
determined by comparing relative contributions of capture to individual (n, l, j) bound states to their sum.

3 Results
Our results for direct-semidirect capture on 19 F, 27 Al, 28,29,30 Si, 35,37 Cl, and 39,41 K are summarized in Table 1.
We observe a very good agreement with the theoretical results of Raman-Lynn on 19 F [15] and 28,29,30 Si [14],
where the gamma-branching ratios for both computations are in close agreement with the experiment.
All of our results presented in this work were obtained using a real part of the global Koning-Delaroche
OMP [11] for the scattering states, and a Bear-Hodgson [12] potential for the bound states. The depth of the
Bear-Hodgson potential was adjusted to give the known binding energy of the capturing levels.
As a side note, we took advantage of available measurements of thermal capture γ-branching ratios for the
nuclei under study here, for comparison with γ-branching ratios obtained from our computation of DSD capture.
For nuclides for which direct capture is a dominant mechanism, such as 28,29,30 Si and 37 Cl, the agreement between
the experimental and computed γ-rays branching ratios is very close. On the other hand, for 35 Cl there is no
correlation between the experimental and computed branching ratios as the thermal capture is dominated by a
nearby resonance. A similar lack of correlation has been observed in 39,41 K where non-direct capture dominates,
albeit not as one-sidedly as in the case of 35 Cl. We observed some correlation between the experimental and
DSD capture branching ratios in 19 F and 27 Al even though there is a large contribution from the non-direct, i.e.
compound capture.

3.1 Current vs. Density EM Operator on sd-shell Nuclei
Table 2. summarizes the DSD capture results obtained with (exact) current form of the EM operator vs. their
equivalents obtained with the density form approximation. The current form gives a result that is a factor of
two larger than a corresponding approximate density form for capture on 19 F. The discrepancy decreases with
increasing target mass, as can be seen in Table 2. Considering the magnitude of this discrepancy we would like to
recommend usage of the current form of the operator. Formal aspects of current vs. density form of EM operator
were discussed on page 259 of Parker et al. [2].
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Figure 1: Thermal neutron capture cross section computed with the (exact) current form vs. density form of
the EM operator suggests that density form of the EM operator is not a good approximation. (It turns out that
semidirect capture does not signiﬁcantly affect the plotted thermal capture on sd shell nuclei, so we do not plot it
for the sake of clarity.)

3.2 Direct vs. DSD capture on sd-shell Nuclei
The effect of semidirect capture was found to be approximately 5% of the DSD thermal capture cross section.
This effect can, however, reach ∼ 30% for low energy p-wave E1 transitions, and hence could be important for
those nuclide that do not have large spectroscopic factors for l = 1 bound states that are needed for low energy
E1 capture of s-wave neutrons. Note that the effect of semidirect can be positive or negative, depending on the
nature of interference between direct and semidirect capture amplitudes.

3.3 Direct Capture on 238 U
We computed pure direct capture of thermal neutrons on 238 U in order to study effects of nuclear shape deformation on computation of direct capture. We also sought to ﬁnd relative contributions to direct capture from inside
and outside the nuclear volume. For simplicity we did not include semidirect capture in this computation.
We found that 238 U quadrupole deformation of β = 0.215 cuts the direct capture cross section from 6 mb
(obtained by imposing spherical symmetry) down to 2 mb [16]. To account for the effects of non-spherical
nuclear shape, we employed a coupled-channels reactions code F RESCO ([20])and compared the results with
those obtained by C UPIDO in which a spherical symmetry is imposed.
We studied relative contribution of the internal vs. external capture by plotting the amplitude of the dominant
E1 transition as a function of radius. We observed that the amplitude for the interior capture is comparable but
opposite in sign to the external capture, so that signiﬁcant cancellation occurs when performing radial integration
of the plotted amplitude. This observation explains for the most part the large discrepancy between 60 mb obtained
in [13] by taking into account only external capture, and our direct capture computation of 6 mb. Both of these
results were obtained in a spherically symmetric approximation.

3.4 DSD Capture on 56 Fe
Our interest in 56 Fe(n,γ) for thermal neutrons was sparked by the known discrepancy between the computed
and observed γ-branching ratios. It has been hypothesized that this discrepancy may be explained by the 3s
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Figure 2: Integrand of the thermal neutron direct capture amplitude for the dominant E1 transition to Ex = 4.935
MeV 2p3/2 level in 28 Si shows that the contribution of the external (namely r > 4 fm) capture is much larger than
the internal contribution, and hence approximating the capture by its external part alone, as was done by Lane &
Lynn in [3], is a good approximation for this nucleus.

Figure 3: Integrand of the thermal neutron direct capture amplitude for the dominant E1 transition to Ex = 746
keV 3p1/2 level in 238 U shows that internal (namely r < 8.4 fm) capture is comparable to the external capture
but of opposite sign, and hence the pure external capture of Lane-Lynn [3] is not a good approximation for heavy
nuclei.
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Figure 4: Thermal neutron capture cross sections to individual excited states in 56 Fe show a large discrepancy
between the computation and experiment. This may indicate that the spectroscopic factors obtained from 56 Fe(d,n)
experiments do not explain observed distribution of γ-rays in (n,γ) experiment. This discrepancy may be explained
by the concept of doorway states, as was suggested in [9] and [8]
doorway state that is expected to be near zero energy for the A ≈ 60 nuclei. This hypothesis motivated our
interest in capture through doorway states of particle-hole character. Such doorway states may be obtained from
the Gamow shell model [10], since this shell model is capable of computing particle-hole components of excited
levels, including those in the continuum.

4 Conclusions and Outlook
We presented a set of DSD capture computations at thermal energy for several sd shell nuclei, and ﬁnd an agreement within the error margins with the results obtained by Lane-Lynn prescription [13] and by Raman’s collaboration (e.g. [14] and [15]). Comparison to the results obtained by T EDCA reveals that T EDCA results are smaller
than ours, in part due to the density approximation to the EM operator that is implemented in TEDCA.
Our results indicate that in many cases the DSD capture cross section obtained with exact current form of the
EM operator could be quite different than its equivalent obtained with the approximate density form. Consequently
we recommend using the exact current form of the EM operator. We also recommend including the semidirect
capture together with the direct one, as it can affect p-wave capture even at energies as low as thermal. Both of
these effects need to be studied at higher energies in the resolved resonance region.
The large effect of nuclear shape deformation on direct capture on 238 U warrants further study of such effects.
We reproduced a well known discrepancy between the computed and observed branching ratios in 56 Fe(n,γ).
This will lead us to revisit the concept of doorway states (Feshbach, Kerman, and Lemmer [8]) and to consider its
application to direct capture, as has already been done in qualitative terms by Ikegami, and Emery [9].
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Development of the Photonuclear Activation File (PAF): reaction
cross sections, ﬁssion fragments and delayed neutrons
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Jean-Christophe David1 , Diane Doré1 , Xavier Ledoux3 ,
Aymeric Van Lauwe1 , Wiliam B. Wilson2
Abstract
Recently a renewed interest in photonuclear reactions has appeared. It is motivated by a number of different applications where progress in reliable and, in some cases, very high intensity electron accelerators was
awaited. A particular today’s interest is linked to the nuclear material interrogation and non-destructive nuclear
waste characterization, both based either on prompt neutron, or delayed neutron, or delayed gamma detection
following photo-ﬁssion. The knowledge of photonuclear reactions is also extremely important in the design of
electron accelerators used for medical applications, nuclear physics, photo-neutron sources, radioactive ion beam
production, etc. In this paper we present the photonuclear activation ﬁle (PAF) under development to be suitable
for any material depletion code. By now the PAF contains the photonuclear cross sections for more than 600
isotopes, ﬁssion fragment distributions and delayed neutron evaluations for most of the actinides in the photon
energy range from 0 up to 25 MeV. Theoretical predictions, evaluated data ﬁles and available experimental data
were used to construct the PAF, and some benchmarks are in progress to ensure its quality. The release of the 1st
version of PAF is planned in 2006. Keywords: photonuclear reactions; photoﬁssion; delayed neutrons.

1 Introduction
Although photo-neutrons typically provide only a small additional neutron source in technologies involving particle accelerators and nuclear reactors, photo-neutrons and photo-ﬁssion are of signiﬁcant importance in applications based on electron accelerators and Bremsstrahlung targets [1]. For example, intense neutron sources for
physics experiments as ORELA at ORNL (USA), GELINA at Geel (Belgium), and, more recently, ELBE at
Dresden (Germany) are based on photonuclear reactions. In these and other similar cases, photo-neutrons certainly pose a serious concern for radiation protection, shielding and decommissioning. Photonuclear processes
and photo-ﬁssion in particular can also play a signiﬁcant role in the detection of nuclear materials. Here both the
prompt and the delayed photo-neutrons and decay gammas rays can provide with the unique signature of presence
of ﬁssile nuclei in massive cargo containers [2]. Therefore, new simulation capabilities are urgently needed to
help developing this technology. This is also important in order to design and optimize the electron accelerators,
conversion targets, and neutron detectors. Equally, simulations are essential for interpreting new measurements.
Major problems in modeling photonuclear reactions are the lack of photonuclear data on corresponding cross
sections despite the huge efforts of the IAEA, where evaluations are provided for 164 isotopes only [3]. In addition,
no material evolution-depletion code including photonuclear reactions is available. In a close collaboration with
the LANL we have been working on the development of a new photonuclear activation ﬁle (PAF) to be included
into the CINDER’90 evolution code or any other material depletion code [4, 5].
Below we present the PAF structure, different photonuclear data sources and methodology used to construct a
general purpose photo-activation data library, including some benchmark examples in order to ensure the quality
of PAF. The release of the 1st version of PAF is previewed in 2006.
1 CEA

Saclay, DSM/DAPNIA/SPhN, 91191 Gif/Yvette, France
Alamos National Laboratory, Los Alamos, NM 87545, US
3 CEA/DIF, DAM/DPTA/SPN, 91680 Bruyr̀es-le-Châtel, France
2 Los
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Figure 1: A schematic view of the PAF structure: different sources of data ﬂow are indicated explicitely.

2 The structure of PAF
As in the case of neutron activation libraries, PAF contains very similar structure. In brief, for each isotope the
library includes:
* the decay half-lives and branching ratios
* the energy of the decay particles
* the number of possible reaction products for each reaction: a) the reaction product, b) the corresponding
group cross section, including c) ﬁssion fragment distributions, and d) delayed neutron tables if photo-ﬁssion can
occur. The photon ﬂux is described by a 25 group structure from 0 to 25 MeV in equal steps of 1 MeV.
As shown in Fig. 1, we start the construction of PAF including all 164 isotopes available from the IAEA
evaluations [3].
For the remaining more than 500 isotopes the HMS-ALICE and GNASH reaction codes have been used
to calculate photonuclear reaction cross sections [4]. For photo-ﬁssion fragment distributions we employ the
evaporation-ﬁssion code ABLA from GSI [5]. The PAF also includes the 6-group tables of photo-ﬁssion delayed neutrons. These were obtained by the summation techniques of delayed neutron precursors at equilibrium,
resulting from the ABLA predictions [5].

3 The quality of PAF
Within PAF we considered that the IAEA evaluations and corresponding experimental data can serve as a reference
for the reaction codes used in this work [3]. In this context, a number of comparative calculations were performed
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Figure 2: Neutron production cross section from 208 Pb as a function of photon energy obtained with HMS-ALICE
(dashed curves) and compared with the IAEA ﬁles (solid curves).
to evaluate the quality of the constructed data library for PAF [4, 5].

3.1 HMS-ALICE calculations
The major advantage of the HMS-ALICE code is that results can be obtained very ickly for a big number of
nuclei [4]. Fig. 2 shows an example where we compare the HMS-ALICE predictions with the IAEA ﬁles for
208
Pb. Although the HMS-ALICE predictions are rather good for heavy nuclei, much bigger discrepancies were
observed in the case of light (e.g., C, O, etc.) and intermediate mass nuclei (e.g., Al, S, etc.) [4]. In some cases
the disagreement was found within a factor of 2 or 3 [4]. It is clear that HMS-ALICE needs some improvements
to predict photonuclear reactions for light nuclei, while for heavy nuclei including actinides the predictions are
rather satisfactory [4].

3.2 Evaluations with GNASH
We employed GNASH for some actinides in order to construct the ENDF libraries at the same time. The use of
GNASH to evaluate photonuclear reactions was already discussed in [6] for non-ﬁssile nuclei and in [7] for ﬁssile
nuclei. By now PAF includes only 3 isotopes evaluated with GNASH, namely 237 Np, 240 Pu and 241 Am, which
were not available in the IAEA evaluations. Our results for 237 Np and 240 Pu together with existing but scarce
data in this case are given in Figs. 3-4. Thanks to good physics incorporated in GNASH, this code gives very
satisfactory predictions in the case of actinides [7]. In addition, these results are also conﬁrmed in the case of
integral measurements [8] as shown in Table 1.

3.3 Fission yields with ABLA
Similarly as for photonuclear cross sections, we tested the predictive power of the ABLA code for photo-ﬁssion
fragment distributions when data were available [5]. Fig. 5 presents the mass distribution of ﬁssion yields in the
case of 15 MeV endpoint Bremsstrahlung photons on 238 U (on the top) and 28 MeV endpoint Bremsstrahlung
photons on 237 Np (on the bottom). Our calculations (histogram) are quite satisfactory compared to the available
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Figure 3: Comparison between GNASH and experimental data for (γ,n) and (γ,n) (top panel) and (γ,ﬁss) (bottom
panel) in the case of 237 Np.
experimental data (squares) [9, 10]. Similar quality predictions were also obtained for 235 U, 239 Pu, and 232 Th [5].
We note that some parameter adjustments were necessary in order to reproduce the data. Unfortunately, very little
data exist for the isotopic photo-ﬁssion yields, what would give more detailed validation of ABLA. Equally, the
presence of data on isotopic yields would be very helpful in predictions of delayed neutron yields.

3.4 Delayed neutrons
The independent isotopic distributions of ﬁssion fragments, resulting from ABLA, were converted to the cumulative yields. Those were classiﬁed in six groups (according to their half-lives) and the delayed neutron (DN)
parameters in terms of 6-group tables were obtained for all actinides [5]. Table 2 presents our predictions compared to existing experimental data [11] in the case of photo-ﬁssion of 238 U.
As expected, our results for the half-lives are closer to data than the yields are. The calculated total number
of DN is in rather good agreement with data. On the other hand, the groups 2 and 3 are overestimated, while the
groups 5 and 6 are underestimated. The relative contributions of the different isotopes inside each group still have
to be investigated in detail for nuclei, where the experimental DN data is available.

4 Conclusions and outlook
The status of the photonuclear activation ﬁle (PAF) under development was presented. By now PAF includes the
photo-activation cross sections for more than 600 isotopes in the energy range of photons from 0 to 25 MeV. In

116

Figure 4: Comparison between GNASH and experimental data for (γ,n), (γ,n), and (γ,ﬁss) in the case of 240 Pu.
E (MeV)
11.5
17.0
20.0

Exp.
2.71±0.08
2.39±0.10
2.40±0.11

Table 1: Comparison of relative photo-ﬁssion rates:
energies.

237

GNASH
2.55
2.24
2.11

Np versus 238 U as a function of endpoint Bremsstrahlung

the case of actinides, PAF also contains isotopic photo-ﬁssion fragment distributions and delayed neutron tables.
Both existing experimental data (IAEA evaluations for 164 isotopes) and different reaction codes (for more than
500 isotopes) were used to construct this data ﬁle. The quality of code predictions was tested extensively with
existing experimental data. The release of the 1st version of PAF is planned in 2006 and should be applicable for
activation analysis in photon ﬂuxes.
Our GNASH evaluations for 5 actinides, namely 235 U, 238 U, 239 Pu, 240 Pu, 237 Np, and 241 Am will be included
in the new release of ENDF/B-VII. The extension of PAF to photon energies up to 150 MeV is planned in the near
future. Finally, we add that the experimental program to measure delayed neutron decay curves from photo-ﬁssion
for a number actinides has been started in 2005, and the preliminary results were already reported in [12].

Group
1
2
3
4
5
6
Total

Yield (DN/ﬁss)
exp.
0.061±0.01
0.489±0.07
0.535±0.07
0.970±0.15
0.552±0.08
0.502±0.20
3.119±0.40

Yield (DN/ﬁss)
calc.
0.030
0.638
0.470
1.332
0.413
0.075
2.958

T1/2 (s)
exp.
56.30±00.8
23.10±0.30
5.50±0.30
2.15±0.10
0.70±0.06
0.19±0.02

T1/2 (s)
calc
55.60
20.33
5.46
1.92
0.47
0.17

Table 2: Comparison of calculated and experimental total and partial DN yields and half-lives for photo-ﬁssion of
238
U with the 15 MeV endpoint Bremsstrahlung photons.
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Figure 5: Mass distribution of photo-ﬁssion fragment for 238 U with 15 MeV endpoint Bremsstrahlung photons
(top), and for 237 Np with 28 MeV endpoint Bremsstrahlung photons (bottom)
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[12] D. Doré, J. C. David, M.L. Giacri, X. Ledoux, J.M. Laborie, M. Petit, D. Ridikas, A. Van Lauwe, ”Delayed neutron yields and spectra from photoﬁssion of actinides with Bremsstrahlung photons below 20
MeV”, Proc. of the 19th Nuclear Physics Divisional Conf. New Trends in Nuclear Physics Application and
Technology (NPDC19), 5-9 Sept. 2005, Pavia, Italy; (to be published on the IOP online journal Journal of
Physics: Conference Series).

119

Experimental neutron data above 20 MeV:
What can be done?
What should be done?
J. Blomgren,
Department of Neutron Research
Uppsala University
Sweden
Abstract
The nuclear data needs of the most important applications involving neutrons above 20 MeV are reviewed.
The present status of experimental data is outlined, and future possibilities are discussed.

1 Applications involving neutrons above 20 MeV
The interest in high-energy neutron data is rapidly growing since a number of potential large-scale applications
involving fast neutrons are under development, or have been identiﬁed. These applications primarily fall into three
sectors; nuclear energy and waste management, nuclear medicine and radiation effects on electronics.
The recent development of high-intensity proton accelerators has resulted in ideas to use sub-critical reactors,
fed by neutrons produced in spallation processes maintained by external proton beams, for transmutation of spent
fuel from nuclear power reactors or incineration of nuclear weapons material. Incineration by such acceleratordriven systems (ADS) might result in less problematic handling of ﬁssile material. New nuclear data are needed
for feasibility assessments of these techniques. For reviews of recent nuclear data activities in this ﬁeld, see, e.g.,
refs. [1, 2, 3].
Conventional radiation treatment of tumours, i. e., by photons or electrons, is a cornerstone in modern cancer
therapy. Some rather common types of tumours, however, cannot be treated successfully using these modalities.
For some of these, good treatment results have been obtained with neutron therapy [4]. The nuclear data situation
and prospects for future development is outlined in ref. [5]
During the last few years, it has become evident that electronics in aircrafts suffer effects from neutrons
generated by cosmic radiation interacting in the upper atmosphere [6, 7, 8, 9]. For instance, a neutron could
induce a nuclear reaction in the silicon substrate of a memory device, releasing free charge, which could ﬂip one
or more memory units. Similar effects causing soft- and/or hardware damage have recently been identiﬁed also at
ground level.
Finally, neutrons at commercial aircraft altitudes induce signiﬁcant radiation doses to the crew [10]. In fact,
the largest average doses to personnel in civil work are obtained in aviation.
For all the applications mentioned above, an improved understanding of neutron interactions is needed. Moreover, neutron-induced nuclear reactions are also important for fundamental physics reasons. Recently, the np
scattering cross section at intermediate energies has been under intense debate (for a review, see Ref. [11]). The
np scattering cross section is of utmost importance for applications because it is used for normalization of nuclear data measurements. It is also of great fundamental importance, because np scattering data are being used
for determinations of the pion-nucleon coupling constant, i.e., the absolute strength of the strong interaction in
the nuclear sector. This coupling constant is of great relevance not only to basic nuclear physics, but also on a
cosmological scale.
A second area of fundamental interest is studies of three-nucleon force effects. Recent calculations [12] has
indicated that measurements of the differential cross section for elastic nd scattering in the 60–200 MeV range
should be useful in searches for three-nucleon (3N ) force effects. The neutron-deuteron (nd) elastic scattering
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differential cross section has been measured at 95 MeV incident neutron energy. Models based on inclusion of
3N forces describe nd data in the angular region of the cross-section minimum very well, while models without
3N forces cannot account for the data [13, 14].

2 The nuclear data situation
2.1 Importance of various applications
When judging the importance of these various applications, different sets of criteria can be used, and the importance of various nuclear data activities can be judged differently depending on the basis of the comparison. The
largest activity does not necessarily have the most severe nuclear data needs. The three most important applications are - to my judgement - accelerator-driven systems for waste incineration (ADS), single-event effects in
electronics (SEE) and neutron therapy for cancer treatment (NT).
Transmutation of nuclear waste and electronics effects are both of importance to commercial industries with
turnovers exceeding national budgets. Accelerator-driven systems for transmutation is on a research stage, and a
possible future industry implementation is probably more than twenty years into the future. Single-event effects
in electronics constitute already an important reliability issue, and it is rapidly growing. Experts in the ﬁeld
predict that this effect is at present the most likely candidate to halt the rapid progress of silicon-based circuit
technology [15, 16].
Fast neutron cancer therapy represents a relatively stable niche modality, with about a dozen facilities running
worldwide. Dose effects to aviation personnel, and even in space environments, is an activity of limited size.
Another basis of comparisons is how large the data needs are. In ADS, the data needs develop over time.
Initially, some basic data were needed for the assessment whether this was worth continued attention. At present,
the nuclear data research is on a level where data needed for the design of a demonstration facility should be the
target. If plans for a full-scale plant or a close-to-full-scale prototype mature, the nuclear data needs evolve even
further, and if industry deployment becomes a reality, a massive nuclear data campaign will be motivated.
Concerning electronics reliability, the problem itself is already large and it can become huge, but this does not
necessarily mean that the nuclear data needs are extremely large. These effects are caused by a limited number of
nuclear reactions in only a few elements, and therefore the total nuclear data research needed is relatively limited.
The same holds for dose effects in neutron therapy and civil aviation. Also there, there are a limited number
of reactions on a few nuclei that contribute essentially the entire dose.
A third basis for comparison is the role of fast neutrons. In ADS, a vast majority of the neutrons are at traditional reactor energies, i.e., below a few MeV. Neutrons above 20 MeV represent a small fraction of the externally
produced neutrons, on a percent level or less. Still, the importance of these fast neutrons is larger than their share
of the total number, because these fast neutrons can multiply into a large number of low-energy neutrons, and
very fast neutrons can cause considerable materials damage, and they constitute an important radiation protection
problem. To ﬁrst order, the neutrons produced by the proton beam via spallation reactions display a 1/E spectrum, while the capability of neutrons to cause damage (and to multiply themselves) essentially goes as the energy.
Thus, to ﬁrst order neutrons at all energies should be of about equal importance. One has to remember, however,
that this holds for the spallation neutrons only. In a typical design concept, it is assumed that each acceleratorproduced neutron should induce a nuclear reaction chain releasing 20–50 neutrons. Thus, the spallation neutrons
constitute only a few percent of the total neutron population in a hybrid accelerator-target-reactor system.
Concerning single-event effects, the neutrons only play the role of a villain. They induce unwanted disturbances of the system, while for ADS and neutron therapy, they are indispensible. In fact, fast neutrons are the
most important in NT, where they are responsible for the entire effect.
Still another comparison is provided by ﬁscal realities. In the realm of ADS, there are relatively good possibilities to get funding from various sources. Nuclear data for SEE studies have so far received very limited ﬁnancial
resources, and it is not likely that this will change dramatically when it comes to direct support for nuclear data
experiments. Here there is, however, a possibility for indirect funding. By providing in-beam tests of components
on a commercial scale, resorces for nuclear data experiments can be obtained. In the NT ﬁeld, the ﬁnancial situation is no reason for joy. Here, the eternal dilemma of funding of interdisciplinary research comes into play.
The physics community considers this to be service to medicine, which should be payed by the end users, and the
medical community claims these activities to be nuclear physics and should be ﬁnanced as such.
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Application
Tendency
Role of fast n
En (MeV)
Targets
Reactions
Funding

ADS
Slow growth
Small but important
0–1000
Many
Many
Good

SEE
Rapid growth
Disturbance
10–500
Si
(n,HI), (n,LI)
Direct: bad
Indirect: possible

NT
Steady state
Does all the job
20–100
C, N, O, Ca
(n,LI), (n,n)
Bad

Table 1: Summary of the nuclear data needs for the largest applications involving fast neutrons. See the text for
details.
Finally, we need to consider which data to study for the development of the various applications. The needs
are the smallest for SEE. The effects are caused by neutron-induced production of charged particles in silicon.
With present technologies, heavy ions (HI), i.e., lithium ions and heavier are causing the main effects. With future
technology development, also light ions can become important. Because these effects are caused by the natural
cosmic-ray neutron spectrum, which has a 1/E energy distribution, in combination with a decrease of the total
cross section at high energies, the importance goes down at high energies. At low energies, the neutron energy is
insufﬁcient to induce reactions that can cause an upset. Therefore, 5–500 MeV seems to be the relevant interval,
with the largest importance in the 20–100 MeV range.
In neutron therapy, about half the dose comes from neutron-proton scattering, taking place in the water in the
body. Although there has been some debate recently about the np scattering cross section at backward angles,
this is not very important for this particular application. Most of the remaining dose is due to neutron-induced
light ion production in the body, and ﬁnally, the recoils due to elastic scattering give a small dose, however of
large biologic signiﬁcance. The most common elements in the body are hydrogen, oxygen, carbon, nitrogen and
calcium, together constituting more than 90 % of the body. If including also phosphorus, about 99 % is accounted
for. Thus, it is only a few elements that need to be studied. At present, clinical treatments are carried out up to 70
MeV, so the interesting range is up to about that energy. It might still be wise to extend these studies to slightly
higher energies, because future optimization of NT might point towards higher treatment energies.

2.2 Nuclear data status
It is a fairly limited class of reactions that are of interest for the further development of the applications under
consideration. These are elastic scattering, inelastic neutron emission, light ion production, heavy ion production
and ﬁssion.
Elastic scattering has been studied on a range of nuclei up to 96 MeV. At present, ten nuclei have been studied
and results are either published or underway [17]. An overall uncertainty of about 5 % has been achieved. A novel
normalization method has been established that allows elastic scattering data to be normalized absolutely to about
3 % uncertainty [18]. This method, however, works only for elastic scattering. Feasibility studies have shown that
the technique as such works up to about 200 MeV, so these studies can be extended up in energy.
An experimental programme on inelastic neutron emission, i.e., (n,xn’) reactions, is in progress [19]. Data
have been taken on lead and iron, and the method as such seems to work. It is too early to quote a ﬁnal uncertainty
in the results, but 10 % seems feasible.
Data on light ion production has been acquired on about ten nuclei at 96 MeV, and analysis is in progress [20,
21]. At present, about half the data set has been published. Normalization has been obtained by simultaneous
detection of np scattering at an angle where the cross section uncertainty can be estimated to about 5 %, which
is the dominating uncertatinty in the ﬁnal light ion production cross sections. These studies are presently being
extended to 180 MeV, with a ﬁrst in-beam test late autumn 2005.
Fission cross sections have been studied at many facilities up to about 200 MeV energy. The energy dependencies of the cross sections agree fairly well in shape, but the absolute scale differs by up to 15 %. It is at present not
clear what causes this. One possibility is the normalizations used. Another possible cause is that the sensitivity
to low-energy neutrons is not under control for some of the experiments. Dedicated experiments to remedy this
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Reaction
(n,n)
(n,xn’)
(n,LI)
(n,f)

Status
Done up to 100 MeV
Can be done up to 200 MeV
Underway at 100 MeV
Can be done up to 200 MeV
Done up to 100 MeV
Up to 200 MeV underway
Cross sections up to 200 MeV
Possible up to 5 GeV
Absolute scale problem
dσ/dΩ, yields, etc. remaining

Uncertainty
5%

Overall limitation: normalization

5%

10 %
5%
15 %

Table 2: Summary of the nuclear data situation for the most important neutron-induced nuclear reactions above
20 MeV. See the text for details.
situation are underway.
In principle, ﬁssion cross sections can be measured up to several GeV using white beams with a very high
initial proton energy, like at the CERN-nTOF facility [22]. The neutron beam intensity is very low, but the cross
sections are large and it is possible to detect a major fraction of the ﬁssion fragments, resulting in reasonable
statistical precision. A major problem, however, is normalization, since the beam intensity is very difﬁcult to
monitor at these very high energies.
There are only a few examples of other ﬁssion data than cross sections. This means that important ﬁssion
parameters, like angular distributions, yields, etc., essentially remain to be investigated at high neutron energies.

3 Future possibilities
As was discussed in the previous section, the prospects for development in the near future, i.e., within ten years,
can be summarized to extension to about 200 MeV of ongoing work on elastic scattering, inelastic neutron emission and light ion production at around 100 MeV, and ﬁssion studies of other parameters than the cross section.
If looking a bit further into the future, we can allow ourselves to be more visionary. To my opinion, the single
most important problem to solve if we want a signiﬁcant development of the ﬁeld is normalization. At present,
we inevitably end up with an uncertainty of about 5 %, because we have to normalize to something, typically np
scattering, which is known to - at best - 5%, and it is difﬁcult to see how this can be radically improved upon in a
short term with present techniques.
I consider energy resolution to be the second largest problem, with intensity on third place. These two are,
however, to a large degree coupled. If you aim for good neutron-beam energy resolution, you have to pay by
poor intensity and vice versa. It is presently close to inconceivable to produce neutrons at high energies with
a resolution better than 1 MeV with a reasonable intensity. The limited intensity puts severe constraints on the
detection, in such a way that the detection often has to be performed with techniques that sacriﬁce resolution for
efﬁciency, resulting in a ﬁnal resolution of a few MeV. This means that only in a few rare cases, resolved ﬁnal
states can be studied.
Recently, a way out of this dilemma has been proposed. At CERN, planning is ongoing for a beta-beam
facility [23]. The background is that neutrino physics has progressed rapidly the last few years, with the discovery
of neutrino oscillations as the most visible example. Up to now, essentially all accelerator-produced neutrinos
have been muon neutrinos, being the ﬁnal product of pion decay. Electron neutrinos are much more difﬁcult to
produce in large amounts, because they require a nuclear beta decay for their creation.
At the proposed CERN beta-beam facility, production of suitable beta-emitting nuclei should be undertaken
in an ISOLDE-like facility, and the produced nuclei should be post-accelerated to very high energy by a series of
accelerators, the ﬁnal one being SPS. After acceleration, the ions are directed to a decay ring of race-track shape.
At these very high energies, hundreds of GeV per nucleon, there is a very strong Lorentz boost, which means that
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Figure 1: Overview of the proposed CERN beta-beam facility.
the neutrino is emitted very close to the beam direction in the laboratory system, in spite of that the emission is
isotropic in its moving reference frame. Thereby, intense neutrino beams can be produced. The idea is to build
the decay ring so that one straight section points towards a distant neutrino detector to allow studies of electron
neutrino oscillations.
Intense neutron beams could be a spin-off from that facility. It has been proposed to use two production
targets, one for nuclei suited for neutrino emission in the decay ring, and one for beta-delayed neutron emitters.
Some unstable neutron-rich nuclei can beta decay to a nucleus that promptly emits a neutron (a process which by
the way is of utmost importance to the stability of nuclear power reactors). This neutron has typically an energy
of a few hundred keV in its rest frame. By accelerating the beta-delayed neutron emitters up to a few hundred
MeV per nucleon, the Lorentz boost is sufﬁcient to focus the beam to reasonable dimensions. All this can be done
in parallel with the primary objective, since the accelerators for the neutrino emitters have a long cycle with a low
duty factor. Thus, for most of the time there is no injection into the synchrotrons for neutrino emitter acceleration,
and then the production targets can be used for beta-delayed neutron emitter production.
The resulting neutron beam has an energy in the 100–500 MeV range with an energy resolution of about 1
MeV, and intensities of about 1011 n/s are estimated. This should be compared with 106 for present-day technology, i.e., an improvement by a factor 100 000 (!). With such intensities, only imagination sets the limit for what
can be achieved.
First and foremost, such intensities are not too far from what has been used in proton beam experiments for
fundamental nuclear physics. This opens opportunities to study, e.g., the role of isospin in nuclei by conducting
a carefully selected set of experiments where information from experiments with neutrons could be combined
with previous information from proton-induced reactions. Many types of fundamental physics issues hitherto
inaccessible to experiments could be within reach to address. This is such a large ﬁeld that it deserves its own
workshop.
If we now restrict the discussion to nuclear data for applications and turn to my problem list above, it seems
feasible that we can address all of them through one experimental trick: tagging. If we use the neutron beam
directly for experiments we have essentially only solved the intensity problem, but the other two remain; we end
up in a 1 MeV resolution due to the inherent energy spread, and we are still plagued by the normalization problem.
Tagging means that we produce a secondary neutron beam of less intensity, but with much better known intensity.
One candidate reaction is to let neutrons scatter from a hydrogen target, and the recoil proton is detected. Since this
is a two-body ﬁnal state, detection of the associated proton means that a neutron must have been scattered to the
corresponding direction. Thereby, the normalization problem can be circumvented, since we count the neutrons
one by one through the associated particle. If this tagging is performed with a high resolution, both in energy
and angle, we can also know the neutron energy event by event far better than the initial neutron beam energy
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resolution. If the tagging is performed with a magnetic spectrometer, the tagger can be made rather insensitive
to the ambient background, and a proton energy resolution of better than 100 keV can be obtained, resulting in a
comparable neutron energy resolution.
With reasonable estimates on tagger parameters, 104 tagged neutrons with an energy resolution of 100 keV
should be possible to reach, given the beam intensity above. This might sound like a poor intensity, but with such
a resolution, ﬁnal states can be well resolved, which means that already a small number of events will result in
a good precision. Moreover, since the intensity can be determined to about 1 % in a typical tagger system, the
accuracy is far better than what can be obtained today. In cases when the demands on energy resolution are not as
stringent, a thicker tagger target can be used, resulting in increased intensity. This goes faster than linear, because
with a worse resolution, the intensity at the tagger is increased, thicker secondary experimental targets can be
used, and the detection limitations are less severe. Therefore, even with resolutions that are on the limit to be
possible untagged today, we might have tagged beams of intensities exceeding what is presently available in a not
too distant future.
To conclude, the rumours of the death of nuclear data research seem to be greatly exaggerated...
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Abstract
Several indirect approaches for obtaining reaction cross sections are brieﬂy reviewed. The Surrogate Nuclear
Reactions method, which aims at determining cross sections for compound-nuclear reactions, is discussed in
some detail. The validity of the Weisskopf-Ewing approximation in the Surrogate approach is studied for the
example of neutron-induced ﬁssion of an actinide nucleus.

1 Introduction
Nuclear reaction data play an important role in nuclear physics applications. Cross sections for reactions of
neutrons and light, charged particles with target nuclei across the isotopic chart, taking place at energies from
several keV to tens of MeV, are required for nuclear astrophysics and other applications. Unfortunately, for a
large number of reactions the relevant data cannot be directly measured in the laboratory or easily determined by
calculations.
Direct measurements may encounter a variety of difﬁculties: The energy regime relevant for a particular
application is often inaccessible – cross sections for charged-particle reactions, e.g., become vanishingly small as
the relative energy of the colliding nuclei decreases. For astrophysical purposes, such as descriptions of stellar
environments and evolution, reaction rates at energies below 100 keV are needed. Furthermore, many important
reactions involve unstable nuclei which are too difﬁcult to produce with currently available techniques, too shortlived to serve as targets in present-day set-ups, or highly radioactive. Producing all relevant isotopes will remain
challenging even for radioactive beam facilities. In addition, electron screening affects nuclear reaction rates in
laboratory experiments as well as in astrophysical environments. To date the relevant processes are not fully
understood.
Cross section calculations are highly nontrivial since they often require a thorough understanding of both direct
and statistical reaction mechanisms (as well as their interplay) and a detailed knowledge of the nuclear structure
involved. Nuclear-structure models can provide only limited information and very little is known about important
quantities such as optical-model potentials or spectroscopic factors for nuclei outside the valley of stability.
In order to overcome these limitations, several innovative indirect methods have been proposed in recent
years, all of which rely on a combination of theory and experiment for success. This contribution will give
a brief outline of four indirect methods for the determination of reaction cross sections: the ANC (Asymptotic
Normalization Coefﬁcient) method, Coulomb Dissociation, the Trojan-Horse method, and the Surrogate Nuclear
Reactions technique. The primary focus here will be on the Surrogate method, which aims at determining reaction
cross sections for compound-nuclear reactions.

2 Some indirect approaches to nuclear reactions
2.1 The Asymptotic Normalization Constant (ANC) method
The ANC method has been explored for low-energy radiative-capture reactions which are dominated by processes
occuring far outside'the nuclear volume [1]. The cross section for the desired reaction, A(a, γ)B, is determined
B
(r)Ô(r)φscatt (r), where φscatt (r) is the scattering function associated with the a + A
by the integral I = drIAa
B
channel, Ô(r) is the relevant transition operator (usually of E1, E2, or M1 type), and IAa
(r) is the radial function
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corresponding to the projection of the state B onto the channel a + A. For small r values, this overlap depends on
the details of the many-body wave functions involved, while its shape is well-known outside the nuclear volume:
B
B
B
(r) → CAa
W (r)/r, where W (r) is a Whittaker function and CAa
is the so-called asymptotic normalization
IAa
B
constant, or ANC. For reactions that occur predominantly outside the nucleus, the short-range behavior of IAa
(r)
B
does not need to be known. The cross section can be calculated once the ANC CAa is determined. This can be
accomplished by measuring the cross section for a peripheral transfer reaction A(d, b)B, with d = a + b and
B
D
, as well as a known ANC Cab
.
B = a + A, that involves the same asymptotic overlap norm CAa
Ideally, several different reactions are measured to reliably determine the desired ANC and thus the desired cross section. The ANC method has been used to determine, e.g., the cross sections for 16 O(p,γ)17 F via
16
O(3 He,d)17 F [2], 7 Be(p,γ)8B via 10 B(7 Be,8 B)9 Be and 14 N(7 Be,8 B)13 C [3]. Applications of the ANC method
are restricted to low-energy radiative capture reactions and the measured transfer reactions have to be peripheral.
The associated transfer reaction calculations require optical-model potentials, the availability and reliability of
which limits the number of reactions that can be considered and the accuracy to which the desired cross sections
can be determined [4]. Major advantages of the approach include the large cross sections that are obtained in the
transfer measurements, the small equivalent capture energies that can be reached, and the fact that the method can
be used (in inverse kinematics) to determine cross sections for capture on unstable nuclei. Moreover, it has been
shown recently that an approximate relationship between ANCs of mirror reactions can be employed to predict a
cross section by measuring the ANC of the associated mirror reaction [5].

2.2 Coulomb Dissociation
Coulomb dissociation has been used to extract cross sections for radiative-capture reactions, A(a, γ)B, by studying the time-reversed breakup reaction in which the Coulomb ﬁeld of a highly-charged target provides a virtual
photon that is absorbed by the projectile, B. Due to the high ﬂux of virtual photons provided by the target nucleus,
the cross section of the breakup, X(B, Aa)X, is much larger than the capture cross section and can be related to
the latter via the principle of detailed balance [6]. Coulomb dissociation is a simple and powerful reaction mechanism. Since the electromagnetic interaction is well known, valuable nuclear structure and reaction information
can be obtained from experiments in which nuclear effects are excluded. The suppression of nuclear effects can be
accomplished by selecting bombarding energies below the Coulomb barrier or, if higher energies are desired, by
observing the breakup products at small forward scattering angles which (classically) correspond to large impact
parameters. Coulomb dissociation has been employed, e.g., to determine the 7 Be(p,γ)8B and 13 N(p,γ)14O cross
sections from the breakup of 8 B [7] and 14 O [8], respectively.
Applications of the Coulomb dissociation method are restricted to providing radiative capture reaction cross
sections on a nucleus in its ground state. Furthermore, the relative strength of the electromagnetic multipoles are
different in the radiative capture and the breakup processes; low-energy capture proceeds predominantly by E1
transitions, while higher-order contributions can play a signiﬁcant role in the dissociation. Since the principle of
detailed balance applies separately for each electromagnetic multipole order, additional measurements or calculations are required to extract the relevant multipole order. Additional complications, such nuclear contributions
to the breakup and ﬁnal-state effects, which can often be minimized by selecting a particular experimental set-up,
require further studies.

2.3 The Trojan-Horse method
The Trojan-Horse method [9] provides a mechanism for circumventing the Coulomb suppression in low-energy
charged-particle reactions, x + A → c + C, by selecting a reaction p + A → s + c + C with a composite projectile
consisting of the desired projectile and an additional fragment, p = x + s. The kinematic conditions are chosen
such that the fragment s can be considered a spectator to the reaction between x and A. Employing a DWBA
approximation in the description of the Trojan-Horse reaction and replacing the scattering wave function for the
c+ C system by its asymptotic form for radii larger than a suitably chosen cutoff radius Rc and by zero for r < Rc
(“surface approximation”) makes it possible to relate the measured three-body cross section to the desired twobody cross section. The method allows one to achieve very small relative kinetic energies between the “desired”
projectile x and the target A – the three-body (Trojan-Horse) cross section remains ﬁnite even for vanishingly
small relative energies between x and A. Not only does the Trojan-Horse approach avoid the problem of Coulomb
suppression that is present in low-energy charged-particle reactions, it can also be expected that electron screening
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effects are negligible in this approach. This makes it, in principle, possible to obtain information on the screening
effects by comparing the desired cross section extracted from a Trojan-Horse experiment to a directly measured
cross section; the difference between the cross sections are attributed to screening effects [10].
The exact relationship between the measured three-body and desired two-body cross sections is complicated
and requires several approximations. In typical applications of the method, only the energy dependence of the
cross section is obtained and the overall scale is normalized to direct-measurement data at higher energies [9].
For testing purposes it is useful to determine a particular desired cross section with the help of several different
Trojan-Horse measurements. Since Trojan-Horse experiments can be carried out in inverse kinematics, it is also
possible to study reactions involving unstable targets.
The Trojan-Horse method can be applied to a variety of nuclear reactions; unlike the ANC method or Coulomb
dissociation, it is not limited to radiative-capture reactions. For example, the astrophysically relevant cross
section for 7 Li(p,α)α has been extracted from a measurement of 2 H(7 Li,αα )n [10], the 3 He(d,p)4He cross
section was obtained from a 6 Li(3 He,pα)4 He experiment [11], and the 11 B(p,α)8 Be reaction was studied via
2
H(11 B,8 Bα)n [12]. The Trojan-Horse method was also applied to determine the low-energy nuclear scattering
cross section 12 C(α, α)12 C from the 6 Li(12 C,12 Cα)d reaction [13].

3 The Surrogate Nuclear Reactions approach
3.1 The full Surrogate treatment
The Surrogate nuclear reaction technique is an indirect method for determining the cross section for reactions
a + A → B ∗ → c + C that proceed through a compound nucleus (B ∗ ), a highly excited conﬁguration in statistical
equilibrium (see Figure 1). Formation and decay of a compound nucleus (CN) are, by deﬁnition, independent of
each other (for each angular momentum and parity value) and the cross section for the “desired” reaction can be
expressed as

σαCN (Eex , J, π) GCN
(1)
σαχ (Ea ) =
χ (Eex , J, π) .
J,π

Here α denotes the entrance channel a + A and χ represents the relevant exit channel c + C. The excitation energy
of the compound nucleus, Eex , is related to the projectile energy Ea via the energy needed for separating a from
B: Ea = Eex −Sa (B). The formation cross section σαCN = σ(a+A → B ∗ ) can usually be calculated reasonably
well by using optical potentials, while the theoretical decay probabilities GCN
for the different channels χ are
χ
often quite uncertain. The objective of the Surrogate method is to determine or constrain these decay probabilities
experimentally.
b
a

D

A

“Desired” reaction

d

“Surrogate” reaction
B*

C
c

Figure 1: Surrogate reaction mechanism. The ﬁrst step of the desired reaction is replaced by an alternative
(“Surrogate”) reaction that populates the same compound nucleus. The subsequent decay of the compound nucleus
into the relevant channel is measured and used to extract the desired cross section.
In a Surrogate experiment, the compound nucleus B ∗ is produced via an alternative (“Surrogate”), direct
reaction d + D → b + B ∗ and the decay of B ∗ is observed in coincidence with the outgoing particle b. The
probability for forming B ∗ in the Surrogate reaction (with energy Eex , angular momentum J, and parity π) is
FδCN (Eex , J, π), where δ denotes the entrance channel d+D. The quantity

Pδχ (Eex ) =
FδCN (Eex , J, π) GCN
(2)
χ (Eex , J, π) ,
J,π

131

which gives the probability that the compound nucleus B ∗ was formed with energy Eex and decayed into channel χ, can be obtained experimentally. The direct-reaction probabilities FδCN (Eex , J, π) have to be determined
theoretically, so that the branching ratios GCN
χ (Eex , J, π) can be extracted from the measurements. In practice,
the decay of the compound nucleus is modeled and the GCN
χ (Eex , J, π) are obtained by ﬁtting the calculations to
reproduce the measured decay probabilities and subsequently inserted in Eq. (1) to yield the desired cross section.
A full treatment of a Surrogate experiment is challenging: It involves taking into account differences in the angular momentum J and parity π distributions between the compound nuclei produced in the desired and Surrogate
reactions, as well as their effect on the decay of the compound nucleus. Predicting the J π distribution resulting
from a Surrogate reaction is a nontrivial task since a proper treatment of direct reactions leading to highly excited
states in the intermediate nucleus B involves a description of particle transfers, and inelastic scattering, to unbound
states. Modeling the compound-nuclear decay requires a proper description of structural properties of the reaction
products (level densities, branching ratios, internal conversion rates), plus a ﬁssion model for cases which involve
that decay mode. Furthermore, applications of the Surrogate technique outside the valley of stability will require
microscopic approaches to optical models and level-density prescriptions which can be extrapolated to the region
of interest. The experimental determination of the probabilities Pδχ (E) requires the number of δ−χ coincidences
between the outgoing particle b and the relevant reaction channel χ = c + C, as well as the total number of
Surrogate reaction events (i.e. events which produce B ∗ in the Surrogate reaction). This, in turn, implies that the
effects of target contaminants need to be minimized and that the decay channel χ can be clearly identiﬁed (e.g.,
from ﬁssion fragments or characteristic gamma rays). Since the Surrogate approach assumes that formation and
decay of the intermediate nuclear state are independent of each other (apart from conserving constants of motion),
it becomes important to estimate the probability that an equilibrated intermediate (i.e. compound) nucleus is actually formed in a particular reaction. The Surrogate method needs to be carefully tested; cross sections extracted
from Surrogate benchmark experiments need to be compared to direct measurements and to results from other
Surrogate experiments which aim at determining the same “desired” reaction.
The Surrogate method is very general and can in principle be employed to determine cross sections for all
types of compound-nucleus reactions on a large variety of nuclei; its greatest potential value lies in applications to
reactions on unstable isotopes. To date, most applications have focused on determining cross sections for neutroninduced ﬁssion for various actinides [14, 15, 16]. Early applications used (t,pf), (3 He,d), and (3 He,t) Surrogate
reactions to determine (n,f) cross sections for Th, Pa, U, Pu, Np, Pu, Am, Cm, Bk, and Es [14]. More recently,
Petit et al. studied (3 He,x)232 Th, with x = p, d, t, α, and obtained ﬁssion cross sections for 230 Th, 231 Pa,
and 233 Pa [15]. With few exceptions [16], the majority of theses studies makes use of the Weisskopf-Ewing
approximation to the full Surrogate approach. This approximation is considered in the next subsection.

3.2 The Weisskopf-Ewing approximation
The Hauser-Feshbach expression for the desired cross sections, Eq.1, conserves total angular momentum J and
parity π. Under certain conditions the branching ratios GCN
χ (Eex , J, π) can be treated as independent of J and π
and the cross section simpliﬁes to
WE
σαχ
(Ea ) = σαCN (Eex ) GχCN (Eex )
(3)

where σαCN (Eex ) = Jπ σαCN (Eex , J, π) is the reaction cross section describing the formation of the compound
nucleus at energy Eex and GχCN (Eex ) denotes the Jπ-independent branching ratio for the exit channel χ. This is
the Weisskopf-Ewing limit of the Hauser-Feshbach theory [17]. It provides a simple and powerful approximate
way of calculating cross sections for compound-nucleus reactions. In the context of Surrogate reactions, it greatly
simpliﬁes the application of the method: It becomes straightforward to
obtain the Jπ-independent branching ratios
GχCN (Eex ) from measurements of Pδχ (Eex ) [= GχCN (Eex ), since Jπ FδCN (Eex , J, π) = 1] and to calculate
the desired reaction cross section. Calculating the direct-reaction probabilities FδCN (Eex , J, π) and modeling the
decay of the compound nucleus are no longer required.
Most applications of the Surrogate method so far have been based on the assumption that the Weisskopf-Ewing
limit is valid for the cases of interest. Here we present a test of this assumption for the 235 U(n,f) reaction. While the
branching ratios GCN
χ=f ission (Eex , J, π) cannot be directly measured in a ﬁssion experiment, they can be extracted
from a calculation of the (n,f) cross section and their Jπ-dependence can be studied. To this end, we simulated
a nuclear reaction. We extracted the branching ratios from a full Hauser-Feshbach calculation of the 235 U(n,f)
reaction that was calibrated to an evaluation of experimental data. The model used a deformed optical potential
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and the level schemes, level densities, gamma strength functions, ﬁssion-model parameters, and pre-equilibrium
parameters were adjusted to reproduce the available data on n-induced ﬁssion for energies from En = 0 to 20
MeV. The result of the ﬁt is shown in Figure 2a. We took the extracted GCN
f ission (Eex , J, π) values to represent
the “true” branching ratios. Figure 2b gives the results for the 235 U(n,f) reaction for ﬁssion proceeding through
positive parity states in the compound nucleus 236 U. We observe that the branching ratios exhibit a signiﬁcant Jπ
dependence. In particular, for low neutron energies, En = 0 − 5 MeV (En = Eex (236 U ) − Sn (236 U ), where Sn
is the neutron separation energy in 236 U ), the GCN
f ission (Eex , J, π) differ in both their energy dependence and their
magnitude for different Jπ values. With increasing energy, the differences decrease, although the discrepancies
become more pronounced near the thresholds for second-chance and third-chance ﬁssion. The branching ratios for
negative parity states (not shown) are very similar. It is clear that for low energies (below 3 MeV) the WeisskopfEwing approach is not a good approximation, while the energy regime above 5 MeV merits further study.

Figure 2: a) Calculated 235 U(n,f) cross section, calibrated to experimental data (“Eval”). Shown are the contribution to the total ﬁssion cross section from 1st, 2nd, and 3rd chance ﬁssion. b) Calculated branching ratios
236
U (following n+235 U). Results are shown for J π = 0+ , 5+ , 10+ , 15+ , 20+ .
GCN
f ission (Eex , J, π) for ﬁssion of
These results illustrate an important point: It is not a priori clear whether the Weisskopf-Ewing limit applies
to a particular reaction in a given energy regime. E.g., restricting one’s consideration to reactions induced by
neutrons with kinetic energies above several MeV does not guarantee the validity of the Weisskopf-Ewing limit. If
the states that are populated in the compound nucleus before the decay have large angular momenta, the condition
J  σcutoff required for the Weisskopf-Ewing limit to be a good approximation to Hauser-Feshbach [17] is no
longer satisﬁed and the branching ratios may depend on Jπ . Furthermore, the Weisskopf-Ewing assumption
breaks down near the threshold for second-chance and, to a lesser degree, third-chance ﬁssion.
The quantity P
δχ (E), which is measured in a Surrogate experiment, can be calculated in our simulation:
CN
Pδ,f ission (Eex ) = J,π FδCN (Eex , J, π) GCN
f ission (Eex , J, π), where the Gf ission are the extracted ﬁssion branchCN
ing ratios and Fδ (Eex , J, π) denotes the probability for populating compound nuclear states in the relevant Surrogate reaction. For the purpose of a sensitivity study, we chose the three probability distributions shown in FigWE
CN
CN
ure 3a. Calculating the desired ﬁssion cross section via the formula σ(n,f
) (Eex ) = σn+target (Eex ) Gf ission (Eex )
then corresponds to a Surrogate analysis in the Weisskopf-Ewing approximation. The compound-nucleus formaCN
tion cross section σn+target
(Eex ) was taken to be the one that was used for the ﬁt shown in Figure 2a.
235
Results for the U(n,f) cross section obtained from the simulated Surrogate experiment are compared to each
other and to the “reference” cross section in Figure 3. We observe that the inferred cross sections are too large,
by about 40% for energies above 5 MeV and up to a factor of two for smaller energies. The inﬂuence of the spinparity distribution in the compound nucleus on the extracted cross sections is signiﬁcant; again, this reﬂects the
fact that the Weisskopf-Ewing approximation is deﬁcient at low energies (below about 3 MeV) when not enough
channels are open and at higher energies when the spin-parity distribution extends to values signiﬁcantly higher
than the spin-cutoff parameter in the level densities in the decay channels.
Some recent Surrogate experiments [18] have employed a “Surrogate Ratio” approach: the experiments measured the ratio R = σα1 ,χ1 /σα2 ,χ2 of the cross sections of two compound-nuclear reactions, ai + Ai → Bi∗ →
ci + Ci (i = 1, 2), using the Surrogate method under the assumption that the Weisskopf-Ewing approximation is
valid. An independent determination of the cross section σα2 ,χ2 was then used to deduce σα1 ,χ1 . A simulation
analogous to the one employed above indicates that this method has some advantages (and might lead to some
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Figure 3: a) Distributions of total angular momentum for the compound nucleus considered. The mean angular
momentum is J = 7.03, 10.0, and 12.97 for distributions a, b, and c, respectively; positive and negative parities
are taken to be equally probable. The distributions were chosen solely to perform a sensitivity study. b) WeisskopfEwing estimates of the 235 U(n,f) cross section, using the distribution of angular momenta shown in Figure 3a. The
crosses represent the “reference” 235 U(n,f) cross section from the ﬁt.
improvements) over simply using the Weisskopf-Ewing approximation in the manner discussed above [19].

4 Summary
We have brieﬂy reviewed several indirect approaches that have recently been employed to obtain cross sections
for reactions that are difﬁcult to measure directly. The primary focus of the discussion has been on the Surrogate
Nuclear Reaction method. The sample calculations presented here indicate that further work is required to move
from earlier, approximate implementations of the method to a more complete treatment. Both theoretical work
and benchmark experiments are needed in order to assess the range of its applicability.
This work was performed under the auspices of the U.S. Department of Energy by the University of California,
Lawrence Livermore National Laboratory (LLNL) under contract No. W-7405-Eng-48. Partial funding was
provided by the Laboratory Directed Research and Development Program at LLNL under project 04-ERD-057.
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Abstract
A recent experiment using a transfer reaction technique has been performed to determine the neutron-induced
ﬁssion cross sections of very short-lived minor actinides as 242,243,244 Cm and 241 Am which are generated in
the nuclear wastes of the current U-Pu fuel cycle. This indirect method has been already applied with success
for the determination of the neutron-induced ﬁssion and capture cross section of the 233 P a, a key nucleus for
the 232 T h −233 U fuel cycle. These cross section measurements are highly relevant for the design of reactors
capable to incinerate minor actinides. The ﬁrst results will be illustrated.

1 Introduction
Minor actinides (Np, Am and Cm isotopes) are produced by successive neutron captures, alpha and beta decays
starting from 238 U in the current U-Pu cycle. These nuclei represent one of the most harmful nuclear waste
as they are strong neutron and alpha emitters with speciﬁc activities in some cases of the order of 109 Bq/mg.
At present, two different strategic approaches are proposed for minor actinides waste disposal: direct disposal
without any reprocessing and spent fuel reprocessing with the aim of optimised extraction of minor actinides and
their incineration. Incineration amounts for the transmutation of minor actinides into less radiotoxic or short-lived
species by neutron-induced ﬁssion reactions.
The reliable design of reactors for incineration requires an accurate knowledge of minor actinides cross sections in a fast neutron ﬂux. However, in the particular case of the Cm isotopes, the available data are rather scarce.
For instance, the only available data for the 242 Cm are the cross-section measurements for ﬁssion induced by
neutrons with energies of 0.1-1.4 MeV performed by Vorotnikov et al. in 1984 [1], no data are available for other
decay channels as 242 Cm(n, γ), 242 Cm(n, n ), 242 Cm(n, 2n), etc. The reason for this lack of data is the short
half-life of 242 Cm (162.94 days) which makes it very difﬁcult to produce and to manipulate targets of this specie.
The experimental technique we present here allows overcoming these difﬁculties. This indirect method, which
was developed in the 70s by Cramer et al. [2] consists of measuring the decay probability of a compound nucleus
(e. g. ﬁssion or radiative capture) produced via a few-nucleon transfer reaction. The transfer reaction chosen
is such that the resulting nucleus has the same mass A and charge Z as the compound nucleus that would be
formed if a neutron would be directly absorbed by the minor actinide. The neutron-induced ﬁssion cross section
is then deduced from the product of the measured ﬁssion probability and the compound nucleus cross section
obtained from optical model calculations[3]. One may wonder whether the compound nucleus states populated
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Transfer channel
reaction

Equivalent neutron-induced
reaction

243

Am(3 He,p)245 Cm
Am(3 He,d)244 Cm
243
Am(3 He,t)243 Cm
243
Am(3 He,4 He)242 Am

244

Cm(n,f)
Cm(n,f)
242
Cm(n,f)
241
Am(n,f)

243

243

Table 1: Transfer channels investigated in the reaction 3 He +
ﬁssion reactions.

243

Am and the corresponding neutron-induced

by neutron absorption and transfer reactions are the same. In fact, model calculations [4] show that for neutron
energies below 2 MeV the average value of the angular momentum distributions populated via neutron absorption
is approximately one or two units lower than the average angular momentum induced in transfer reactions [5],
this difference becoming smaller with increasing neutron energy. This means that in neutron-induced ﬁssion reactions low-lying transition states might be populated that are not accessible via transfer reactions and vice-versa.
Therefore, one could expect to ﬁnd some difference between ﬁssion induced by these two reactions mechanisms at
the ﬁssion threshold. However, the comparison between experimental neutron-induced ﬁssion cross sections and
transfer-induced ﬁssion cross sections shows a very good agreement at the ﬁssion threshold. This concordance
may be due to a lack of resolution. At higher excitation energies the ﬁssion probability is anyway not too much
sensitive to the angular momentum as illustrated by the scaling laws of the ratio ΓΓnf determined by Vandenbosch
[6] and Gavron [7].
Our group has already successfully applied this technique to determine the neutron-induced ﬁssion [8] and
capture [9] cross sections of 233 P a via the transfer reaction 232 T h(3 He, p)234 P a. The 233 P a plays a fundamental
role in the Th/U cycle but up to this measurement the only data available for this nucleus were rather inaccurate. In
a recent experiment we have applied the transfer reaction method to determine the neutron-induced ﬁssion cross
sections of 242,243,244 Cm and 241 Am up to 10 MeV neutron energy. Besides the relevance of these ﬁssion data for
the design of reactors capable to incinerate minor actinides, the comparison of the measured cross sections with
model calculations will allow determining fundamental ﬁssion parameters and investigating low-lying transition
states which are not well known for these short-lived nuclei. In addition, once the model parameters are ﬁxed,
cross sections that are hardly measurable as (n, γ) and (n,n’) can be predicted.

2 EXPERIMENT
In this experiment, the access to neutron-rich Cm isotopes via few-nucleon transfer reactions with a light projectile
as 3 He implied the use of a 30 mg 243 Am target. This target was prepared at the Argonne National Laboratory and
was deposited on a 75 mg/cm2 carbon backing. The 3 He beam at 30 MeV was provided by the Tandem accelerator
at the IPN Orsay. The 3 He-induced transfer reactions on the 243 Am target lead to the production of various
ﬁssioning nuclei. The nature (mass and charge) of the light particle ejected signalised the formation of a given
residue. Table 1 lists the different transfer channels available in the present experiment and the corresponding
neutron-induced reactions that this indirect method will allow to ´’reconstruct´’.
Table 1 illustrates the advantage of the transfer reaction technique with respect to the standard direct method:
the simultaneous access to several transfer channels allows determining neutron-induced ﬁssion cross sections of
various nuclei from just one projectile-target combination.

138

Figure 1: Experimental set-up for ﬁssion probability measurements of nuclei formed via transfer reactions.

3 Experimental Set-up
The detection set-up used to determine the ﬁssion probability of the different compound nuclei formed after the
transfer reaction is displayed in ﬁgure 1. Two Si telescopes placed at 90 and 130 degrees with respect to the
beam axis served to identify the light charged particles emerging from the transfer reaction. If the corresponding
compound nucleus would ﬁssion, one of the ﬁssion fragments is detected in coincidence with the light particle by
means of a ﬁssion-fragment multidetector. This multidetector is designed to achieve a large efﬁciency for ﬁssion
fragment angular distribution measurements. It consisted of 15 photovoltaic cells distributed among 5 units, each
unit consisting of 3 cells placed in vertical position one above the other. All the units were situated normal to
the reaction plane deﬁned by the two telescopes and the beam axis. Four units were placed at forward direction
with a covering angle from 14 to 125 degrees. In order to add a point at backward angles to the measured angular
distribution, the ﬁfth unit was positioned at 180 degrees from the foremost unit. The solid angle subtended by this
ﬁssion multidetector is of around 48% of 4π. More details on the experimental set-up can be found in reference
[8].

4 Fission Probability
The Si telescopes allowed identifying the light charged particles and determining their kinematics parameters
(energy and angle). With this information and the related Q-values, we could determine the excitation energy E*
of the corresponding compound nuclei. Figure 2a) shows the identiﬁcation plot representing the energy loss versus
the residual energy measured in one of the telescopes. The typical hyperbolas corresponding to the different lightcharged particles can be well distinguished. By selecting one type of light particle, for example tritons t, we can
construct the spectrum represented by the solid line in ﬁgure 2b), the so-called ´’singles´’ spectrum. This spectrum
represents the number of tritons, i. e. the number of 243 Cm nuclei, Nsing , as a function of their excitation energy.
The broad resonances at the highest excitation energies stem from transfer reactions on the carbon backing and
on 16 O impurities in the target. The singles spectrum has been extrapolated under these peaks introducing an
additional source of uncertainty. If we now select the tritons detected in coincidence with a ﬁssion event, we
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Figure 2: a) Identiﬁcation plot representing the energy loss versus residual energy in one of the Si telescopes. b)
Number of events in the triton channel reaction compared to those in coincidence with the ﬁssion fragments as a
function of the excitation energy of the corresponding nucleus 243 Cm.
obtain the spectrum represented by the dashed line in ﬁgure 2b) which represents the number of 243 Cm nuclei
that ﬁssion, Ncoinc . For each excitation energy bin we can then determine the ratio between the ﬁssion events
spectrum (dashed line) and the compound nucleus spectrum (full line). This ratio corrected for the ﬁssion detector
efﬁciency Eff(E*) gives the ﬁssion probability of 243 Cm as a function of the excitation energy:
Pf (E∗) =

Ncoinc (E∗)
Nsing (E∗) ∗ EF F (E∗)

(1)

As was stated before, the geometrical efﬁciency of the ﬁssion detector is of approximately 48%. However, for
ﬁssion induced by neutrons or light charged particles, the ﬁssion-fragment angular distributions can be forward
peaked. The anisotropy depending on the recoil angle of the ﬁssioning system, and thus, on its excitation energy.
Therefore, we should actually talk about an effective detection efﬁciency that includes not only the geometrical
effects of the ﬁssion detector but also the fragment angular distribution effects. Our ﬁssion detector allows measuring the angular distribution anisotropy, with this information and a Monte-Carlo simulation it is possible to
calculate the effective efﬁciency.
The effect of the angular anisotropy on the detector efﬁciency has not yet been determined, thus our data have
only been corrected for the geometrical efﬁciency. Nevertheless, the angular distribution effect is expected to
be smaller than 10%. Up to now we have analysed the deuton, triton and alpha channels which correspond to
the ﬁssion probabilities of 244 Cm, 243 Cm and 243 Am, respectively. The preliminary results are shown in ﬁgure
3. Error bars in these spectra represent statistical errors as well as uncertainties due to the subtraction of the
contaminant peaks. As shown in ﬁgure 3, all our measurements extend up to the onset of second-chance ﬁssion.
None of the existing neutron-induced ﬁssion data for 242 Cm go so far in excitation energy. The 244 Cm ﬁssion
probability will allow to reconstruct the neutron-induced cross section 243 Cm(n, f ). The 243 Cm is a ﬁssile
nucleus and the neutron binding energy Bn of the compound nucleus 244 Cm is higher than its ﬁssion barrier.
Therefore, neutron-induced ﬁssion of this nucleus doesn’ t allow exploring the ﬁssion threshold. As shown in
ﬁgure 3b) the transfer reaction used makes the ﬁssion threshold of 244 Cm accessible. The ﬁssion probability
of 242 Am is of great importance as the existing data of the corresponding neutron-induced ﬁssion cross section
241
Am(n,f) will serve to validate our method.
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Figure 3: Preliminary ﬁssion cross section of 242 Cm and 241 Am nuclei as a function of the neutron energy.

5 Model Calculations
Once the neutron-induced cross sections will be reconstructed, they will be compared with model calculations.
This comparison will allow to extract fundamental ﬁssion parameters like the ﬁssion barrier heights and curvatures, several parameters related to the level densities (e. g. pairing gaps over the two ﬁssion barriers) and the
energies of the low-lying transition states. The latter are particularly interesting as for the presently investigated
Cm isotopes they are not yet well known. Moreover, once the model parameters are ﬁxed, the calculations can be
used to predict the neutron-induced cross sections of several competing decay channels as (n, γ) and (n,n’) which
are very difﬁcult to measure.
Our calculations are based on the statistical model. After absorption of a neutron of incident energy En the
compound nucleus is formed in a certain nuclear state characterised by a given total angular momentum J and
parity π. This nucleus can then decay by ﬁssion, neutron and gamma emission. Lately, the model has been
extended to take into account second-chance ﬁssion and two-neutron emission. The different neutron-induced
decay cross sections can be written as:
σi (En ) =



σCN (En , J, π)Pi (En , J, π)

(2)

J,π

where σCN (En , J, π) represents the compound nucleus formation cross section and Pi (En , J, π) is the probability for a certain decay channel i. The probability for ﬁssion, neutron and gamma decay channels are calculated
by dividing the corresponding partial decay width Γi by the total partial decay width ΓT . Each partial decay width
is obtained by summing up over the available nuclear states of the ﬁssioning/residual nucleus. The integration is
done over both the low-energy discrete nuclear states and the nuclear states in the continuum. In the particular
case of the ﬁssion decay width, the traversing of the double-humped ﬁssion barrier is taken into account. More141

over, for even compound nuclei, ﬁssion may occur through low-lying discrete transition states located on the top
of the barriers. The model has been recently modiﬁed to include the contribution to ﬁssion from these states.
Besides, the probability for second-chance ﬁssion Pn,f and two-neutron emission P2n has been incorporated in
the following way:
   
Γn
Γf
(3)
Pnf =
ΓT A ΓT A−1
   
Γn
Γn
(4)
P2n =
ΓT A ΓT A−1
where Γf and Γn represent the ﬁssion and the neutron-decay width, respectively. The determination of the partial widths requires the computation of level densities at different deformations of the ﬁssioning systems (ground
state and barriers) as well as at the ground state of the residual nuclei. For this purpose, we have used the phenomenological prescription of Ignatyuk et al.[10]. The key parameter in the level density description is the level
density parameter a. For this quantity we have used the description of reference [11] which includes the dependence of the level density parameter with deformation, shell effects and excitation energy. The effect of collective
enhancement in the level density is included as established by Bohr and Mottelson[12]. More details on the model
calculations can be found in references [13]. As shown in ref. [8], the experimental neutron-induced ﬁssion cross
section of 233 P a was compared to the present model. This comparison enabled the determination of previously
unknown ﬁssion barrier parameters of 234 P a and the prediction of the 233 P a(n, γ) cross section. Later, this
neutron-induced capture cross section was experimentally determined in reference [9] using the same transfer
reaction technique. The good agreement between the experimental capture cross section and the model prediction
conﬁrms the quality of the model calculations.

6 Conclusion
The design of nuclear reactors capable to incinerate minor actinides requires a good knowledge of neutron-induced
cross sections of Cm and Am isotopes. However, the enormous speciﬁc activity of these nuclei considerably complicates the direct measurement of these cross sections. Recently, we have performed an experiment to determine
the neutron induced-ﬁssion cross sections of 242,243,244 Cm and 241 Am using an indirect technique. This technique is based on the use of transfer reactions and its validity has been conﬁrmed by previous experiments. The
preliminary results for the ﬁssion cross scetion of 242 Cm and 241 Am nuclei have been presented. The ﬁnal data
will be compared to model calculations based on the statistical model. This comparison will allow to determine
several fundamental ﬁssion parameters and predict neutron-induced cross sections as (n,γ), (n,n’) which are otherwise very complicate to measure.
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Abstract
In the next 10-15 years, signiﬁcant developments of possible importance to evaluators of nuclear data will
take place in experimental facilities, techniques, personnel and regulatory environments. Improved facilities
based on spallation neutron sources will allow the study of smaller samples so that radioactive isotopes can
be used as targets, thereby providing data to test nuclear reaction models for nuclides away from the valley
of stability, e.g. ﬁssion product nuclides. Improvements in detector arrays and data acquisition systems will
make possible more data, relevant to applied programs as well as to basic science, on the correlation of radiations emitted from radioactive decay or following neutron-induced reactions. High-resolution measurements of
gamma rays will provide new data on reactions, and the interpretation of the data will require an even closer
interaction between nuclear-reaction and nuclear-structure specialists. Certain areas of experiments will need
to face serious challenges including the de- emphasis of monoenergetic sources, improvements in cross section
standards of conventional as well as new types, availability of well-characterized and pure isotopic samples, measurement of inelastic scattering cross sections, creation of a new generation of experimentalists, and increasingly
strict regulations governing experimental work.

1 Introduction
The continuing signiﬁcant progress in the application of nuclear techniques depends on equally signiﬁcant improvements in nuclear data, and many of the advances in the databases rest on innovations in nuclear experimental
capabilities and techniques. In the near future, many further advances can be expected. It is the aim of this report to forecast some of the improvements that could be of importance to constructing more accurate and more
wide-ranging evaluated databases. But like other predictions, this one certainly will be incorrect at least in some
regards.
One question that must be addressed is what sort of measurements and what accuracies will be needed by the
evaluators. Certainly, measurements of conventional quantities such as ﬁssion cross sections, nu-bar, capture-toﬁssion ratios on major actinides will be of interest. There must be some limit beyond which improvements in the
accuracy (e.g. covariances) of the data will not help the applications, such as reactor design, where the properties
of the as-used materials and the calculational models also have limitations due to inherent uncertainties. This
question might well be answered by the forthcoming support for these experiments: if a certain accuracy is
viewed as good enough, the interest in funding future experiments will go away. As applications change, e.g.
in reactor design, however, new requirements are likely. We can hope that the agencies that give support for a
particular application will be sufﬁciently far-sighted to recognize these future needs and will support extensions
of measurements to that the future needs will be addressed, while the experimenters and facilities are ”still in the
business.”
A second question is what range of energies (incident neutrons, resolved resonances, excitation energies of
resolved states, etc.) and what range of nuclides need to be covered in the evaluations. For example, several ﬁssion
product nuclides have been the subject of recent data evaluations. There are however many more such nuclides.
How many need to be evaluated? Because there are very few experimental cross section studies on any of these
nuclides, which should be studied ﬁrst? Is it important that some of the nuclides and some of the reactions will

145

Figure 1: Neutron source spectra from LANSCE, ORELA, and n TOF. The LANSCE-Lujan spectrum (diamonds)
is from measurements at Flight Path 14 at the MLNSC with 100 μA on target; that of WNR-30deg (horizontal
bars) is the spectrum at the 30-degree ﬂight path at LANSCE/WNR with 4 μA on target; the LSDS results (small
dots) were transformed from neutrons/cm2 to neutrons/sr assuming an equivalent source-sample distance of 6
meters. The spectra from ORELA (squares for both moderated and unmoderated targets) were reported in [1].
The data for n TOF (circles) are from [2].
perhaps never be studied because of experimental limitations of sample availability, high radioactivity, regulatory
restrictions, and the general difﬁculty of working with radioactive samples.
A forecast of the answers to these questions is beyond the scope of this report. Instead, I will try to give a
personal view of the tools and techniques that will probably be available for measurements of neutron-induced
nuclear processes in the near future. Included are neutron sources, detectors and arrays, data acquisition and
storage, and standards; not included are many of the integral experiments, such as critical assemblies. I concentrate
here on neutron sources and detectors at LANSCE, with which I am most familiar. Others at this Workshop will
focus on their facilities and program. These listings are certainly incomplete, but I hope that they bring out some
of the future possibilities and that they will encourage dialog among theorists, evaluators and experimentalists.

2 Neutron Sources
Neutron sources for studying neutron reactions as a function of energy are monoenergetic, quasi-monoenergetic,
or continuous in energy (also known as “white”). All have been used very productively over many decades to shed
light on nuclear reactions and to provide nuclear data for applications. In the past few years, major improvements
have been made in improving and utilizing “white” neutron sources and future improvements are likely. The
following remarks will emphasize the sources used by the author at the Los Alamos Neutron Science Center
(LANSCE).
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General purpose, “white” neutron sources are based on spallation reactions of protons on heavy metal targets
or on electron linacs that produce photoneutrons from bremsstrahlung. The sources can be bare or moderated,
the latter serving to reduce the neutron energy range to lower energies. A comparison of source strengths for
some of the well-known facilities is shown in Fig. 1. The sources include the n TOF facility at CERN, the
Oak Ridge Linear Accelerator (ORELA) with a variety of target conﬁgurations, and two facilities at LANSCE:
the WNR unmoderated source and the Lujan Center (MLNSC) moderated neutron source. Many details go into
such a comparison, and the interested experimentalist is highly advised to learn about them before choosing the
preferred facility for a particular experiment.
Many future developments are proposed for these and other facilities. In Japan, a high-intensity spallation
facility named J-PARC is under construction. This extensive facility will have areas specially designed for neutron
reaction studies. At the spallation neutron source (SNS) at Oak Ridge, a beam line for such experiments has been
proposed. At n TOF, improvements in the capabilities include a proposed new beam line with experiments at
20 meters from the source. The ORELA facility is undergoing refurbishment. The LANSCE accelerator is also
proposing a refurbishment and modernization program. Thus these and other general-purpose facilities will soon
offer improved capabilities and reliabilities.
New implementation of older technologies will also offer attractive possibilities for experiments. The concept
of a lead slowing-down spectrometer dates back 50 years [3]. Recently these spectrometers have been installed at
LANSCE [4] and at the Moscow Meson factory [5], where, in both cases, they are driven by spallation neutron
sources, which is a new development in that former LSDS’s were driven by other neutron sources such as produced
by electron linacs, D-T generators, and van de Graaffs. As shown in Fig. 1, the neutron ﬂux in the LSDS driven
by pulses of 800 MeV protons from the Proton Storage Ring at LANSCE increases the neutron ﬂux by 3 to 4
orders of magnitude in the energy range of 1 eV to 100 keV. The downside is that the energy resolution of these
spectrometers is very poor, being at best about 30% in DE/E. They are the instruments of choice, however, if
the measurement cannot be made any other way because the sample sizes or the cross sections are too small.
One example is the ﬁssion cross section of the 26-minute isomer of 235 U. This isomer is populated in the alphadecay of 239 Pu, with a concentration in secular equilibrium of 2 *10−9 . Thus one needs a large quantity (10’s
of grams) of 239 Pu to obtain only 10’s of nanograms of the isomer. After separation efﬁciencies and decay times
are considered, the amount of the isomer at the beginning of the measurement is 10 nanograms or less. We are
attempting to make a measurement of the ﬁssion cross section of the isomer in the next year to test theoretical
calculations [6][7].

3

Detectors and arrays

Nearly all of the detectors we use today were invented decades ago. Thus they are in no sense “new”, and we
should not expect a revolution such as happened when high-resolution germanium gamma-ray detectors became
available in the 1960’s. Many of the present-day advances that will offer better data, and in fact new types of data
to evaluators, are based on arrays of detectors. With more detectors in a single experiment, the data collection rate
is higher and information such as angular distributions can be obtained in a single run. In addition, coincidence
data can be obtained, often for the ﬁrst time, and this type of data can be used to reduce backgrounds and to test
reaction models that predict correlations of emitted radiations from the reaction. Below are listed a few of the
detector arrays used at LANSCE.

3.1

GEANIE

The Germanium Array for Neutron-Induced Excitations (GEANIE) has been developed over the last 10 years to
measure gamma rays from neutron-induced reactions. The array consists of 26 High Purity Germanium Detectors
(HPGe). Much nuclear structure information has been obtained from the measurements, but the principal focus
has been on deducing certain cross sections from the gamma-ray yields. Reactions such as (n,2n), (n,3n), (n,n’)
to isomers and so forth are studied. An introduction to this technique is given in Ref. [8], which justiﬁed the
construction of the GEANIE facility. In that case, nearly all of the (n,xn) reactions to even-even residual nuclei
populated states that decay through the ﬁrst 2+ state. Thus the (n,xn) cross section to a particular residual nucleus
was very well represented by the yield of the 2+ -to-ground state gamma-ray transition. This is not always the case
for other residual nuclides, however, and nuclear structure information needs to be invoked. With careful attention
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to structure and branching ratios, one can deduce the (n,xn) cross sections in many cases. Of particular note is
the measurement of the 239 Pu(n,2n)238Pu cross section [9], which cleared up a long-standing discrepancy in the
literature.
GEANIE has undergone extensive modiﬁcations since its installation, but it has not been upgraded in the last
6 years. Additions of higher-efﬁciency detectors of the clover-type would greatly enhance the capability to make
gamma-gamma coincidence measurements, which are essential in many experiments to eliminate contaminant
gamma-ray lines. A new structure is required to support these new detectors, many of which are already available.

3.2

FIGARO

The Fast neutron-Induced Gamma-Ray Observer (FIGARO) is an array of 20 liquid scintillator neutron detectors;
the event is triggered by a pulse from a ﬁssion chamber at the center of the array or from a gamma ray emitted
in the reaction. This array is used now to measure ﬁssion neutron spectra [10], ﬁssion neutron multiplicities [11],
and neutron emission from inelastic scattering [12].
The capabilities of FIGARO present a challenge to nuclear reaction model calculations to describe inelastic
scattering and other processes. The neutron emission can be triggered by individual discrete gamma rays, each
one originating in the decay of a level with its spin and parity. Thus the neutron emission measured is contingent
on the gamma-ray cascade going through the triggering level. This requirement of a coincident γ-ray indicates
the population of a level with speciﬁc spin and parity, information that should give insight into the distribution of
spins and parities of higher-lying states reached by neutron emission in the (n,n’) process. At present, nearly all
nuclear reaction model codes do not produce predictions for this type of contingent process.
The full design of this array is for 50 neutron detectors, which will increase the data rate signiﬁcantly.

3.3

DANCE

The Detector for Advance Neutron Capture Experiments (DANCE) [13][14] is a recently commissioned 4-π array
of BaF2 detectors that serve as a calorimeter to measure the total energy emitted as gamma rays following a neutron
capture reaction. Neutron capture on structural and other materials in the area can be discriminated against by the
total energy detected, which is nominally the Q-value of the reaction plus the incident neutron energy.
Because of the very high efﬁciency of this detector and the intense neutron ﬂux at the Lujan Center, measurements of neutron capture on samples of 1 mg are routine. Thus we can expect a wealth of data from samples that
were previously very difﬁcult to measure. Neutron capture on actinides, where the activity level is high, and on
radioactive ﬁssion products is being studied in the neutron energy range from thermal to 100 keV.
Other information from DANCE includes multiplicity distributions and gamma-ray cascades. The former can
be used to infer spins of resonances in favorable cases [15]. The latter are being used to test models of gamma-ray
strength functions [16], a subject that is now of considerable interest and discussion.

4 Data Acquisition
Signiﬁcant advances are being made in data acquisition, and these should provide better data to the evaluators. One
very signiﬁcant development is the use of waveform digitizers, which are now being used at many laboratories.
The continuing improvement in speed of computers and the much lower cost of computers allow on-line signal
processing.
In the DANCE array, the signals from the 160 BaF2 detectors are analyzed by 320 channels of waveform
digitizers. Time, pulse-height, and pulse-shape shape information are extracted from all of the detectors that ﬁre,
and this work is accomplished in the 50 milliseconds between beam bursts. In the LSDS, waveform digitizers are
used to extract signals from the rapidly varying baseline that results as the detectors recover from saturation due
to the radiation “ﬂash” at the beam pulse time. At n TOF, the full waveform signals are stored for analysis at later
times. In all of these and other applications, all of the desired information from the detectors is captured in order
to produce more accurate results.
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5 Modeling
Designing experiments and interpreting the data depend crucially nowadays on Monte Carlo Modeling. There are
many examples of the use of GEANT and MCNPX simulations, such as in the design of the DANCE detector
[13][14]. The continuing improvements of these codes and the databases will lead to even better designs in the
future.

6 Cross Section Standards
Neutron-nuclear physics relies on measurements of standard, or reference, cross sections. Many of these standards
are well known and improvements in them are ongoing. Other secondary standards would be very helpful and
should be considered for the future. One of these is a gamma-ray production standard, such as Fe(n,γ=0.847
MeV), where newer data are resolving some of the long- standing problems [17]. Another secondary standard
would be for neutron- induced charged particle emission in the MeV range. Certainly the n-p elastic scattering
cross section is a desirable candidate, but that scattering does not produce any charged particles beyond 90degrees in the laboratory. Another reaction is desired. A third standard that greatly needs improving is a ﬁssion
cross section about 50 MeV incident neutron energy, such as 238 U(n,f). Presently available cross sections for this
and other ﬁssion reactions are signiﬁcantly discrepant in this energy range.

7 Radioactive targets and the Isotope Production Facility
The future of neutron-nuclear physics will certainly involve radioactive targets. Nearly all of our information on
nuclear reactions comes from experiments with stable targets. Modeling of reactions with nuclei off the valley
of stability is very uncertain due to lack of knowledge of the optical model, level densities, strength functions
and so forth for these nuclides. Yet these reactions are of great importance to assessing the possibilities for
transmutation of nuclear waste and to basic modeling of the formation of the elements in stars. Efforts to produce
these samples are continuing at reactors and are proposed for the recently commissioned Isotope Production
Facility at LANSCE. Each one of these samples requires specialized planning and techniques, and so the data
ﬂow from such experiments is expected to be slow.
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Abstract
In recent years it was shown that precise measurements of gamma-production cross sections for gammas
associated with inelastics scattering and (n,xn) reactions can be performed at a white spectrum time-of-ﬂight
facility. This ﬁrst of all leads to continuous energy excitation curves characteristic of the decay of excited
states in the residual nuclei. With enriched samples the different reaction channels leading to the same residual
nucleus are disentangled. At GELINA modern data-acquisition techniques have allowed access to the range
from threshold to 20 MeV with excellent incident energy resolution (1 keV at 1 MeV, 36 keV at 10 MeV). Since
typically for inelastic scattering excitation curves are measured of the decay of the ﬁrst 15-20 excited levels, these
experiments provide detailed information for the validation and optimisation of nuclear model calculations. The
relevant aspects are the optical model, direct and pre-equilibrium reactions, level densities, the discrete level and
decay scheme and gamma-ray strength functions. Examples will be shown for 209 Bi, 207 Pb and 208 Pb.

1 Introduction
The present data base for inelastic scattering and (n,xn) cross sections is considerably more limited than that for the
total, capture and ﬁssion cross sections. Nevertheless for a number of isotopes such cross sections are important
for future nuclear energy (GenIV) and nuclear waste transmutation options (e.g. ADS). Sensitivity studies indicate
stringent requirements ( 5% accuracy) for the inelastic cross section of the most important isotopes [1, 2, 3]. Over
the years it has proven difﬁcult to meet this accuracy goal experimentally. Furthermore, it has been difﬁcult to
realise measurements for which the impact of resonance structure and cross section ﬂuctuations can be assessed
[4, 5].
Recently, in Geel a new setup was developed for the measurement of gamma-rays produced by (n, xnγ)
reactions at 200 m station of Flight Path 3 of the white spectrum time-of-ﬂight facility GELINA (x ≥ 1, [6]).
Gamma-production cross sections are obtained from threshold to 20 MeV with excellent energy resolution (1 keV
at 1 MeV, 36 keV at 10 MeV). Such distributions are quasi-continuous and meet the desired goal of 5% for the
strongest transitions. This accuracy is propagated to the deduced inelastic cross section to the extent that we are
able to account for all excited levels with signiﬁcant direct transitions to the ground state.
The energy range above the (n, 2n) threshold can be exploited to provide gamma-production cross sections
for that process. This was ﬁrst shown for 207 Pb in the context of the n TOF project [7].
Below a short overview is presented of the results that were obtained. This is illustrated with examples. Some
indications will be given about the implications of these new abilities for the near term future.

2 Experimental details
A full description of the measurement and data analysis methods was presented in Ref. [6]. Currently, the setup
consists of four high purity germanium detectors (HPGe) of 85% to 100% relative efﬁciency that view the sample
at angles of 110◦ and 150◦ degrees. The setup is placed at the 200 m station of ﬂight path 3 of the GELINA facility.
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Figure 1: Differential cross sections for the gamma-ray emitted in the decay of the ﬁrst excited state of
following inelastic scattering.

208

Pb

The fast spectrum is used that results from U (γ, xn) and U (γ, F ) reactions induced by electron-bremsstrahlung
with an average electron energy of 100 MeV. The electron accelerator produces bursts of less than 1 ns fwhm.
About 4 · 101 0 neutrons per burst are obtained with a repition rate of 800 bursts per second. Absolute efﬁciencies
are obtained using point source calibrations that ﬁx a detector model for Monte Carlo simulations that account for
sample attenuation and source and detector size effects. Flux is measured with a 235 U ﬁssion chamber (effective
thickness ∼3 mg/cm2 ) about 1.2 m upstream from the sample.
A particular feature of the setup is the angle-integration by means of a second order Gauss-quadrature method
specialised to even-degree polynomials. As shown in Fig. 1 signiﬁcant angular distributions may be exhibited
by important gamma-rays. Contrary to naive expectation, these persist until the binding energy despite of the
expected randomisation from compound nucleus decay and the low initial alignment induced by neutrons. Only
in the pre-equilibrium region do we observe a complete washing out of the orientation of the decaying levels. As
may be seen easily from the literature [8] it is not sufﬁcient to place just one detector at 55 or at 125 degrees since
in that case errors up to 13% may result for common transitions such as the 2+ → 0+ transition or the 3− → 0+
transition shown in the ﬁgure.
The present method uses the zeroes of the fourth degree Legendre polynomial and a corresponding set of
weights to obtain the angle integral in a way that is exact up to degree 6. Thus it covers all angular distributions
that may occur for dipole, quadrupole and octupole transitions. It was veriﬁed to an accuracy of better than 0.02%
that this method is not compromised by ﬁnite size effects in the present geometry using Monte Carlo simulations.
For the results shown below enriched samples were used for the isotopes of lead. Typical enrichments were
88% or better. These enriched samples were used to obtain clean separation of different (n, xnγ) channels leading
to the same ﬁnal nucleus.
As a consistency check the magnitude of the anisotropy ratio, deﬁned as the ratio of the 150◦ differential cross
section to that at 110 degree, was compared with results obtained previously for selected transitions of the isotopes
involved here at 4.1 MeV neutron energy. Good agreement was obtained with earlier relative measurements and
reasonable to good agreement with the corresponding theory [8].
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Table 1: Overview of the results for isotopes of lead and bismuth. Number of transitions for which gammaproduction cross sections were obtained (col. 2). Number of levels for which level cross sections were obtained
(col. 3). Maximum excitation energy for which decay gamma’s were observed (col.4). Number of gamma-rays
included in the construction of the inelastic cross section (col 5).
Isotope
Pb(n, n )
Pb(n, n )
208
Pb(n, n )
209
Bi(n, n )
206
Pb(n, 2n)
207
Pb(n, 2n)
208
Pb(n, 2n)
209
Bi(n, 2n)
208
Pb(n, 3n)
206
207

Number of
transitions
observed
25
15
33
39
2
4
5
7
1

Number of
levels
12
12
23
21

Ex,max
(MeV)
3.6
4.3
5.6
3.8
0.7
1.7
3.2
1.1
0.8

Transitions inelastic
cross section
3
6
5
13

3 Results
Table 3 summarises the gamma-production cross sections that have been measured at IRMM for the isotopes of
206,207,208
Pb and 209 Bi. Results are shown for the inelastic process, the (n, 2n) process and the 208 Pb(n, 3n)
reaction.
As shown in Ref. [6] the inelastic cross section is deduced from summing the fraction of the level population
cross sections that corresponds to the decay to the ground state. Levels for which no decay is observed and which
decay to the ground state will be omitted from this sum, so that in principle a lower limit is obtained as soon as
this is the case. In general we have found that for cases like 58 Ni, 52 Cr, 209 Bi and 208 Pb there are no such missing
levels in the ﬁrst few MeV of excitation energy. On the contrary for 206 Pb and 207 Pb there is an important isomer
in this range, while in addition for 206 Pb there is an excited low-lying 0+ state that decays predominantly by a E0
transition and for which no other decay gamma-ray is observed. All these levels involve a signiﬁcant part of the
cross section.

3.1 Examples
Fig. 2 shows the inelastic cross section for 209 Bi in the range from threshold to 18 MeV. As is shown by the
comparison with the TALYS model calculation [9] the measured cross section is remarkably close to the predicted value. Only in the region from 5 to 7.5 MeV incident neutron energy is there an indication of a possible
underestimation by the measurement. We are currently investigating if this could be caused by a set of levels that
selectively decays to the ground state. Such might be the case as a result of a so-called pygmy resonance, but is
generally not expected in the case of statistical compound nucleus decay. In contrast, in view of the above, we can
state with certainty that TALYS (somewhat) underpredicts the cross section in the range from 3 to 5 MeV.
As shown in Tab. 3, following the initial demonstration of the feasibility of gamma-production cross sections
measurements for the (n, 2n) process on 207 Pb several other such cases were found. These include reactions
where the end product is an odd mass nucleus and more remarkably an odd-odd nucleus. We were even able
to establish an (n, 3n) related cross section for 208 Pb. Fig. 3 shows the case of the 703 keV transition in 205 Pb
emitted following the 206 Pb(n, 2n) reaction and for which the excitation curve was obtained with a sample of
only 40 g of highly enriched (¿99%) 206 Pb.
High incident energy resolution is illustrated in Fig. 4 for inelastic scattering on 206 Pb just above the threshold.
One clearly observes the resonance structure of the cross section. Fluctuations of the inelastic cross section are
clearly not proportional to those of the total cross section ﬂuctuations, as is expected from the random nature of
the underlying widths and from the expected dependence on resonance spin.
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Figure 2: Inelastic scattering cross sections for 209 Bi deduced from the measurement (smooth and raw) and
compared with predictions of the TALYS model code. See also Ref. [10].
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Figure 3: The gamma production cross section for the 703 keV transition emitted following the
reaction.
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Figure 4: Inelastic scattering cross section for 206 Pb near the threshold in comparison with the total cross section
measured by Horen et al.

4 Outlook
A short summary was presented of an extensive set of measurements of gamma-production cross sections for the
isotopes of lead and bismuth. These studies are being performed at IRMM in collaboration with partners from
NIPNE Bucharest, IReS Strasbourg, U. Wien, T.U. Wien and Vinca Belgrade and with theoretical support from
NRG Petten and CEA/DIF. Attention was paid to obtain accurate results that are better than 5% accuracy for the
most important transitions emitted in inelastic scattering. From the gamma-production cross sections inelastic
and level-inelastic cross sections have been deduced. Comparisons with earlier work are underway as well as
a systematic comparison with TALYS predictions. In general this large data base of gamma production cross
sections for inelastic scattering, but in particular also for the (n,2n) reactions form an excellent play ground for
the testing of model calculations and the optimisation of evaluations for the nuclides at hand.
The present setup is being expanded and will be applied to look for high energy gamma-rays of states that have
siginifant decay branches to the ground state. New structural isotopes such as Fe, Si and Mg, will be investigated
in the context of the needs for waste transmutation, sustainability and safety. A new setup, suitable for small
samples, is foreseen for the study of neutron emission reactions on actinides. It is therefor foreseen that in the
near future a large body of new data is to be expected and that it would be of certain interest to develop an
evaluation method to optimally beneﬁt from these new results.
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Abstract
Experimental techniques and experimental results are described on complex particle (fragment) emission
reactions for nucleon induced reactions which will be important for the microscopic analysis of single-event
upset in microelectronics devices and human dose in space and accelerator environment. Energy-differential
cross sections of fragment production of carbon and aluminum were obtained with a specially designed Bragg
curve spectrometer (BCS) and energy-time-of-ﬂight method (E-TOF). The energy differential cross sections of
fragments obtained by BCS and E-TOF are compared with LA150 and QMD calculation results, and systematic
disagreement was observed.

1 Introduction
It has been recognized widely that medium-to high energy particles in cosmic-rays cause soft errors and even
hard failures in micro-electronics devices equipped with the space vehicles. The phenomenon has been longstanding problems which disturb the space technologies. Recently, similar phenomenon due to cosmic-ray born
terrestrial neutrons becomes serious problems even in the ground level probably due to high density conﬁguration
of modern micro-electronics devices. Similar problems are anticipated around high intensity and high energy
proton accelerators, and protections against the events are now dispensable.
These phenomena are understood to be caused by high density local ionization due to secondary particles with
high LET (Linear Energy Transfer) produced inside the device by primary particles such as neutrons and protons.
These high LET particles will have signiﬁcant contribution as well to the radiation dose in space and accelerator
environment where many medium-to high energy particles are ﬂying.
To overcome such problems, it is required to understand the mechanism and design the structure which can
eliminate the events. For the microscopic analysis of the phenomenon, information on the energy-angular distribution (Double-differential cross sections; DDX) of high LET secondary particles (called fragment thereafter) are
essential. In particular, data for tens of MeV nucleons are important because the cosmic-particle ﬂuxes are highest
in this energy region in space. However, experimental DDX data for fragments are very scarce and thereby theoretical models for fragment DDXs have not been examined sufﬁciently, although systematic experimental data
were reported for production cross sections by the activation/ radiochemical and inverse-kinematics techniques.
Therefore, it is important to accumulate reliable experimental DDX data for fragment production.
DDX measurement of fragment is difﬁcult because of low yield and large energy loss in materials. The
conventional counter-telescope technique which is employed for DDX measurement of light charged-particles
cannot be applied straightforwardly because most fragments are stopped within detectors, and the solid angle of
the telescope is generally too small for low yield fragments.
Considering the situation, for fragment detection, we adopted a Bragg curve spectrometer (BCS) [1, 2] and
E-TOF (Energy time-of ﬂight) method [3] to complement BCS. As described below, BCS is very powerful and
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enables DDX measurements even for neutron induced reactions, but has inherent problem that particle identiﬁcation is not possible for low energy particle which do not form a Bragg peak. The E-TOF technique was adopted
to complement this limitation of BCS.
This paper describes the experimental techniques and the results for fragment DDX measurements in nucleoninduced reaction with the BCS and E-TOF method. The data are compared with other experimental data, evaluated
nuclear data and theoretical calculations.

2 Bragg curve spectrometer (BCS)
The details of Bragg curve spectrometer (BCS) are described in the previous paper [4, 5]. Figure 1 shows a
schematic diagram of BCS. It is a cylindrical gridded ionization chamber (GIC) [6, 7] ﬁlled with an Ar + 10%CH4
gas at a pressure of ∼200 Torr. In the setup of measurements for the proton induced reaction, fragments produced
outside enter the chamber along its axis through a thin ﬁlm window and ionize the gas. Liberated electrons drift
to the anode through the grid keeping a shape of the Bragg curve. The time distribution of the anode signal
corresponds to the reversal of the Bragg curve. Therefore the fast part of anode signal corresponds to the Bragg
peak value that is proportional to the atomic number (Z) of the fragment. The integration of the whole anode
signal represents the total charge that is proportional to the fragment energy. Therefore, BCS provide information
on the energy, atomic number and stopping power of fragments with the anode signal alone. To reduce the low
limit of the detection energy, an aluminized mylar ﬁlm (2.5 μm thick) supported by a tungsten wire serves as both
the entrance window and a cathode electrode simultaneously.
With the BCS developed, measurements for proton-induced reaction were performed using the AVF cyclotron
at National Institute of Radiological Science (NIRS) and Tohoku University.

2.1 For proton induced reaction
Typical experimental setup is shown in Fig.2 [4]. Fragments emitted to 30 deg. with respect to the incident beam
were measured. The beam condition was 70 MeV and ∼10 nA. For samples, foils of aluminum 2 μm thick and
polypropylene 4 μm thick were employed.
The energy and the Bragg peak signals were obtained from the anode signal by shaping with a long time
constant (6 μsec) and a short time constant (0.25 μsec), respectively. The digital signal processing (DSP) technique
was also applied and enabled to derive information on the energy loss as well as the Brag peak and energy. Only
coincidental events between anode and cathode were accumulated to reduce background events and dead time of
ADC. The resolving time (6 μsec) was chosen to be equivalent with the transit time of electrons from the cathode
to the grid. They are collected as a two-dimensioned list data using KODAQ handler [8] with CAMAC system

Figure 1: The schematic view of a determination process for fragment energy and atomic number using Bragg
Curve Spectrometer.
Figures 3 shows the measured two-dimensional spectra on the energy vs. Bragg peak of fragments from 2
μm thick aluminum. Good separation among each fragment and S/N are conﬁrmed up to Z = 9 (Fluorine) for
aluminum samples above some energy. The fact that low energy particles are not separated is due to inherent
problems of BCS and should be complemented by another technique, E-TOF method, in this case. In the case of
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aluminum sample, fragments heavier than ﬂuorine could not be identiﬁed because they have only too low energy
to make ionization shape of Bragg peak.
The folding back of the curve at maximum energy points in ﬁg.3 is caused by fragments that passed through
the active region. We have developed a data correction method to estimate the particle energy using the observed
energy loss value.

Figure 2: Experimental setup of BCS for fragment measurement of Figure 3: Energy vs. Bragg peak twodimensional spectrum for aluminum 2
proton-induced reaction.
μm.

2.2 For neutron induced reactions
The experiments for neutron induced reaction has been carried out using 7 Li(p,n) mono-energetic neutron source
at JAERI Takasaki site and Tohoku University cyclotron facility.
To enable measurements to neutron beam, special care was taken to improve the counting efﬁciency and
signal-to-background ratio of the BCS: 1) The sample is placed on the cathode plane to provide a large solid
angle as shown in Fig.2.2, and 2) the cathode plate and the sample changer are made of tantalum whose fragment
emission cross-section will be small. In addition, 3) the neutron beam is collimated within the sample size to
avoid backgrounds emission.
An example of the results is shown in Fig.2.2 (left). We could achieve particle identiﬁcation under a neutron
beam using the BCS technique. Nevertheless, the particle separation is much inferior and the Bragg peaks are
not sharp compared with the proton induced cases in Fig.3. The reason was the mixing of particles with different
angles relative to the electric ﬁeld. This is a inevitable result of internal sample. To clear the problem, we adopted
a segmented anode as shown in Fig.2.2, in which the anode is separated into two parts, central electrode and
peripheral one. Events collected in the central one will have angles close to zero-deg. By collecting events in the
central region alone, the separation and the Brag peak become much better as shown in Fig.2.2 (right). By the
technique, now it is possible to obtain DDXs for neutron beams. The results will be shown in the next section.

3 Energy-TOF Method
As noted above, BCS has difﬁculty in the particle-identiﬁcation in low energy region. To complement the difﬁculty, we are developing a fragment measurement method based on an Energy Time-Of-Flight (E-TOF) method
which is popular in heavy ion detection. In this method, the energy and TOF of the fragment are measured and
mass is derived by combing the energy and TOF information. Therefore, separation for low mass particles is
possible, although the solid angle is very small because of required ﬂight path length, and is applicable only to
proton induced reactions.
The measurements of proton-induced reaction with E-TOF method were done also using AVF cyclotron at
NIRS and Tohoku University. The schematic view of the experimental setup is shown in Fig.6.
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Figure 4: Schematic view of BCS arrangement for neutron beam

Figure 5: Scatter plot for Bragg-peak vs Particle energy for neutron induced reactions.
Timing signal of fragments for TOF is obtained using a thin ﬁlm scintillation detector (EJ299-07: 5 μm thick)
or micro-channel plate combined with a thin carbon radiator instead of a RF signal from the cyclotron to get
better timing resolution. The effective area of this scintillator is 78.5 mm2 (10 mmφ). For readout the timing, two
photomultiplier were coupled through quartz light guide to take coincidence. For a stop detector (E detector), a
silicon surface-barrier detector (SSD) with good energy resolution is adopted.
The ﬂight path is ∼1.0 m long. The scattering chamber was designed to enable simultaneous measurements of
BCS and E-TOF. In Fig.6 (right), a scatter plot for energy vs. TOF is shown, which was obtained for polypropylene
(4 μm thick) using an ultra-thin plastic scintillator and SSD with a 0.965 m ﬂight path. The fragments above mass
number of 6 are separated clearly over the almost whole energy range. Isotopes are also separated. The foldingback is seen again due to the insufﬁcient thickness of the Si detector for light mass particle. The fragments of
mass number 5, 8, 9 were very few and the fragments above mass number 10 have very small energy. Better
timing resolution and lower threshold are desirable to improve the mass resolution and the dynamic range Then,
improvement of the system by using two timing detectors for TOF measurement (start and stop signals) is in
progress.

4 Results of fragment production DDX
In this section, typical results of fragments DDX obtained by the BCS and E-TOF methods are shown. Comparison
with other experimental data is shown later.
First, ﬁg.7 compares the energy spectra of α-particle emitted to 30 degree from carbon and aluminum obtained
with the BCS and E-TOF method for 70 MeV protons. The data obtained with the BCS and E-TOF methods are
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Figure 6: Schematic view of E-TOF arrangement (Left) and scatter plot for energy vs TOF.

consistent with each other in the overlapping region, which conﬁrms the experimental methods of the present
experiments.. The present result of α-particle shows general agreements with LA150 [9] except for the case of
aluminum above 10 MeV.
Figure 8 illustrates the lithium spectra from C(p,x) reaction at 70 MeV, obtained with the BCS method. The
present data was obtained over wider energy range than the previous one [4] owing to improved data correction
method. The data is compared with the previous data [4], QMD calculation with PHITS code [10] and the LA150
data ﬁle [9]. The QMD calculation with the PHITS code show better agreement with the present one than LA150.
Further, LA150 treats the angular distribution of fragment heavier than alpha particle as isotropic.
Figures 9 and 10 show the energy spectra of fragments with mass number 6 and 7, respectively, obtained with
E-TOF method together with calculations. The present data for the mass number 6 agree with the PHITS, but
not with LA150. For mass = 7, there are the experimental data by C. T. Roche et al [3], although these data are
obtained at incident energies of 45 MeV and 100 MeV. Present data agree well with the data by Roche et al. in
the shape. PHITS and LA150 underestimate present data in the higher energy region.
Figure 4(a), (b), (c) show the results Si(p,x) reactions at 70 MeV obtained by the BCS technique which will
be important for the analysis of radiation effect of micro-electronics; (a), (b) and (c) show, respectively, angledependent carbon spectra, nitrogen angle dependent spectra, and oxygen spectra in comparison with calculations:
Generally, the fragment spectrum show rather strong forward rise while the shape of spectra are similar. In
comparison with calculations, the PHITS code provides results fairly close to the present ones both in the spectra
and the angular dependence if the QMD model is employed for cascade routine, but LA150 greatly underestimate
the experiments for all the cases. Further as mentioned above, LA150 assumes isotropic angular distribution while
the experiments indicates fairly strong forward rising as shown in (a).
Figure 4 illustrates the results for neutron induced reactions on carbon at 65 MeV. The statistical error is still
large and should be improved further. Nevertheless, the results can be favoraly compared with the proton results
and theoretical calculation. The neutron data will be accumulated further and comparison will be made with
proton data to clarify the relation between proton induced and neutron induced cases.

5 Summary and Outlook
We developed a BCS detector and E-TOF method aiming at the measurement of fragment production DDXs for
nucleon induced reactions around ten’s of MeV region, and conﬁrmed excellent separation of each fragment up to
Z=9 (Fluorine). BCS could be applied successfully for a neutron beam with a new conﬁguration using a segmented
anode. The low energy region where the BCS technique is not applicable is covered by the E-TOF method with
a timing detector of an ultra-thin plastic scintillator or micro-channel plate combined with a carbon foil, and SSD
stop detector with ∼1 m ﬂight path. The data obtained with both methods were consistent with each other.
New data were obtained for carbon and silicon samples. The data covered most part of DDX of fragments
and they were favorably compared with other experiments, although they are very few. The comparison with the
LA150 library and the theoretical calculation by the QMD model indicated that LA150 agrees with the present
data for α-particle but show much underestimation for fragment heavier than lithium, and QMD provides better
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Figure 12: Fragment DDXs for C(n,x) reactions for 65 MeV neutrons, in comparison with the proton induced data
and PHITS code.
results than LA150 but still underestimates the experimental data generally.
Further improvement of the experimental techniques is in progress to extend the dynamic range and to get
better particle identiﬁcation. Along with the analogue electronics circuit, the DSP technique is very promising for
the purposes. The improved data quality to be achieved by new technique will provide new data to improve the
theoretical modeling relevant to the emission of complex particles.
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Coupled Discretised Continuum Channels Calculations for
Nuclear Data Applications.
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Abstract
Coupled Discretised Continuum Channels (CDCC) calculations have become a standard tool in the analysis of reactions involving weakly–bound nuclei, at least for systems that break into two fragments (core plus
valence particle). However, the technique has not to date been utilised in nuclear data applications, due to the
computationally intense nature of these calculations.
Recent advances in the availability of fast PCs enable us to contemplate for the ﬁrst time the possibility
of employing CDCC calculations for nuclear data evaluations involving light weakly–bound nuclei. A brief
introduction to the technique will be given and some of the possibilities and practical difﬁculties of its potential
uses in nuclear data applications will be discussed.

1 Introduction
In the ﬁeld of heavy ion reactions, coupled discretised continuum channels (CDCC) calculations have become a
standard analysis tool in the study of reactions involving weakly–bound nuclei. As its name implies, the technique
involves a discretisation of the continuum of unbound states above the breakup threshold. Originally developed
for the deuteron [1], CDCC has been limited to systems that break up into an inert core plus a valence particle.
However, it has recently been extended to systems that break up into three particles (inert core plus two valence
particles) [2] and systems that break up into an active core plus a single valence particle [3]. However, in this
contribution we shall limit our discussion to the well established two–body form.
Application of the technique to heavy ions began during the 1980s [4] and it has proved successful in the
analysis of reactions involving 6 Li, 7 Li and 7 Be. Before describing brieﬂy the ingredients of a typical CDCC
calculation we shall discuss the motivation for employing this procedure. The use of CDCC for deuterons will not
be discussed here, as this forms the subject of the contribution of P. Chaud.
Firstly, for weakly–bound systems the threshold against breakup into one or more particles is by deﬁnition
low, therefore the cross section for breakup may compete favourably with that for inelastic scattering. Secondly,
coupling to the breakup channels can have an important effect on other channels, e.g. (d,p) transfer for the case
of the deuteron [5] and elastic scattering for weakly–bound heavy ions [6]. Therefore, one needs to include
these couplings to the unbound continuum in calculations for reactions involving weakly–bound nuclei. While
excitation to relatively narrow resonant states might be adequately handled using conventional coupled channels
techniques, coupling to the non-resonant continuum requires the use of CDCC.
Having established that such couplings are necessary, one needs a method for handling them. One is immediately faced with two major problems; the continuum contains an inﬁnity of states, and the wave functions for
these states are not square integrable and are therefore not suitable for use within the coupled channels formalism.
These problems are overcome by discretising the continuum, i.e. dividing it up into a number of bins (usually in
momentum-space), a procedure ﬁrst proposed by Rawitscher for the deuteron [1]. How this is done in practice
will be outlined in the next section.
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Figure 1: Typical discretisation scheme for the α + t continuum of 7 Li. The shaded bins indicate resonant states.
The arrows denote a sample set of the couplings between bins included in the calculation.

2 The CDCC Method
The CDCC method is an approximation to the full three–body problem. The continuum is discretised into a
number of bins in k–space of width Δk, where h̄k is the momentum of the relative motion between the valence
particle and the core. This discretisation is truncated at some maximum value of k, kmax , and relative angular
momentum, L. One is therefore faced with the question of convergence in Δk, kmax and L. In practice, this is
addressed by tests where the effect of adding extra bins is investigated. A typical discretisation scheme for the
α + t continuum of 7 Li is give in Fig. 1. We shall consider the 7 Li case in order to provide a concrete example.
To generate the α + t wave functions for the continuum bins and bound states of 7 Li a binding potential is
required. That of Buck and Merchant [7] is in a convenient form and produces wave functions that provide an
excellent description of the electromagnetic properties of 7 Li. To overcome the square integrability problem for
the continuum bins, the cluster wave functions are averaged over the width of the bin:
&
 k2
2
w(k)ψk (r)dk
(1)
Ψ(r) =
πN k1
 k2
with N =
|w(k)|2 dk
(2)
k1

for some weight function w(k), see [8] for further details. Although other methods of handling this problem
are available, averaging over the bin width is employed in the most readily available CDCC code, FRESCO [9].
These wave functions are then used to calculate the interaction and coupling potentials according to the following
scheme:
(3)
Uif (R) =< Ψf (r)|Vt (|R + 4/7r|) + Vα (|R − 3/7r|)|Ψi (r) >
where Vt and Vα are triton–target and α–target optical model potentials at 3/7 and 4/7 of the incident 7 Li energy,
respectively and the coordinate system is as show in Fig. 2. These potentials are then used within the conventional
166

t
7

Li

r

target

R

α

Figure 2: Coordinate system for the 7 Li = α + t cluster potential calculation.
coupled channels formalism.
The binning scheme shown in Fig. 1 also gives an example of some of the couplings between the bins. In
practice, all allowed couplings up to a given multipolarity (usually λ = 2 sufﬁces) are included. It has been found
that the continuum–continuum couplings are important [10]. In the next section we will show some examples of
the level of agreement with data that may be obtained.

3 Comparisons with Data
The typical level of agreement with data that may be obtained using the CDCC method outlined above is illustrated
in Figs. 3 and 4. Fig. 3 compares the results of CDCC calculations for the elastic scattering of 7 Li + 59 Co with
the data of Souza et al. taken at São Paulo. The data are reproduced very well by the calculations, as are the
total reaction cross sections obtained from optical model ﬁts to the data. However, this level of agreement is only
possible with two adjustable parameters, the real and imaginary potential strengths, which are varied to obtain
optimum agreement with the data.
Fig. 4 compares the results of CDCC calculations with data from Mumbai [11] for breakup via the 2.19 MeV
3+ and 4.31 MeV 2+ α + d resonant states of 6 Li in the 6 Li + 65 Cu reaction. Again, there is good agreement
between calculations and data, but at the cost of two adjustable parameters, the real and imaginary potential
strengths, tuned to obtain optimum agreement with the elastic scattering data (not shown).
All calculations were carried out using the code FRESCO [9], and the results obtained are typical of the level
of agreement possible for the interaction of 7 Li and 6 Li with “heavy” targets (from 12 C upwards in mass). There
has been little or no application of CDCC to the interaction of nucleons with 6 Li or 7 Li targets, systems that
are perhaps most interesting for nuclear data applications of the technique, so that it remains to be seen whether
it will be able to play a useful rôle in nuclear data evaluations. Some very preliminary test calculations for the
6
Li(n,n),(n,n) scattering systems at 24 MeV/nucleon are, however, quite encouraging. In the next section some
of the more undesirable features (from the point of view of a nuclear data evaluation) of CDCC will be discussed,
and the prospects for overcoming these difﬁculties explored.

4 Undesirable Features
We have demonstrated in the previous section that CDCC is able to provide a good description of elastic scattering
and breakup data for weakly–bound heavy ions, albeit at the cost of adjustable parameters. While this need to
tune parameters in order to obtain optimum agreement with data is perhaps the most obvious undesirable feature
of CDCC as it is currently employed, there are other less obvious problems which may be enumerated as follows:
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Figure 3: Comparison of CDCC calculations with data for 7 Li + 59 Co at several energies. The dashed lines denote
the results of calculations with no couplings. Data from F.A. Souza et al., private communication.
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Figure 4: Comparison of CDCC calculations with data for the 6 Li + 65 Cu system, 6 Li → α + d via the 2.19 MeV
3+ and 4.31 MeV 2+ resonances. Data from A. Shrivastava et al. [11].
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1. Convergence of the continuum binning scheme. This has usually been tested on a “case by case” basis. It
would be desirable to have a “standard” continuum space that is converged for a given system over a wide
data set. This is particularly important if automated calculations are required as part of a larger evaluation
system.
2. CDCC has so far been mostly, if not exclusively, tested against heavy “target” nuclei. It remains to be seen
if it can provide good descriptions of the interaction of weakly–bound nuclei with nucleons.
3. The length of the calculations. Although recent advances in the availability of powerful PCs has greatly
reduced computing time, a single calculation may take several hours when run on a single processor.
The last point is perhaps the most easily addressed; one may employ parallel processing or optimise the code
speciﬁcally for CDCC. The ﬁrst point is less easily answered. A programme of tests will be needed for the
cases of interest in order to answer the question as to whether a single binning scheme will sufﬁce for a given
data evaluation. The need for speciﬁc tests is also apparent for the second point; the preliminary work for the
6
Li(n,n),(n,n) scattering systems referred to previously suggests that CDCC will also be able to describe nucleon
scattering from weakly–bound nuclei, although there may be new problems with regard to non-locality of the
underlying potentials needed for the cluster-folding potentials that do not arise in the case of interaction with
“heavy” nuclei.
Two further problems occurring in the interaction of weakly–bound nuclei with nucleons that are not speciﬁc
to CDCC are resonant scattering at low incident energies and the effect of (p,d) and (n,d) transfer couplings on the
elastic scattering (see e.g. [12] for the latter). However, the need to account for these effects will have to be built
in to any scheme involving CDCC.

5 Conclusions
Having described how CDCC calculations are carried out in practice and demonstrated the level of agreement
with data possible, some of the pitfalls of its potential use in nuclear data applications were brieﬂy discussed. To
the question, “Will CDCC be viable in nuclear data applications?” I think one may answer: yes, within the next
decade. However, this conclusion will need to be thoroughly tested, particularly with regard to those aspects of
the calculations that need to be automated and rendered parameter free. Throughout the above discussion it has
been tacitly assumed that CDCC will be limited to those systems that break up into an inert core plus a valence
particle, i.e. d, 6 Li, 7 Li and 7 Be. Although extensions of the technique to more complex systems are currently
being developed, due to the extremely complex nature of the calculations involved it is safe to assume that they
will remain beyond the scope of nuclear data applications for the next decade at least.
While CDCC as a technique for nuclear data applications is probably viable within the perspective of this
workshop from a technical point of view, some assessment as to whether “the game is worth the candle” is
needed. While CDCC does score over the optical model by providing an evaluation of the breakup cross section,
the potential advantages of CDCC need to be carefully weighed against the known difﬁculties before a deﬁnitive
answer can be given.
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Abstract
We present an analyse of deuteron induced reactions on spherical and near-spherical targets with incident
energies from 3 MeV to 200 MeV. This analysis has been performed within the Continuum Discretized coupled Channels formalism using two parameterizations for the nucleon-target optical potentials, namely CH89
and Koning-Delaroche. The calculated differential cross sections and reaction ones have been compared with
experimental data. A satisfactory agreement is observed and calculations show that for the heaviest targets the
Coulomb breakup can not be neglected at low incident energies.

1 Introduction
Deuteron induced reactions have been widely used as a probe to investigate the nuclei properties. But since the
deuteron is a composite and weakly bound nucleus, the analyse of these reactions is difﬁcult. Several methods [1,
2, 3, 4] have been imagined to achieve this task : in the seventies, Johnson and Soper [5] proposed the Continuum
Discretized Coupled Channels (CDCC) which takes the breakup channels and the composite feature into account
by means of averaged continuum states and a folding procedure to build the deuteron-target potential from the
nucleon-target potentials. This approach has been widely and successfully compared with experimental data
[6, 7, 8, 9]. Nevertheless this comparison has mainly been performed with nickel and lead targets and with quite
old parameterizations for nucleus-target optical potentials [10]. Therefore we propose to analyse deuteron induced
reactions for a large set of spherical and near-spherical targets with modern optical potential parameterizations
[11, 12].
The article is set up as follows. Section 2 is devoted to a brief presentation of the formalism. In Section 2, I
compare differential cross sections and reactions cross section for spherical and near-spherical targets. The target
mass spans from A=16 to 120 and the deuteron energy ranges from 3 MeV to 200 MeV.

2 Theoretical grounds
In this section, we quickly present the CDCC formalism, a more detailled description can be found in [7, 8].
In CDCC, it is assumed that the (A + 2)-body system can be described by the following three-body phenomenological hamiltonian
Ĥef f = T̂R + UpA (rp , E/2) + UnA (rn , E/2) + T̂ρ + Vpn (ρ) +Vp(Coul) (R)
23
4
1
Ĥp n

where
R = (rp + rn )/2 and ρ = rn − rp .
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(1)

are respectively center-of-mass and relative motion coordinates while T̂R and T̂ρ are the associated kinetic-energy
operators. Ĥpn denotes the proton-neutron interaction and the UiA the nucleon-target interactions.
J will represent the total angular momentum, L and I are the ones associed with R and ρ. S and l are
respectively the proton-neutron spin and orbital angular momentum.
The three-body wave function with the total angular momentum J and its projection M is eigenstate of this
Hamiltonian (1) and can be expanded as follows
ΨJM

=

J+1


#
$
Φ0 (ρ) ⊗ χ0 (L, J ; R)

+

(2)

JM

L=|J−1|
l+S
∞





J+I


∞

l=0 I=|l−S| L=|J−I| 1 0

$
#
dk
Φ(2S+1 lI ; k, ρ) ⊗ χ(2S+1 lI , L, J ; Pk , R)
JM
23
4
BU
2S+1

where Φ0 is the deuteron ground state and the Φ(
lI ; k, ρ) are continuum states of a proton-neutron broken
pair. These functions respectively satisfy the equations:
Ĥpn Φ0 (ρ) = ε0 Φ0 (ρ)

and

Ĥpn Φ(2S+1 lI ; k, ρ) = εk Φ(2S+1 lI ; k, ρ) , εk =

2 k 2
,
2μρ

where μρ is the proton-neutron reduced mass, k denotes the relative momentum between the neutron and the
proton and ε0 the ground state energy. Then the deuteron motion with momentum P0 is described by χ0 and the
motion of a broken pair with momentum Pk by χ(2S+1 lI , L, J ; Pk , R) which means that the ﬁrst term of (2)
denotes the elastic channel whereas the second one, BU , represents the breakup channels. These momenta are
deﬁned through the energy conservation equation:
E = 2 P02 /2μR + ε0 = 2 Pk2 /2μR + εk ,
where μR is the deuteron-target reduced mass.
Since the set of functions Φ(2S+1 lI ; k, ρ) is inﬁnite, the equation (2) can not be easily solved and the Hilbert
space must be truncated. In the CDCC formalism, it is assumed that:
1. The continuum can be discretized into bins [ki , ki+1 ] and on each sub-interval
χ(2S+1 lI , L, J ; Pk , R) ∼ χ(2S+1 lI , L, J ; P̃i , R) , ∀k ∈ [ki , ki+1 ]
where the momentum P̃i will be determined later from the energy conservation. Therefore the breakup part
can be rewritten as
 ∞#
$
Φ(2S+1 lI ; k, ρ) ⊗ χ(2S+1 lI , L, J ; Pk , R)
dk
BU =
JM

0

∼
∼

∞ 


ki+1

#

$
Φ(2S+1 lI ; k, ρ) ⊗ χ(2S+1 lI , L, J ; P̃i , R)

dk

JM

i=1 ki
∞ #


$
Φ̃i (2S+1 lI ; ρ) ⊗ χ̃i (2S+1 lI , L, J ; R)

JM

i=1

with
1
Φ̃i (2S+1 lI ; ρ) = 
ki+1 − ki
and
χ̃i (2S+1 lI , L, J ; R) =



ki+1

Φi (2S+1 lI ; k, ρ) dk
ki


ki+1 − ki χ(2S+1 lI , L, J ; P̃i , R) ,

where P̃i is deduced from the energy conservation:
E = 2 P̃i2 /2μR + εk̃i

with

k̃i = (ki+1 − ki )2 /12 + (ki + ki+1 )2 /4.
174

2. The model space can be truncated by taking into account only waves with l ≤ lmax and k ≤ kmax (imax )
thus the three-body wave function becomes :
Ψ̃JM

=

#

J+1


$
Φ0 (ρ) ⊗ χ0 (L, J ; R)

JM

L=|J−1|

+

l
m ax

l+S


J+I


i
m ax

#
$
Φ̃i (2S+1 lI ; ρ) ⊗ χ̃i (2S+1 lI , L, J ; R)

l=0 I=|l−S| L=|J−I| i=0

$
#
By left-multiplying (1) by Φ̃i (2S+1 lI ; ρ) ⊗ YL (R̂)

JM

.
JM

and integrating over ρ and the angular variables

R̂, one derives the following set of coupled differential equations satisﬁed by the radial parts uJc (R) ( c =
(i, l, S, I, L, J)) of the wave functions :



2 L(L + 1)
2 d2
(Coul)
J
J
+
+ Vp
− Ei uJc (R) = −
Fcc
(3)
−
 (R)uc (R)
2
2
2μR dR
2μR R

c

where the form factors are deﬁned by
#
$
J
Fcc
 (R) =  Φ̃i ⊗ YL (R̂)

JM

#
$
|UpA + UnA | Φ̃i ⊗ YL (R̂)

JM

R̂,ρ̂,ρ

,

the brackets  R̂,ρ̂,ρ denoting the integration over ρ and R̂. The solutions of the CDCC equations (3) must satisfy
the following boundary condition
"
uJc (R) → δc0 c U (−) (P̃i R) − P̃i /P̃0 Ŝc(J)
U (+) (P̃i R)
0c
(J)

where Ŝc0 c are the CDCC S-matrix elements, c0 denotes the elastic channel and U (+) and U (−) are the outgoing
and incoming Coulomb wave functions, respectively.

3 Results
The CDCC equations (3) have been solved for deuteron incident energies ranging from 3 MeV to 200 MeV and for
oxygen, calcium, titanium, chromium, nickel, zirconium and tin targets. For these calculations, we have assumed
that the continuum can be discretized within 4 bins with equal spacing. For both ground state and continuum
states, we have used deuteron s and d waves obtained with a Reid93 soft-core potential. Two parameterizations of
the nucleon-target optical potentials have been used, namely CH89 [11] and Koning-Delaroche (K-D) [12]. Note
that we have assumed that the deuteron has a spin equal to zero thus we have neglected the spin-orbit term in the
optical potentials.
In the ﬁgures the experimental data are represented by symbols, the CDCC calculations performed with K-D
parameterization are plotted as solid lines and those using CH89 are drawn in dashed lines. As e.g. in Fig. 1,
elastic differential cross sections are presented as ratios to the Rutherford cross sections. The targets are indicated
near the curves. The data points and the curves at the top represent true values while the other are offset by factors
of 100, 104 , etc. In Fig. 1, Fig. 2 and Fig. 3 the deuteron incident energy are about 12 MeV, 34 MeV and 52
MeV, respectively. A more detailled description of the incident energies is given in Table 1. From these ﬁgures,
we ﬁnd global agreement between experimental data and CDCC calculations for the whole energy range and for
all the targets eventhought systematic discrepancies are observed for backward angles. Nevertheless we should
emphasize that the discrepancies seem to be large when considering ratio to Rutherford cross sections but one
should keep in mind that in fact the true values at backward angles are much smaller (a few mb) than the true
values at forward angles ( ∼ 102 mb).
For reaction cross sections (Fig. 4), the curve and data points at the bottom represent the true values in
mb, while the other are multiplied by factors 2, 4, 8 and 16. The targets are indicated near the curves. The
experimental values can be found in [23]. The calculated cross sections are too large for 16 O target for both CH89
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Target
16
O
40
Ca
48
Ti
50
Ti
52
Cr

Energy (MeV)
11.8 [13], 34.4 [14], 52 [15]
12 [16], 34.4 [14]
12 [17, 19], 34.4 [14]
52 [15]
12 [19], 34.4 [14]

Target
Fe
58
Ni
60
Ni
90
Zr
120
Sn
54

Energy (MeV)
12 [19], 34.4 [14], 52 [15]
12 [19], 28.6 [20], 52 [15], 56 [21]
11.8 [17], 34.4 [14]
5.5, 9, 10, 11, 12 [22], 34.4 [14], 56 [21]
58.7 [4]

Table 1: Summary of the data sets for differential cross sections.
(13%) and K-D (10%) parameterizations. Calculations underestimate the reaction cross sections for 90 Zr and
120
Sn targets : the CDCC cross sections are too low of at least 3.2% with K-D parameters and 0.8% with CH89
ones. The largest difference is 13.6% when using K-D optical potentials and 7.2% with CH89 optical potentials.
For medium mass targets, the agreement is better since the difference between experimental data and calculations
never exceeds 6.3% and 5.7% when using K-D and CH89 parameterizations, respectively. The lowest differences
are respectively 0.2% for K-D and 0.1% for CH89.
Special attention has been paid to the effect of Coulomb breakup at low incident energies for heavy target.
On the left part of Fig. 5, the curves are obtained when the Coulomb interaction is calculated on the c.m. coordinates, R. The solid and the dashed lines represent calculations with K-D parameterization and with CH89
one, respectively. On the right part, the solid lines represent calculations with K-D parameterization when the
Coulomb interaction is determined on the proton coordinates rp and the dashed lines when it is determined on R.
On the left part of Fig. 5, large discrepancies between experimental data and calculations are observed. These
discrepancies disappear on the right side. From these calculations, it becomes obvious that, for these energies and
for this target, Coulomb breakup is responsible for the diffraction pattern of differential cross sections. Note that,
for larger energies, we have checked the results do not depend on whether the Coulomb interaction is calculated
at rp or R.

4 Conclusions
The Continuum Discretized Coupled Channels with modern global parameterizations of nucleon-target optical
potentials has been used to analyse a large set of deuteron induced reactions on spherical and near-spherical
targets. This study shows that
1. The global agreement with experimental data is quite good since there is no free parameter in our approach.
2. Differential cross sections are not very sensitive to the choice of the parameterizations of the optical potential. Reaction cross sections obtained with CH89 optical potential are always larger than the one calculated
with K-D parameterization. The calculed reaction cross sections are too large for 16 O target and too low for
90
Zr and Sn isotopes but the discrepancies never exceed 15%.
3. At low energies and for the heaviest targets (zirconium and tin isotopes), the Coulomb breakup must be
taken into account to explain the diffraction pattern of the elastic differential cross sections. Nevertheless it
is difﬁcult to extend this result to medium mass targets as previously shown by Wendler and collaborators
[27].
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Nuclear applications of inverse scattering,
present . . . and future?
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Abstract
There now exists a practical method (IP) for the routine inversion of S-matrix elements to produce the
corresponding potential [1]. It can be applied to spin- 12 spin-1 projectiles. We survey the ways that the method
can be applied in nuclear physics, by inverting Slj derived from theory or from experiment. The IP method can
be extended to invert Slj (E) over a range of energies to produce a potential V (r, E) + l·σVls (r, E), yields
parity-dependent potentials between pairs of light nuclei [2] and can be convoluted with a direct search on the
S-matrix to produce ‘direct data → V inversion’. The last is an economical alternative form of optical model
search to ﬁt many observables (e.g. for polarized deuterons) for many energies, producing an energy-dependent
potential with many parameters (e.g. TR for deuterons) [3].

1 Introduction
It is very easy to derive a cross section or an S-matrix from a potential; the reverse is much harder, but can now
routinely be achieved for a wide range of cases. Here we introduce the IP (iterative-perturbative) inverse scattering
method, with the emphasis on its range of applicability, illustrated by a few diverse successful applications. We
hope to inspire applications that we have not thought of.
Alternative methods exist for some tasks to which IP inversion can be applied (e.g. conventional OM searches to
obtain potentials from scattering data, and weighted trivially equivalent potentials (TELPs) to derive DPPs) but
IP inversion not only has advantages in these cases but also gives reliable results where no other techniques are
available.

2 Inverse scattering: problems and solutions
‘Inverse scattering’ usually refers to the derivation of the potential corresponding to given S-matrix elements or
phase shifts; it may be contrasted with the trivial forward case. This is Case 1 of Table 1. We shall say little about
Case 2 of the table, but we will mention Case 3, direct inversion from observables to potential, since the IP method
can readily be convoluted with Case 2 inversion to yield a very powerful Case 3 alternative to conventional optical
model searches.
Case 1
Case 2
Case 3

forward
inverse
forward
inverse
forward
inverse

V (r) → Sl
Sl → V (r)
Sl → σ(θ)
σ(θ) → Sl
V (r) → σ(θ)
σ(θ) → V (r)

EASY
MUCH HARDER
TRIVIAL
OFTEN VERY HARD
EASY
VERY HARD

Table 1: Traditional characterization of forward and inverse scattering cases. The σ symbolizes all observables
(analyzing powers, etc); Sl includes Slj etc; V includes spin-orbit and tensor terms.
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2.1 Traditional methods of Sl → V (r) inversion
Formal inversion methods apply to two classes:
1. Fixed-l inversion. (Gel’fand and Levitan; Marchenko) Sl → V (r) for Sl for a single l for all energies, yielding
a local potential.
2. Fixed energy inversion. (Newton-Sabatier (NS); Münchow and Scheid (MS)) Sl → V (r) given Sl for all l at
a single energy. Related procedures have been developed by Lipperheide and Fiedeldey.
There also exist semi-classical methods for ﬁxed-energy inversion based on WKB and Glauber (eikonal) methods.
Practical versions of NS, MS, can handle a ﬁnite range of l. The review [1] gives comprehensive references to the
inversion techniques.
Disadvantages of traditional methods:
(1) The NS method requires highly precise Sl , and there is a tendency to instability.
(2) The Marchenko method requires large energy ranges, but nuclear potentials are energy-dependent (but it has
been used for nucleon-nucleon scattering).
(3) They are not adaptable to cases with small ranges of l (NS).
(3) They mostly apply to spin 0; NS can handle spin 1/2.
(4) They are not readily generalizable.
Nevertheless, there have been a number of applications which have yielded real physical insights, see Ref. [1].

2.2 Information on nuclear interactions from inversion
Inversion can be applied in three distinct general ways:
I. Inversion of Sl , Slj or Sllj  obtained from theory:
1. Derive dynamic polarization potentials (DPPs) arising from (i) Inelastic scattering, (ii) Breakup processes,
(iii) Reaction channels, etc.
2. Derive potential from RGM and similar S-matrix elements.
3. Determine local potentials S-matrix equivalent to non-local potentials.
4. Obtain a potential representation of impulse approximation S-matrix, or the S-matrix from Glauber model
and other impact parameter models.
II. Inversion of Sl , Slj or Sllj  from analysis of experiment:
1. (When there are few partial waves.) Invert Sl from parameterized R-matrix or effective range ﬁts at low
energies. (Requires ‘mixed case’ or ‘energy dependent’ inversion, see Section 3.3)
2. (When there are many partial waves) High energy two-step phenomenology. (E.g. 11 Li, 12 C +12 C from 140
to 2400 MeV)
III. Direct observable → V (r) inversion. S-matrix search can be convoluted with IP inversion yielding the
S-matrix is byproduct. Many energies can be treated simultaneously to give a multi-component V (E).

3 The Iterative-Perturbative (IP) method
3.1 The key idea
The response of the elastic scattering S-matrix to small changes is assumed to be linear (this is often surprisingly
accurate):
 ∞
im
ΔSl = − 2
(ul (r))2 ΔV (r)dr.
(1)
h̄ k 0
where ul (r) is normalized with ul (r) → Il (r) − Sl Ol (r), Il and Ol are incoming and outgoing Coulomb wavefunctions. Eq. 1 is readily generalized for spin.
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3.2 An Outline of the IP method:
Take a known ‘starting reference potential’, SRP, V (r) giving Sl . With added term:

V (r) → V̂ (r) = V (r) +
ci vi (r)

(2)

it gives Sl + ΔSl . Functions vi (r) belong to a suitable ‘inversion basis’.
The core of the method is the solutionusing SVD of the over-determined linear equations derived from Eqn. 1
with ΔSl = Sltarget − Sl and ΔV =
ci vi (r) to ﬁnd amplitudes ci such that V̂ gives Sl closer to Sltarget . By
iterating the linear equations, Sl + ΔSl converges to Sltarget . There is often a natural starting potential; it can
often be zero, or the ‘bare potential’ when establishing DPP contributions.
The facility of the IP method to control the ﬁtting is a key element in the method, especially in view of the innate
ill-posedness (Ref. [4]) of the inversion problem; it is possible always to demand smooth potentials. This and all
aspects are fully discussed in Ref. [1] with many references.

3.3 Generalizing from ﬁxed-energy inversion
IP Inversion can be generalized indeﬁnitely as the following progression suggests:
1. Fixed-energy inversion Sl , ‘all l, one E’ inversion. However, at low energies the potential is generally underdetermined, there being too few active partial waves to deﬁne the required potential.
2. Mixed case (energy bite) inversion. The problem of under-determination at low energies can often be solved
given Sl (E) over a range of energies (‘energy bite’). This is ‘some l, some E’, Sl (E) → V (r), or ‘mixed case’,
inversion. For a narrow energy bite, this is effectively includes dSl /dE as input information.
3. Energy dependent inversion. Nuclear potentials, particularly the imaginary parts, vary with energy, but IP
inversion can be extended to determine V (r, E) directly:

‘some l, some E’, Sl (E) → V (r, E). To date, cases have been limited to the factored form i fi (E)Vi (r), where
i indicates real-central, imaginary-central, spin-orbit, Majorana, etc.
4. Inversion to ﬁt bound state and resonance energies. Energies of bound states can be included with Sl as
input information to determine V .
5. Direct data to potential inversion. Example: d−4 He, multi-energy.
IP inversion can be applied to the case of identical bosons where only even partial waves are involved, e.g. 12 C
+ 12 C. It also applies to the case, very important with light nuclei, where the potential is parity dependent. Such
a potential can either be represented as a sum of independent even-parity and odd-parity terms, or as a sum of
Wigner (W) and Majorana (M) terms:
VW (r) + (−1)L VM (r).
It is always found that even-parity and odd-parity potentials have different radial forms which often implies a
surface peaked Majorana term. Both RGM S-matrices and experimental data imply that there is signiﬁcant parity
dependence even for nucleons on nuclei as heavy as 16 O.

3.4 Spin cases that can be handled by IP inversion
1. Spinless projectiles. Sl → V (r).
2. Spin 1/2 projectiles. Slj → V (r) + l · σVls (r).
3. Spin one projectiles. Vector spin-orbit and TR ≡ ((s · r̂)2 − 2/3)VR (r) tensor potentials can be determined
from non-diagonal Sllj  . This is coupled channel inversion.
4. High channel spin. For cases like d + 3 He, independent potentials for each possible channel spin have been
determined.
In every case, all spin-dependent components may have real and imaginary and Wigner and Majorana terms.
These can all be expanded in different bases.

3.5 How well does it work?
Fig. 1 shows a test case [5] in which a Sllj  for deuterons on 58 Ni at 56 MeV and a known potential, including a
tensor term, were inverted with an arbitrary SRP. IP inversion can be applied to noisy data and produce meaningful
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interactions because the departure of the ﬁnal potential from the ‘starting potential’ of the iterative method is under
control, see Section 4.3.

Figure 1: Deuterons on 58 Ni at 56 MeV. Solid lines: target (known) potential; dots: V found by inversion; dashdot: inversion SRP (starting potentials, zero for the real spin-orbit and tensor terms.)

4 Selected applications of IP inversion
Light nuclei, parity dependence. Scattering between various pairs of light nuclei have been studied by inverting
S-matrices from RGM calculations and from R-matrix ﬁts to experimental data, over a wide range of energies.
These studies reveal the importance of a parity-dependent (Majorana) component. Ref. [1] has references to paritydependent potentials for various pairs of light nuclei and presents a case study of p+4 He, comparing potentials
from empirical and theoretical Slj . The contrasting Majorana potential for d+4 He is discussed in Ref. [6] and
that for p+6 He in Ref. [2].
The dynamic polarization potential, DPP. It is well known that the coupling to breakup channels generates a
repulsive DPP for projectiles such as 6 Li and 2 H. Inverting the elastic scattering S-matrix from a coupled channel
calculation, and subtracting the bare potential, gives a local-equivalent l-independent representation of the DPP.
The form of the DPP depends on the L-transfer in a systematic way [7]. Nucleus-nucleus interaction also receive
large contributions from coupling to inelastic and (especially) reaction channels that cannot be represented by
renormalizing folding model potential. Many cases are described in Ref. [1], and the contribution of breakup to
the p+6 He interaction is presented in Ref. [8], revealing the limitations of folding models for halo nuclei.
Potentials from empirical data. Elastic scattering potentials, including 12 C + 12 C, 16 O + 16 O, 11 Li scattering
and nucleon scattering, have been determined either by ﬁtting S to data and then inverting, or by using the ’direct
inversion’ in which the S-matrix search is convoluted with the S → V inversion. The deﬁnitive phenomenology
for p+16 O has been carried out in this way [9], revealing, inter alia, the necessity for a Majorana term. Direct inversion of multi-energy data for scattering of light nuclei provides an alternative means of establishing phase shifts
δlj (E) that behave in a way that is consistent with a potential [10] that varies smoothly with energy. Inversion of
Slj from R-matrix ﬁts also has this property.
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4.1 Pickup coupling effect in 8 He(p, p) elastic scattering
It known that pickup coupling (p → d → p for proton scattering) makes a signiﬁcant contribution to the nucleon
optical potential. This is one reason that precise ﬁts for nucleon elastic scattering below 50 MeV for closed shell
target nuclei have not been found with conventional optical model ﬁtting (for non-closed shell nuclei it is easier
to ﬁnd parameters that ﬁt the shallower diffraction minima). It is now possible to do full ﬁnite-range pickup
calculations including non-orthogonality terms, and these have been carried out [11] for the p-8 He system. The
coupling has a large effect on the elastic scattering angular distributions. In Table 2 we quantify the pickup
contribution in terms of volume integrals. The repulsive real DPP is quite large at the nuclear centre although the
effect on the volume integral is modest. The radial form of the DPP could not be represented by renormalizing a
folding model potential. The volume integrals reveal the importance of including the non-orthogonality correction.

OM
CRC
NONO

JR
704.14
653.94
571.28

1/2

r2 R
3.092
2.938
2.840

JI
55.37
307.47
252.62

1/2

r2 I
3.336
4.138
4.360

JSOR
26.60
40.27
33.15

JSOI
0.005
1.25
6.55

Table 2: For 15.6 MeV protons on 8 He, volume integrals per nucleon pair/(MeV fm3 ), and rms radii/fm of the
bare potential (OM) and the potentials found by inversion for the complete CRC calculation and for that in which
non-orthogonality term was omitted (NONO).

4.2 The DPP due to breakup for 6 He scattering from 208 Pb.
The breakup for this case [12, 13] was calculated using the same model for 6 He as Ref. [8]. However the DPP
is now very different, having a long range attractive tail generated by the Coulomb dipole interaction. Fig. 2
shows the short range repulsive/emissive DPP in the surface region. Local regions of emissiveness are a common
feature of local potentials representing the highly non-local and l-dependent dynamical polarization contributions;
unitarity is not broken. The DPP is not well-deﬁned for r ≤ 10.5 fm.
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Figure 2: For 6 He incident on 208 Pb, 27 to 66 MeV, the DPP at the nuclear surface.
Fig. 3 shows the long range attractive and absorptive potentials generated by the dipole coupling; the real part is
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appreciable out to 60 fm. Both the real and imaginary DPPs strongly inﬂuence the elastic scattering differential
cross section.
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Figure 3: For 6 He incident on 208 Pb, 27 to 66 MeV, the DPP outside the nucleus.

4.3 The d-4 He interaction derived from multi-energy data
‘Direct data → V inversion’ is an alternative [10] to optical model ﬁtting with parameterized forms for determining potentials from data, especially when there are many data and many parameters. This is the case for d-4 He
scattering when there is a full set of polarization observables (including all 3 tensor analyzing powers) for many
angles, all for many energies ranging from 4 to 13 MeV. Refs. [3] ﬁtted 1000 data points (ﬁve observables, a wide
angular range and many energies) to produce a multi-component (Wigner and Majorana, central, spin-orbit and
tensor) multi-energy potential (components were functions of energy) giving a reasonable representation of shape
resonances. This would have been a formidable task for standard optical model codes since they would have had
to include the coupled channel calculation for the tensor interaction within the search.

5 Possible future applications
1. Systematic CRC calculations followed by inversion of the resulting elastic Slj provides a method for establishing shell corrections to the nucleon OM potential.
2. There exists much data for the elastic scattering of neutrons from 12 C. Inversion of phase shifts ﬁtted to this
data would yield a potential model ﬁtting the non-resonant scattering, allowing an extrapolation to higher neutron energies. Comparing the potential derived in this way with theoretical and standard empirical OM potentials
would support (or the opposite) the neutron scattering data as well as the theoretical models.
3. The IP algorithm appears to be indeﬁnitely generalizable, and has found wider applications than originally
envisaged, so are there new applications to nuclear data evaluation? Any suggestions?
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Microscopic study of the ﬁssion process
H. Goutte, J.F. Berger
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France
Abstract
From a theoretical point of view, the description of the ﬁssion process stands at the crossroads of many
subjects in the forefront of research. Both static and dynamical properties of the ﬁssionning system are required.
In this paper the main theoretical questions related to this process are ﬁrst listed. The different theoretical
approaches are then presented. Finally, the main results obtained from a microscopical and dynamical study
published in Ref. [1] are recalled.

1 Introduction
Fission is one of the most complex process in nuclear physics. From an experimental point of view, it is associated with a large amount of observables and initial conditions (e.g mass and excitation energy of the ﬁssioning
system). Very accurate data are required for the different applications of the ﬁssion process such as safety program, simulation program, new electronuclear cycles (gen IV, ADS ), and secondary beam facilities. For all these
purposes, reliable predictions are needed, when experimental data are not available. Even if full ab initio evaluations and systematics are not possible nowadays, some noteworthy progress have been made recently in that
direction. Microscopic methods ﬁrst developed for nuclear structure studies have been used for time dependent
mechanisms. In these studies, many nuclear properties have been analyzed and their inﬂuences on data have been
determined. Such studies helps us in the understanding of the ﬁssion process and can serve as guide lines for more
phenomenological approaches.

2 Theoretical questions
From a theoretical point of view, ﬁssion appears as a large amplitude motion, which involves i) a huge rearrangement of the internal structure of the nucleus with a large inﬂuence of shell effects and pairing correlations, ii)
many types of deformations simultaneously and iii) dynamical effects.
Among the different problems related to these properties we have :
* the inﬂuence of initial conditions of the ﬁssioning system on ﬁssion properties. Is photoﬁssion similar to
neutron-induced ﬁssion ? What are the effects of the excitation energy on fragment distributions ?
* the choice of the most important degrees of freedom during the scission process . Do we need to introduce axial and triaxial quadrupole and octupole moments from the ﬁrst well to the outer saddle point, the same
deformation parameters plus the neck parameter from the saddle point to exit points, and ﬁnally the mass, charge
and deformation of the fragments just after the exit points ?
* Where are the most important shell effects ?
* What are the effects of the dynamics ? How strong is the coupling between collective modes and collective and intrinsic excitations ?
* How can we deﬁne barriers for reaction model ?
* How to deﬁne the scission points, where ﬁssion fragment properties such as deformation, excitation energy, polarization and spin should be calculated ?
* Fission of odd nuclei. What is the inﬂuence of the odd particle ? Are the individual excitations more
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important in odd nuclei, compared to even ones ? What is the role of pairing type correlations ?
* Light particle emission. What is the relation between light particle emissions and very asymmetric ﬁssion
?
* Ternary ﬁssion and neutron evaporation.

3 Theoretical Models
In most of the studies devoted to ﬁssion, the description proceeds in two steps. Potential Energy Surface (PES)
properties are ﬁrst determined as functions of collective coordinates and dynamics is then introduced. (One
exception is the Time-dependent-Hartree- Fock formalism used by Negele et al. [2], where static nuclear structure
and dynamics are simultaneously treated.)
Concerning the static part of ﬁssion, two types of methods are widely used to determine the PES, the macroscopicmicroscopic approaches and the microscopic ones. In the macro-micro approaches [3], the potential energy is the
sum of a macroscopic part calculated within the droplet model or a Yukawa plus exponential function, a pairing
part and a microscopic correction calculated using the Strutinsky method with different potentials. In microscopic
methods the mean-ﬁeld Hartree Fock-BCS or Hartree-Fock-Bogoliubov approaches are used with Skyrme [4] or
Gogny [5] effective forces.
On the other hand, the different approaches able to describe ﬁssion dynamics can be sorted in three classes:
i) Models where dynamics is not explicitely treated but simulated with statistical hypotheses, such as the
Statistical Equilibrium at the scission point from P. Fong [6], the Random neck model from Brosa [7] or the
Scission Point model from Wilkins [8],
ii) Models where dynamics is treated in a (semi-) classical manner, such as the Langevin equations [9],
and ﬁnally iii) models where dynamics is microscopically treated with the adiabatic hypothesis such as the
time-dependent Generator Coordinate Method with the Gaussian Overlap Approximation [10].
Details and references of all these methods can be found in Chapter 7 of the reference book [11]. (In this book,
the theoretical models of mass distributions are ordered as microscopic, stochastic and deterministic models.)

4 Dynamical effects
The work of Ref. [1] devoted to low energy ﬁssion, is based on the assumptions that :
i) the dynamics is governed by the evolution of a few collective parameters,
ii) the internal structure is at equilibrium at each step of the collective motion,
iii) the evolution is adiabatic and no single-particle excitations are involved.
Within these assumptions the collective dynamics results from a time evolution of a Hill and Wheeler type of
wave function:

(1)
|Ψ(t) = dqi f (qi , t)|Φ(qi ) ,
where |Φ(qi ) are basis states depending on the deformations qi , and f (qi , t) are weight functions.
Details of the formalism can be found in ref. [1]. We just recall here the main features of the calculations.
For the static part :
• |Φ(qi ) are determined using the Hartree-Fock-Bogoliubov method (HFB),
• the ﬁnite range effective D1S Gogny nucleon-nucleon force [12, 13] is used,
• constraints on the axial quadrupole and octupole deformations are used (as well as one on the dipole moment
to ﬁx the center of mass position of the system),
• axial symmetry is imposed,
• calculations are performed from the ﬁrst well up to scission for each value of the octupole moment,
• for each asymmetry, scission conﬁgurations are deﬁned as the last nuclear conﬁgurations in the ﬁssion
valley before the system falls into the fusion valley.
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Figure 1: Potential energy as a function of the axial quadrupole and octupole moments in 238 U.
For the time evolution:
• the formalism is based on the Gaussian Overlap Approximation of the Time dependent Generator Coordinate Method (TDGCM). Using this approximation, the Hill and Wheeler equation reduces to a Schrödingerlike equation [14], which depends on time and deformation :
Hcoll g(qi , t) = ih̄

∂g(qi , t)
,
∂t

(2)

where g(qi , t) are the wave functions related to the f (qi , t) functions of Eq. (1) through a weighted equation
and Hcoll is the collective Hamiltonian. In Hcoll , the inertia, the potential energy and the zero point energy
corrections are evaluated using HFB calculations.
• The time evolution is solved in a large box including the pre-scission PES (determined from HFB calculations) and a post scission part which contains an absorbing area to avoid reﬂexions at the edges of the
box.
• Fragment mass distributions are derived by time integration of the ﬂux of the wave function through scission
at given fragmentations.
The Potential Energy Surface obtained in 238 U is displayed in Fig 1 as a function of the axial quadrupole and
octupole moments.
The main features displayed by this picture are:
* the bottom of the ﬁrst and second wells correspond to symmetric shapes (q30 =0),
* the asymmetric saddle point takes place at a lower elongation than the symmetric one, and it’s energy is
also much lower,
* excitation energy are truncated at 25 MeV. It is worth pointing out that the octupole degree of freedom
becomes softer and softer as the elongation increases.
* the border between the colored and white areas in the right of the picture corresponds to the scission line.
We clearly see that the elongation at scission is not the same for all asymmetries. Very elongated shapes are found
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Figure 2: Theoretical mass distributions (solid lines) together with the Wahl evaluations of neutron induced ﬁssion
of 238 U [16] (dash-dotted lines).
for symmetric fragmentations whereas more compact conﬁgurations are observed for q30  44 b3/2 .
Along the scission line, properties of the fragments have been estimated. Results on quadrupole and octupole
deformations, polarization, and total kinetic energy can be found in ref. [15].
Fragment mass distributions obtained from the TDGCM approach are plotted on Fig. 2 (solid lines) and compared to data evaluated by Whal [16](dash-dotted lines).
The main results of the study are:
• the maxima of the distributions are determined by the static properties of the potential energy surface in the
scission region, that is by shell effects in the nascent fragments.
• In contrast, dynamical effects are essential in order to obtain widths in agreement with experimental data.
• Symmetric fragment yields are found to be strongly inﬂuenced by the parity composition of the initial state.
• Finally, results are in a surprisingly good agreement with the evaluated data.

5 Conclusions
The microscopic and dynamical study of ref. [1] was mostly devoted to fragment mass distributions. New results
related to fragment properties have also been published recently [15]. Nevertheless, a lot of quantities can still be
extracted from these calculations as for instance a ”tip” distance at scission as used in the Scission Point Model
or the excitation energy of the fragments. These data are very interesting for a better understanding of the ﬁssion
process and they can also served as inputs in more phenomenological models in a near future.
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Abstract
A Monte Carlo simulation of the ﬁssion fragments evaporation stage following scission has been implemented, and leads to the prediction of detailed physical quantities that allow a much more precise assessment of
the ﬁssion process. New applications are discussed.

1 Introduction
The nuclear ﬁssion process leads to the formation of two (sometimes more) ﬁssion fragments that share the
available total excitation energy. Therefore, in most cases, these ﬁssion fragments are formed in an excited state,
and will decay by emitting neutrons and γ-rays until they reach their ground- or an isomeric-state. They will
eventually further β-decay to more stable nuclei. An accurate account for these prompt ﬁssion neutrons and γrays is very important for various nuclear technologies, and can also lead to a better understanding of the nuclear
ﬁssion process itself.
In most modern nuclear data evaluated ﬁles, a version of the Los Alamos (Madland - Nix) model [1] has been
used to describe the prompt ﬁssion neutron spectrum N (E) and the average number of prompt neutrons emitted
ν. This model has been very successful in describing these quantities accurately for various ﬁssioning nuclei and
incident-neutron energies, in the case of neutron-induced ﬁssion reactions. The model parameters are commonly
adjusted to reproduce experimental data, when available.
Despite its remarkable success, the Los Alamos model is limited in scope, in such that it can only account
for averaged quantities. However, several nuclear applications require to know what happens during the ﬁssion
fragments evaporation stage in greater detail than can be provided by the Los Alamos model. In particular,
neutron-neutron correlations and the distribution P (ν) of prompt ﬁssion neutrons are useful tools to distinguish
among different decay scenarios.
To go in this direction, we have developed a Monte Carlo model to simulate the decay of the ﬁssion fragments
by evaporation of neutrons, followed by the emission of γ-rays until their ground-state is reached. This approach
provides a straightforward path for calculating detailed information about the decay process.
The methodology developed in this work is introduced at some length in the next Section. The model parameters that enter in our calculations are also presented, and in particular the question of total excitation energy
partitioning among the two ﬁssion fragments is discussed. Numerical results for two ﬁssioning systems, spontaneous ﬁssion of 252 Cf and neutron-induced ﬁssion of 235 U at n =0.53 MeV, are presented, and compared to
available experimental data. The conclusion focuses on what can we expect to use from this approach in the
future.

2 Methodology
The overall goal of this approach is to provide a detailed view of the evaporation stage of the ﬁssion fragments
just after scission occurs. The Monte Carlo method is a natural choice for describing each step in this neutron and
γ-ray emission cascade.
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As a starting point, one considers the situation of binary ﬁssion, with the two ﬁssion fragments already fully
accelerated. The sum of the excitation energies of the two fragments equals the total excitation energy (TXE)
available, which follows the relation
T XE = Qf − T KE,

(1)

where TKE represents the Total Kinetic Energy, and Qf the Q-value of the reaction, which is a constant for ﬁxed
fragments masses.
Of course, a nuclear ﬁssion does not lead to a particular mass split only, but instead produces a wide ﬁssion
fragments mass distribution Y (A, Z), accompanied with a distribution in TXE-values. In order to describe the
entire ﬁssion fragments decay, we ﬁrst need to sample (with Monte Carlo) the entire distribution
Y (A, Z) × P (T XE).

(2)

2.1 Fission Fragments Mass Distribution
The ﬁssion fragment mass distribution Y(A) is taken from the experimental pre-neutron emission mass distribution. The charge dependence is assumed to be Gaussian
 
2
1
P (Z) =
e−(Z−Zp ) /c ,
cπ
with Zp the most probable charge for the light or heavy fragment obtained from the corrected unchanged charge
distribution (UCD) assumption of Unik et al., and c the width distribution deﬁned as
c = 2 σ 2 + 1/12 .
σ is the average charge dispersion, and was taken as σ = 0.4 ± 0.05. The most probable charges for both light
and heavy fragments are obtained from the following relation
ZpL − 1/2 /AL =

Zc
= ZpH + 1/2 /AH ,
Ac

where (c, L, H) stand for Compound ﬁssioning nucleus, Light fragment and Heavy fragment, respectively.

2.2 Total Excitation Energy Distribution
According to Eq. (1), TKE values are directly related to TXE values. The Q-value of the ﬁssion reaction is given
by
Qf = Mc − ML − MH + Bn +

n,

(3)

where Mc , ML and MH are the masses for the compound ﬁssioning nucleus, light fragment and heavy fragment,
respectively. Bn is the neutron binding energy of the compound nucleus and n is the incident neutron energy, in
the case of neutron-induced ﬁssion. In the case of spontaneous ﬁssion, both Bn and n terms disappear. Combining Eqs. (1) and (3) provides a direct way to calculate TXE-values from TKE-values. The TXE-distribution
appearing in Eq. (2) can therefore be inferred from the experimental TKE-distribution that is represented by a
Gaussian
/
0
1
2
2
√ exp − T KE − T KE A / 2σA
,
(4)
P (T KE) =
σA 2π
where T KE A and σA are the mean value and with of the distribution.
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2.3 TXE Partitioning
In order to study the decay of the light and heavy fragments, we need to know not only the available total excitation
energy TXE, but also how this total energy is shared among the two fragments. This has been and still remains
to this day a long-standing question in nuclear ﬁssion physics. To shed some light on this important issue, we
have considered three different hypotheses for the partitioning of TXE, after scission, assuming fully accelerated
fragments.
• (H1) here we assume that both light and heavy fragments have an equal nuclear temperature at scission,
which is also equal to the nuclear temperature in the compound ﬁssioning system. This is the same hypothesis made in the Los Alamos model. From this assumption, the initial excitation energies in the light and
heavy fragments can be obtained as follows


aH,L
∗
,
(5)
EL,H = T XE/ 1 +
aL,H
where aL and aH are the level density parameters in the light and heavy fragments, respectively.
• (H2) In this second hypothesis, we make use of some experimental knowledge on the emitted neutrons and
γ-rays to infer the excitation energies in both fragments. We can write
γ

∗
EL,H

ν exp (AL,H ) η L,H + E exp,L,H
#
$.
= T XE × 
γ
ν
(A
)
η
+
E
exp
i
exp,i
i=L,H
i

(6)

γ

E exp is the experimental average total energy carried away by γ-rays and ν exp is the experimental value
for the average number of prompt neutrons emitted. Finally, η is the average energy removed per emitted
neutron given by
η

L,H

=

exp
L,H

1
+ B2n (AL,H , ZL,H ) .
2

(7)

It is the sum of the average center-of-mass kinetic energy of the emitted neutrons, and half the two-neutrons
binding energy for a particular fragment. This last quantity is taken in order to avoid pairing effects.
• (H3) For reasons that will become clear later, we have introduced a third hypothesis to re-normalize the total
excitation energy available at scission in order to reduce the number of neutrons emitted at very low-TKE
values. The (H3) hypothesis reads
T XE 

=
=

f × T XE
ν exp
tot (T KE) × (

+ Bn ) + Eγ (T KE)

(8)

2.4 Neutron Emission
For a given ﬁssion fragment, the neutron emission is carried out by sampling over a Weisskopf evaporation spectrum [2], at a temperature obtained from the initial excitation energy of the fragment, within the Fermi gas model,
and given by
"
TA−1,Z = (E ∗ (A, Z) − Bn ) /aA−1,Z ,
where aA−1,Z is the level density of the nucleus after the emission of one neutron. The Weisskopf evaporation
spectrum reads
φ(A, Z, , T ) = k(T ) σc ( )e−/TA −1,Z ,

(9)

where k(T ) is the normalization factor for a given nuclear temperature, and σc ( ) the compound nucleus formation
inverse cross section. is the emitted neutron energy.
In our model, the sequential neutron emission ends when the excitation energy of the residual nucleus is lower
than the sum of its neutron separation energy and pairing energy. The inclusion of this pairing energy accounts
for the neutron-gamma competition that is not treated otherwise.
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Figure 1: Laboratory prompt neutron energy spectrum of n+235 U at n =0.53 MeV, calculated under the three
partitioning hypotheses, and compared to experimental data and the Los Alamos model predictions.

2.5 Gamma-rays emission
Once the sequential neutron emission stops, the residual nucleus can still be left with some excitation energy. This
energy is then released by γ-rays until the ground-state is reached. In this work, the γ-rays are sampled from the
following distribution
φ(A, Z,

γ, T )

=

2
γ

2T 3

e−

/T

.

(10)

The expression for this evaporation spectrum was derived in Ref. [3] by following an approach very similar to
Weisskopf’s derivation for neutrons.
Two regions of temperature were considered: a Fermi-gas region at higher excitation energies and a constanttemperature region for lower energies.

3 Results and Discussion
We have applied this approach to the spontaneous ﬁssion of 252 Cf, and to the neutron-induced ﬁssion of 235 U for
incident neutrons at n =0.53 MeV. In the present paper, we will present results for the uranium case only. More
complete results can be found in Refs. [4].
At ﬁrst, it is interesting to look at the calculated ﬁssion neutron spectrum N (E), since this quantity can be also
calculated within the Los Alamos model. Figure 1 show the calculated spectra under all three energy partitioning
hypotheses. They are compared to experimental data and Los Alamos model calculations. The (H2) spectrum
appears harder than the (H1) and (H3) results, which are in themselves in reasonable agreement with the Los
Alamos model calculations and experimental data.
In the present Monte Carlo approach, it is straightforward to obtain the prompt neutron multiplicity distribution
P(ν) and its average value ν, the latter being the only quantity accessible within the Los Alamos model. The
numerical results are presented in Fig. 2. The calculated average values ν lie 5-10% higher than the available
experimental data, the 5% limit being obtained with the (H3) hypothesis.
Studying these two quantities only does not help to fully assess the validity of one or the other partitioning
hypotheses. The situation appears quite different when one starts looking at more detailed information. The
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calculated distribution ν(A,TKE) is plotted in Fig. 3 and compared to experimental data. Experimental data show
the familiar saw-tooth behavior for all TKE values, except the lowest (TKE=140 MeV) for which one observes a
drastic drop in the number of neutrons emitted from the light fragments. The (H1) calculations lead to a mostly
ﬂat ν(A) distribution, for any value of TKE, and is therefore in stark contrast with experimental trends. As
expected, the (H2) results lead to a much better agreement with experimental data, since experimental information
on ν exp (A) is explicitly used in Eq. 6. However, no information on this distribution as a function of TKE is used,
and we therefore expect it to work only around the peak of the TKE distribution, i.e., around 165 MeV. This
is indeed what is observed in Fig. 3. However, the agreement between calculated results and experimental data
worsens as one deviates from this TKE peak value.
A more global view of this problem can be seen on the total number of prompt neutrons ν tot as a function of
the total kinetic energy TKE, as shown in Fig. 4. Our results simply show a nearly linear relation between the total
excitation energy TXE in the two ﬁssion fragments and the total number of emitted neutrons. However, the experimental data by Nishio et al. [5] show a large drop in the number of emitted neutrons at very low-TKE, i.e., for
very large TXE-values. Without trying to explain this peculiar trend at this moment, it is nevertheless interesting
to study its impact on different neutron observables, by re-normalizing the TXE to comply with the experimental
data for ν tot (T KE) (H3 hypothesis). As shown in previous ﬁgures, the agreement with other experimental data
is improved. The average prompt neutrons number ν is now at less than 5% from the experimental value (see
Fig. 2), and the hardness of the (H2)-spectrum is signiﬁcantly reduced (see Fig. 1), while improving agreement
with the detailed ν(A, T KE) experimental result (see Fig. 3). However, this third assumption violates energy
conservation, and therefore poses an important question: where could this missing energy be?
Let us now turn to the question of the emission of γ-rays, when the residual energy in the decaying fragments
is too low for the further emission of neutrons. The calculated γ-rays spectrum is shown in Fig. 5, and compared to
both ENDF/B-VI and JENDL-3.3 evaluation ﬁles. The agreement is reasonable considering the large uncertainties
in the experimental data. However, the saw-tooth behavior observed for the γ-ray multiplicity as a function of
ﬁssion fragment mass number (Fig. 6) is not reproduced by our simple approach. A more detailed account for the
neutron-γ-ray competition and for the spin conservation during the γ-ray decay of the fragments should lead to a
much better agreement with the data.
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Figure 3: Probability distribution of prompt neutron number as a function of ﬁssion fragment mass A and total
kinetic energy TKE.
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Figure 6: Gamma-rays multiplicity as a function of the ﬁssion fragment mass.

4 Final Remarks
The Monte-Carlo simulation model that was presented in this paper is a powerful tool to study the physics of the
ﬁssion fragments evaporation stage. In particular, it can be used to assess the validity of the assumptions made
for the long-standing question of TXE partitioning at the scission point between the light and heavy fragments.
Besides the very interesting and challenging study of ﬁssion physics, this tool can already be used to generate nuclear data beyond the Los Alamos model. Such data are needed for various applications such as non-proliferation
issues or the accurate simulation of neutrons and gammas detectors.
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Abstract
In this contribution current advances and challenge in low energy few-nucleon scattering problem are discussed. Some original results obtained when solving Faddeev-Yakubovski equations in conﬁguration space are
presented both for three and four-nucleon systems.

1 Introduction
Theoretical nuclear physics aims to describe the systems of interacting nucleons. It faces two evident frontiers:
ﬁrst devoted to the origins of the strong force between the nucleons; the second one is microscopic quantum
mechanical treatment of many-body systems (nuclei) with the strong force as dynamical input. In order to link
these two frontiers few-nucleon physics plays very important role:
• Since nuclear interaction can not be determined from nucleon structure underlying theory (QCD)– one is
obliged to rely on the phenomenological models. To test these models efﬁciently it is required to develop
powerful tools, which enables description of nuclear processes without acquiring additional approximations.
• It is evident however that such exhaustive approach can account only for negligibly small part of nuclear
processes – the ones in the very lightest and simplest structures. Numerous approximations are however
necessary and unavoidable for description of the more complex systems. Therefore it is of fundamental
importance to have an accurate tool, which is capable to evaluate the effect of different approximations one
relies on.
At present, a variety of high-precision NN-potentials become available. Beyond the longest range one-pionexchange part, which all these potentials contain, the medium and short range region is parametrized either purely
phenomenologically or semiphenomenologically. These models describe bound and scattering states (up to 350
MeV laboratory energy) of two-nucleon system with magniﬁcent accuracy, having a χ2 per datum of about one.
However, an important new features appears in the systems with more than two particles. Such systems can
exhibit off-energy shell behavior, which is prohibited in two-body ones. These of-energy shell effects turns to
play important role in nuclear systems and reveal themselves already in three-nucleon bound state. It have been
remarked that A≥3 systems cannot be described using NN-forces alone, it is necessary to include three-nucleon
forces (3NF) to account for seizable 10% underbinding of the triton. The origin and the explicit form of the 3NF,
which probably is not unique and certainly depends on NN partner in use, becomes a central issue of few-nucleon
physics [1].
Recently big progress has been made in describing the structure of stable nuclei: two very powerful methods
have been developed Green’s function Monte Carlo [2] and No-Core Shell Model [3], which permits to treat
nuclear binding of up to 12 nucleons. There are several other methods, which can provide rigorous description
of 4 ≤ A ≤ 6 bound states [4]. These achievements permit to study in more rigor structure of collective nuclear
forces (3NF, 4NF,..), however nuclear binding energies being strongly correlated does not permit to form a full
picture. The richest information source about the nature of the nuclear interaction is scattering experiment, making
particle collision theory of fundamental importance. Unfortunately description of already the simplest nuclear
reactions meets serious theoretical drawbacks on the formal level, resulting that advancement in this domain is
much slower [1]. There are only very few methods, which can go beyond A=3 system and these at the time being
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Figure 1: FY components K and H. Asymptotically, as z → ∞, components K describe 3+1 particle channels,
whereas components H contain asymptotic states of 2+2 channels.
limited to A=4 case [5]. This subject will be brieﬂy discussed in this contribution, having aim to present recent
challenges and achievements in few-nucleon scattering calculations. In particular, the formalism of FaddeevYakubovski equations will be highlighted [6], which enables consistent description of scattering and bound states
for non-relativistic systems. Some results, obtained employing this formalism for describing scattering process
(including break-up and rearrangement reactions) in three and four-nucleon systems will be presented.

2 Theoretical grounds
The Schrödinger equation is a founding ground of non-relativistic quantum mechanics. However this equation is
not able to provide an unique solution for multiparticle problems with asymptotically non-vanishing wave functions (N≥3 particle scattering problem). Faddeev [7] have succeeded to show that these equations can be reformulated by introducing some additional physical constraints, which leads to mathematically rigorous and unique
solution of the three-body scattering problem. Faddeev’s pioneering work was followed by Yakubovsky [8], who
generalized these equations for any number of particles.
We solve four-particle problem using the Faddeev-Yakubovski (FY) equations in conﬁguration space. In this
formalism systems wave function is expressed as a sum of 18 FY components. One has twelve components K,
which describe asymptotes of elastic 3+1 particle channels; six H components intend to describe 2+2 ones (see
Figure 1). If system is composed of four identical particles1 different components K (or H) become formally
identical and they can be related using particle permutation operators:
P + = (P − )− = P23 P12 ;

Q = εP34 ;

P̃ = P13 P24 = P24 P13 .

(1)

Then systems wave function is expressed
4
34
+ (1 + P + + P − )(1 + P̃ )H12
,
Ψ = 1 + (1 + P + + P − )Q (1 + P + + P − )K12,3

using two nonreducible components
equations:
4
(E − H0 − V12 ) K12,3
34
(E − H0 − V12 ) H12

4
K12,3

=
=

and

34
H12
.

(2)

These components are coupled by two differential FY

4
34
+ V12,3 Ψ
V12 (P + + P − ) (1 + Q)K12,3
+ H12
4
34
V12 P̃ (1 + Q)K12,3 + H12

(3)

here V12 and V12,3 are respectively two and three nucleon potential energy operators.
One should mention, that equations (3) become non appropriate once long range interaction, in particular
Coulomb, is present. In fact, FY components remain coupled even in far asymptotes, thus making numerical implementation of asymptotic conditions hardly possible. The way to circumvent this problem is in detail described
in [6].
1 We consider proton and neutron being two different sates of the same particle – nucleon. These states are discriminated by the isospin
quantum number.
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In this short presentation of the formalism we have skipped three particle FY equations. In fact, four-particle
equations comprise all three-particle physics in them. Three particle equations can be obtained from 4-particle
ones simply by separating degrees of freedom of the particle four.
Equations (3) in conjunction with the appropriate boundary conditions [6] are solved by making partial wave
4
34
and H12
:
decomposition of amplitudes K12,3
Ki (xi , yi , zi )

=

 KLST (xi , yi , zi )
i
[L(x̂i , ŷi , ẑi ) ⊗ Si ⊗ Ti ]
xi yi zi

(4)

 HLST (xi , yi , zi )
i
[L(x̂i , ŷi , ẑi ) ⊗ Si ⊗ Ti ]
xi yi zi

(5)

LST

Hi (xi , yi , zi )

=

LST

Equations (3) are then projected on this basis of angular momentum, spin and isospin. The partial components
KiLST and HiLST are further expanded in the basis of three-dimensional splines. One thus converts integrodifferential equations into a system of linear equations. More detailed discussion on the technical issues can
be found in [6].

3 3N scattering
Three nucleon scattering is theoretically the most explored few-body system. Nowadays numerical solution of
neutron-deuteron scattering, both for elastic and break-up observables, becomes almost a routine problem. On
the other hand description of proton-deuteron break-up process causes severe theoretical drawbacks due to inability to predeﬁne asymptotic form of the systems wave function. Only very recently [9] this problem has been
overcommed numerically, thus permitting to analyse 3N system in the full extent.
It was believed that, due to its simplicity, 3N system is a perfect testing ground for the 3NF. However deuteron
being very extended structure results, what three-nucleon get seldom close to each other in 3N reactions and
that some scattering observables – as elastic differential or total break-up cross sections – over a broad range of
energy show little sensitivity to the inclusion of the 3NF. Unfortunately one is obliged to seek for 3NF effects
in more complex systems. On the other hand in view of insensibility of N-deuteron cross sections to nuclear
interaction model in use, accurate evaluations can be provided for this system based only on theoretical description
– paramount due to lack of accurate n-d break-up cross-section data (see Fig. 2).

4 4N scattering
The study of the 4N system is particularly interesting as a “theoretical laboratory” to test new nuclear force
models. Unlike the A = 3 case, A = 4 shows a delicate and rich structure of excited states in the continuum, see
Fig. 3, whose position and width depends critically on the underlying nucleon-nucleon (NN) interaction. These
resonant states, noticeably ones having negative parity, should be very sensible to NN P-waves, which is believed
to be responsible for some unexplained discrepancies in 3N polarization observables. Furthermore the impact of
three-nucleon (3N) force are believed to be larger than in the A = 3 system. Apart all, it is the simplest system
where the 3N interaction in the channels of total isospin T = 3/2 can be studied – permitting one fully explore
charge dependence of NN and NNN interactions.

n-3 H and p-3 He elastic scattering
n-3 H elastic channel represents the simplest 4N reaction. It is almost pure isospin T = 1 state, free of
Coulomb interaction in the ﬁnal state as well as in the target nucleus. This system however has very large neutron
excess, as large as in the neutron richest stable nucleus – 8 He. Furthermore four negative parity resonances, two
spin degenerated doublets, are present in n-3 H continuum, which strongly contributes to enhance elastic cross
section in around Ecm ≈3 MeV. Ability of realistic nuclear interaction models to describe n-3 H resonant cross
sections was recently put in doubt [5, 11].
At very low energy pure NN local interaction models overestimate n-3 H zero energy cross sections [12, 13].
This is not surprising however, these models lacking 3NF underestimate triton (target nucleus) binding energy,
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Figure 3: In left ﬁgure experimental spectra of 4N bound and resonant states is presented. Positions of resonant
states (dashed lines) are taken from R-matrix analysis [10].
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Figure 4: Comparison of calculated n-3 H cross sections with experimental data. Realistic interaction models, also
including 3NF and non-local NN terms, underestimate these cross sections in resonance region.
also resulting it to be too large. Once triton binding energy and size are adjusted, as example using UIX 3NF
in conjunction with AV18 NN interaction, zero energy cross sections are reduced to gain overall agreement with
experimental data, see Fig. 4. Nevertheless some discrepancy still remains for coherent scattering length [11],
indicating that scattering cross section is not well redistributed between J π = 0+ and 1+ states.
Recently phenomenological non-local INOY NN interaction model was constructed [14], which is capable to
reproduce the triton binding energy as well as improve description of low-energy 3N polarization observables,
without requiring 3NF. This model seems also give better agreement for n-3 H coherent scattering length than
AV18+UIX complex. Nevertheless all realistic interaction models, also including INOY, underestimate by more
than 10% elastic cross sections in the resonance region.
By analyzing differential n-3 H cross section in this resonances region one can observe that underestimation
of cross section is most signiﬁcant for forward and backward scattered neutron, see Fig. 5. These regions are
dominated by scattering in negative parity states, i.e. ones containing resonances. The similar discrepancy can be
observed when describing p-3 He differential cross-sections, note, this system is isospin partner of n-3 H compound
and thus has similar structure. However due to presence of Coulomb interaction p-3 He effective interaction is less
attractive than one for n-3 H case – therefore resulting resonances are less pronounced.
There is one NN interaction model, which can surprisingly well describe both differential and total cross
sections in these two compounds. It is Malﬁet-Tjon potential (MT I-III). However this purely phenomenological
model is very simpliﬁed, as example it ignores presence of tensor force and therefore is not capable to describe
accurately NN data or account for polarization observables. This model thus serves to us only as reference to
study nuclear scattering at very low energies and give gross predictions.
The underlying reason of the realistic interaction model failure are still to be learned better. On part it can be
due to the fact that neutron-neutron interaction is not well known, and that charge dependent terms can be sizeable
in NN force. However this reasoning can not explain failure in p-3 He cross section description, nor explain the
fact that MT I-III potential lacking charge symmetry breaking terms do rather well in both cases. The origin of
these discrepancies then can lie either in P-wave of NN interaction – to which negative parity cross sections are
extremely sensible, either be affected by the presence of 3NF with complicated structure.
Finally, few words should be mentioned about actual positions of these simplest hadronic resonances. R-matrix
analysis [10], based on n-3 H experimental data, predicts these resonances to be situated below the peak region
in total cross section. They have widths, Γ = 2 ∗ Im(Eres ), as large as 13 MeV (see Table 1). Using FaddeevYakubovski equations in conjunction with Complex Scaling method we can calculate resonance parameters – real
energy and width – directly starting from realistic Nuclear Hamiltonians, provided these resonances are not very
broad2 Im(Eres ) < Re(Eres ). However using realistic interaction models we could not ﬁnd any resonance in
2 energies

here are taken relatively to the closest threshold: n-3 H one.
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Jπ

R-matrix [10]

2−
1−
0−
1−

3.19-2.71i
3.50-3.37i
5.27-4.46i
6.02-6.50i

S-matrix
MT I-III
AV18
1.1-2.2i
1.03-2.14i
0.8-2.1i
≈0.4-2.8i
0.35 -2.31i ≈-0.1-2.3i

Table 1: Comparison of n-3 H resonance positions: R-matrix evaluated values and theoretical calculation of Smatrix poles for two different NN interaction models. Energies are given in respect to n-3 H threshold.

Figure 5: Comparison of calculated n-3 H (ﬁgure in the left) and p-3 He (ﬁgure in the right) differential cross
sections with experimental data.
the vicinity of R-matrix ones.
Alternatively, n-3 H scattering phase shifts can be used to continue S-matrix analytically into the complex
energy plane and search for its poles. Such procedure results resonances situated close to n-3 H threshold, with
imaginary energy parts much larger than real ones. Positions of these resonances clearly depends on underlying
interaction model, however they retain the same qualitative feature – having real energies scattered around n-3 H
threshold, whereas their imaginary energies trapped inside [−3, −2] MeV range.

p-3 H scattering at very low energies
4

He continuum is the most complex 4N system, its spectrum contains numerous resonances (see Fig. 3) and
thresholds. Only the ﬁrst steps are made in describing this compound. In this contribution we demonstrate only
very low energy results below n-3 He threshold, fully
% described by proton scattering in S-waves. Nevertheless
dσ
already in this region excitation function – dΩ
(E)%θ=120◦ – has complicated structure due to existence of the
J π = 0+ resonance, often called α-particle breathing mode. This resonance is located at ER ≈ 0.4 M eV above
p-3 H threshold and with its width Γ ≈ 0.5 M eV covers almost the entire region below n-3 He.
Separation of n-3 He and p-3 H channels requires proper treatment of Coulomb interaction, the task is furthermore burden since both thresholds are described by the same isospin quantum numbers. When ignoring Coulomb
interaction or treating it effectively, as was a case in the large number of nuclear scattering calculations, n-3 He and
p-3 H thresholds coincide. In this case 0+ resonant state moves below the joint threshold and becomes a bound
state. Former fact is reﬂected in low energy scattering observables (see Fig. 6 dashed line): excitation function
decreases smoothly with incident particles energy and does not demonstrate any resonant behavior. Only by properly taking Coulomb interaction into account, thus separating n-3 He and p-3 H thresholds, the 4 He excited state is
placed in between.
In order to reproduce the shape of experimental excitation function, NN interaction model is furthermore
obliged with high accuracy situate 4 He excited state inbetween two thresholds. In fact, width of the resonance
is strongly correlated with its relative position to p-3 H threshold. If this resonance is slightly ’overbound’ the
peak in excitation curve becomes too narrow and is situated at lower energies. This is a case for MT I-III model
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Figure 6: Various model calculations for p-3 H excitation function

%
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%
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compared to experimental data.

prediction, see Fig. 6. If one ’underbinds’ this resonance too ﬂat excitation function is obtained, which furthermore
underestimates cross sections. This is a case when AV18 NN interaction is considered without 3NF. Only once
implementing UIX 3NF in conjunction with Av18 NN model one obtains singlet scattering length as well as the
excitation function in agreement with experimental data.
Evidently this system requires to be studied at higher energies. Already just above n-3 He threshold narrow
π
J = 0− resonance is situated, representing challenge for realistic nuclear interaction models. On the other hand
this system, representing admixture of three different isospin states (namely T =0, T =1 and T =2) also contains
T =1 resonances, reﬂecting ones in n-3 H and p-3 He systems and thus enabling us to explore charge dependence of
nuclear interaction. We have undertaken this study and the ﬁrst results above n-3 He threshold are already obtained.
In more distant perspective study of 2 H+2 H→ α + π 0 reaction presents a great interest. In this reaction isospin
conservation is broken, therefore its cross section is directly related to charge symmetry breaking term in nuclear
Hamiltonian. First measurements of this reaction have been already reported [15]. Theoretical description of
this process requires knowledge of accurate 2 H+2 H wave function at energies above 110 MeV, where four and
three particle break-up channels are open. One is urged to ﬁnd a plausible approximation to analyse these highly
non-trivial processes.
Acknowledgements: Authors are grateful to Benjamin Morillon for the fruitful collaboration. Numerical calculations
were performed at IDRIS (CNRS) and CCRT (CEA, Bruyères-le-Châtel).
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Abstract
Random Matrix Theory (RMT) emerged in the 50’s from the study of nuclear resonance spectra. Over the
years, RMT has been applied to many branches of physics including atomic, molecular and mesoscopic physics
as well as ﬁnancial markets analysis. RMT provides a unique tool to investigate statistical properties of classic
and quantum spectra. In applied nuclear data evaluation, RMT is the key theory to test the quality of a resonanceparameter set and permits the detection of missing or spurious levels [i.e wrongly-assigned spin and parity, or
multiplets]. This paper reviews the classic RMT tools for analyzing a set of resonances and discusses more recent
developments. The drawbacks of traditional impurities estimators, based on the Porter-Thomas distribution, are
stressed and alternative methodologies using random matrix theory are suggested.

1 Introduction
In optical and statistical model calculations of nuclear cross section, the knowledge of level densities and strength
functions is of primary importance. Average nuclear parameters can be estimated with a good accuracy from the
statistical analysis of low-energy resonances. The key-step is the check the purity of the resonance set [i.e all
resonances are present in the set and have the same J π ]. Random Matrix Theory (RMT, see [1], [2], [3]) is the
powerful theory underlying all statistical methods to test the quality and purity of a resonance set.
RMT plays also an important role in the development of compound-nucleus scattering theory and permits the
generalization of Hauser-Feschbach theory and a rigorous calculation of average S-matrix elements.

2 Theoretical grounds
The random matrix model assumes that the nuclear hamiltonian of a compound nucleus is represented by a N × N
matrix of high order, whose elements are randomly distributed and independent. The structure of the matrix
depends on the symmetries of the hamiltonian. Dyson (reprinted in [1]) deﬁned three random matrix ensembles:
The Gaussian Orthogonal Ensemble (GOE) are real and symmetric matrices and describes physical situations
with all usual symmetries preserved. GOE is the suitable ensemble for the description of compound-nucleus
spectra. Other ensembles are useful for the study of symmetry breaking: the Gaussian Unitary Ensemble (GUE)
of complex matrices preserves rotational invariance but violates time-reversal, while the Gaussian Symplectic
Ensemble (GSE) of quaternion matrices obeys time-reversal invariance but not rotational invariance.
Statistical properties of energy levels and wave functions are deduced from the eigenvalues and eigenvectors
of the random matrix. One can demonstrate that the joint probability density function of eigenvalues is:
P (E1 , E2 , ..., En ) = C

,

|Ej − Ek | exp −

j<k

 E2
i
2
2a
i

(1)

which exhibits the well-known level repulsion effect (the terms |Ej − Ek |). C and a are constant. By suitable
integration of P (E1 , E2 , ..., En ), one gets the basic functions in the analysis of nuclear spectra: the level density
ρ(E) as well as the two-level correlation function R2 (E, E  ) = ρ(E)ρ(E  ) − ρ(E) ρ(E  ). The overline symbol
deﬁnes equivalently the ensemble average (average over a large number of random matrices) or the average over a
large number of levels (assumption of ergodicity). The two-level correlation function depends only on r = (E  −
E)/D (D is the average level spacing) and represents the probability density to ﬁnd two resonances separated by
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r. Equivalently, the two-level cluster function Y2 (r) is deﬁned as [Y2 (r) = 1 − R2 (r)]. Using equation 1, Y2 can
be expressed analyticaly for the GOE [3]:
 ∞
sin πr 
sin πr 2
d sin πr
+
dr .
(2)
Y2 (r) =
πr
dr πr
πr
r
Since it is difﬁcult to test the two-level correlation function against experimental data, more useful statistics
[i.e measure of ﬂuctuations] have been developped and are generally integral function of Y2 (r). To calculate
theoretically the various GOE statistics, analytical developments are often possible for simple functionals of Y2 .
Numerical integration of equation 2 is also a straightforward way to get theoretical results. However, the Monte
Carlo method is very powerful and consists in generating a set of large random matrices (1500*1500 in the present
work). After the matrices are diagonalized, the resulting spectrum (which follows the unphysical Wigner semicircle distribution) is unfolded to obtain a constant level density. The unfolding procedure consists of shifting
energy levels using:
Ei


= ζ(Ei ) with ζ(E) =

E

ρ(E  )dE  .

(3)

∞

3 Classic RMT statistics on energy levels
This section presents brieﬂy the statistics that have been developed in the framework of RMT. Even if these tests
are well-known in the ﬁeld of random matrix theories, their use in the ﬁeld of nuclear data evaluation is still scarce.
• Variance of the number of levels Σ2 (r): the ﬂuctuation of the number of levels in energy interval of a ﬁxed
length r is measured by the so-called number variance Σ2 (r), which is directly related to the two-level
cluster function.

Σ2 (r) = r − 2

r

(r − r)Y2 (r )dr

0

An equivalent statistic is the probability Ek (r) that the number of levels in an interval of length r takes the
value k. Ek function are known in closed form for k =1,2 and can be calculated by Monte Carlo for k > 2
[3].
• Spacing variance σk : It is well-known that the distribution of the next-neighbor spacings follows the Wigner
surmise. However, RMT also provides theoretical forms of the spacing distribution P (r, k) (and the associated spacing variance σk ) of higher order k [i.e, the distribution of spacings between two resonances
having k resonances between them]. Figure 3 shows an example with a recent evaluation of s-wave 238 U
resonances [7].
• Δ3 statistic is a popular measure of long-range correlations in nuclear spectra. It is deﬁned as the mean
square of the deviation of the cumulative number of levels (seen as a continuous function) from a ﬁtted
straight line and is also a function of Y2 (r):
1
r
−
×
Δ3 (r) =
15 15r4



r

(r − r)3 (2r2 − 9rr − 3r2 )Y2 (r )dr

0

• ρ(Di , Di+1 ) spacings correlation: Short-range correlations in nuclear spectra are measured by the linear
correlation coefﬁcient between next-neighbor level spacings. A theoretical negative correlation ρ(Di , Di+1 ) =
−0.27 is demonstrated with GOE and illustrates once again the rigidity of GOE spectra. Correlations of
higher order ρ(Di , Di+k ) are also known from the work of Metha [3].
• F-Dyson statistic
As discussed in [4], the F-Dyson statistic was introduced to provide a method to detect locally missed and
spurious levels. For each resonance i, one needs to compute:
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Fi =



f (yij ) yij =

j =i

⎧
⎨
f (y) =

1
2

⎩ 0

ln

1+
1−

xi − xj
,
L

√ 2
√1−y2
1−y

(4)

|y| < 1

(5)

|y| ≥ 1

L is chosen to span several resonances (typically L ≈ 10). The sum extends to all levels xj within xi −
L < xj < xi + L. Dyson gives an estimate of F = πL/D − ln(πL/D) − 0.656 with a variance
σ 2 (F ) = ln(πL/D). If one level is missing, the local values of F will drop, while a spurious level will
cause a rise in F. Again, the expectation value of F is related to the two level cluster function.
These statistics are simple to compute and should be used in a systematic way to check resolved-range evaluations. The only requirement is that the sample contains a relatively large number of resonances.
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Figure 1: Classic RMT tests applied to a recent evaluation of s-wave 238 U [7]. The Δ3 and F-Dyson statistics
(upper Figures) are the most sensitive tests and suggest improvements of the resonance set around 3 keV (possible
missing levels or errors in spin assignment). Experimental ρ and σk (lower Figures) are in a fairly agreement with
the GOE predictions.

4 Further GOE tests
GSE test of resonance data: An intriguing theorem states that if we divide a GOE spectrum (E1 , E2 , E3 , ..., En )
into two spectra (E1 , E3 , ..) and (E2 , E4 , ...), the two resulting spectra will follow GSE ﬂuctuation properties. In
GSE, where matrix elements are quaternion, the spacing distribution exhibits a more pronounced level repulsion
effect. Statistics such as Δ and Σ2 behave differently from the GOE case and could be used as a complementary
tests.
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The correlation-hole methods and the application of Fourier transform: In the recent years, ﬂuctuations
properties of atomic spectra have been investigated through the Fourier transform [8]. The Fourier transform
of the two-level correlation function b2 (t) is analytically known [2]. For the sake of simplicity, we consider a
N
stick-spectrum I(E) = λ=1 δ(Eλ − E). The fourier transform of I is:
 ∞
|C(t)|2 = N [δ(t) + 1 − b2 (t)] b2 (t) =
drY2 (r) exp(2iπrt).
(6)
∞
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Figure 2: Fourier Transform of stick spectra of s-wave 238 U resonances [7] below 5 keV (thin line). The Fourier
spectrum was averaged (black line) to be compared to GOE prediction (red line).
This function exhibits the so-called ”correlation hole” for short times in the Fourier space as shown in Figure 2.
To compare experimental data with theoretical prediction the experimental Fourier spectrum needs to be averaged
to simulate ensemble averaging and a gaussian-convolution procedure is recommended. As in the previous section,
one can divide spectra into two sequences of odd and even indices to compare with GSE statistics, the Fourier
transform of Y2 in the framework of GSE exhibits a peak for t=1 (see Figure 2).
Statistics based on higher-order correlation function The k-level correlation function Rk (r1 , ..., rk ) and klevel cluster function Yk (r1 , ..., rk ) generalizes the two-level correlation and cluster functions respectively. Rk
deﬁnes the probability density to observe levels at each of the k points r1 ,...,rk .
The previous statistics involve only Y2 and a more stringent statistic consists of testing higher-order correlation
function. In [6], it was suggested to study the distribution of the number of levels in an energy interval of ﬁxed
length r. The third and fourth moment of this distribution (or equivalently the skewness γ1 and excess γ2 ) are
found to be function of the 2 and 3-level functions. For instance:
γ1 (r) =

1
Σ3 (r)

(R3 (r) − 3(r − 1)Σ2 (r) − r(r − 1)(r − 2),

(7)

with Σ(r) previously deﬁned. R3 can be numerically determined but Monte Carlo simulation gives easily
accurate estimates of γ1 and γ2 as shown in Figure 3.
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Figure 3: Standard deviation Σ2 , skewness γ1 and excess γ2 of the number-of-levels distribution in the case of
238
U resonances [7]. Experimental data are compared with Monte Carlo simulation (red curves).

Analysis of mixed sequence: in practical cases, the orbital angular momentum l can be sometimes known but
not the spin J π so that it is not easy to divide the l-sequence into pure J π spectra. Fortunately, RMT permits the
analysis of n mixed and independent spectra. Introducing the fractional densities yi , deﬁned as the ratios of level
density of one population over the total level density. One can demonstrate that the two-level cluster function for
the sum of the two spectra is:

yi2 Y2,i (yi r)
(8)
Y2 (r) =
i

So that all the statistics developed in the ﬁrst section can be derived such as:


Δ3 (L) =
Δ3,i (yi L) Σ2 (L) =
Σ2i (yi L).
i

(9)

i

5 RMT statistics on nuclear widths
Since the pioneering work of Porter and Thomas, statistical properties of wave functions and reduced width amplitudes γλ,c have been somehow less investigated than energy levels. Eigenfunctions Xλ of nuclear hamiltonian
H follow the Schrödinger equation HXλ = Eλ Xλ and can be expressed in terms of eigenvectors components
aλi of a matrix (after speciﬁcation of a representation basis ϕi ).

Xλ =
aλi ϕi
(10)
i

In R-matrix theory, the decay amplitude of a resonance λ into a channel c is deﬁned by:
5



h̄2
γλc =
aλi ϕi φc dS
Xλ φc dS ∝
2Mc ac
i

(11)

while the widths Γλc and reduced-width Γ0λc are related to the square of the amplitude and to the penetrability.
For single-channel scattering, Porter and Thomas found arguments to show that the distribution of γλc is gaussian
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and that reduced widths follows the well-known Porter and Thomas distribution. Another way to establish this
result was to investigate, by Monte Carlo, the components of eigenvectors aλi of a high-order
' random matrix. It
was found every aλi follows a gaussian distribution. If we assume that the overlap integral ϕi φc dS is constant,
the PT distribution is obtained. More generally, the theoretical reduced-widths distribution is compared with the
generalized Porter-Thomas distribution (normalized χ2 law at ν degrees of freedom):
1
νΓ
νΓ ν/2−1
exp −
dΓ.
(12)
2 Γ(ν/2) 2Γ
2Γ
The ﬁt of experimental reduced-width distribution with this formula permits to test the assumption ν = 1, but
a safer procedure consists in truncating the distribution to exclude small reduced-widths values (see next sections).
Furthermore, there is no correlation between eigenvalues and eigenvectors of a GOE matrix. In absence of
direct processes, one easy test is to check the correlation between a partial reduced width Γλ of a resonance and
the nearest spacings D = Eλ+1 − Eλ or D = Eλ − Eλ−1 .
Very few progress has been done since Porter and Thomas analysis in the knowledge of statistical properties
of amplitudes and widths and only a few tests are available
P (Γ, Γ)dΓ =

6 Impurities estimators
The Porter-Thomas distribution is probably the favorite tool to determine missing levels because one can study
truncated widths distribution and exclude small widths that are the most difﬁcult to measure. The truncated
generalized P (Γ, Γ, ν, Γt ) distribution with a threshold width Γt is:
6
0
Γ < Γt
P (Γ, Γ, ν, Γt )dΓ =
ν/2Γ
νΓ ν/2−1
νΓ
exp − 2Γ dΓ Γ > Γt
Γ(ν/2,νΓt /2Γ) 2Γ
'∞
t
Γ is the reduced widths and Γ(ν/2, νΓ
) the upper incomplete gamma function deﬁned as Γ(x, y) = y e−t tx−1 dt.
2Γ
Two methods are commonly used for ﬁtting this distribution to experimental data:
7
• The maximization of the likelihood L = i P (Γ, Γ, ν, Γt )
• The so-called moment methods which is simpler than the maximum likelihood methods and consists of
solving the following 2 equations (i = 1, 2) with 2 unknowns (ν and Γ):
 ∞
i
N
1  i
Γ Γ(ν/2 + i, νΓt /2Γ)
Γj =
Γi P (Γ, Γ, ν, Γt )dΓ =
N j=1
(ν/2)i Γ(ν/2, νΓt /2Γ)
0

(13)

Reﬁnements of this method include energy dependance of the threshold. The major drawback of this approach
is that Porter-Thomas estimators do not use resonance energy information. Random matrix theories can provided
alternative estimator based on positions of resonances. These estimators are based on the modiﬁcation of statistics
(such as the spacing distribution, Σ2 (r), or Δ3 (r)) when a fraction of levels are missing or spurious. For instance,
an interesting missing-level estimator is based on the next-spacing distribution. For a perfect sample, the spacing
distribution follows the Wigner distribution but when a fraction fm of energy levels are not detected, the theoretical
spacing distribution becomes [9]:
P (D, fm ) =

∞


(1 − fm )k P (k, D/fm ).

(14)

k=0

P (k, D) is the k-order spacing distribution mentioned in previous sections. For GOE, these distributions can
be calculated by Monte Carlo or approximated by a gaussian function with a variance proportional to ln(2π[k+1]).
One of the most efﬁcient method to ﬁt such a distribution is the maximum likelihood method, because it does not
require a binning of the distribution. The most likely value of fm is obtained by maximizing the likelihood
function:
,
P (Di , fm )
(15)
L(fm ) =
i
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Di are the experimental spacings. As said before, this reasoning can be applied to other RMT statistics like
Δ3 . The major drawback of these RMT estimators is that they do not take into account widths information. Ideal
estimator based on both energies and width information is still lacking. Furthermore, current methods only work
for missing levels and cannot cope well with spurious levels or multiplets.

7 S-matrix elements correlations
Twenty years ago, Verbaarshot, Weidenmuller and Zirnbauer (VWZ) determined analytically the correlations
∗ −S
∗
between S-matrix elements Sab Scd
ab Scd for GOE using sophisticated supersymmetry methods [10]. The
general expression involves a threefold integral and is generally used to compute the widths ﬂuctuation factor in
nuclear statistical calculations. S-matrix correlations can also be used as a test of resonance parameters. Note
that a simpler form of VWZ integrals is obtained [11] in the limit of isolated resonances and small transmission
coefﬁcients.
 ∞
Ta ,
∗ (E + ) − S (E) S ∗ (E) = 1
Sab (E)Scd
dx
(1 + Te x)−1/2 exp − iπ x
ab
cd
2 0
1 + Ta x e
D
(δac δbd + δad δbc )

Tb
Tc
∗ (E))
+ (δab δcd Saa (E) Scc
1 + Tb x
1 + Tc x

This integral can be further simpliﬁed using the lumped-channel approximation for all radiative capture channels.
Figure 4 shows the comparison between experimental (238 U resonance below 3 keV) and theoretical autocorrela∗ (E + ) − |S (E)|2 .
tion function Cn ( ) = Snn (E)Snn
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Figure 4: Experimental autocorrelation function for the collision matrix elements of 238 U below 3 keV, compared
to theoretical estimate. Both curves are normalised at = 0.
In principle, S-matrix correlations provide a statistical test for both energy and widths (short range correlation)
and could be used as impurities estimator. Note that Fourier analysis of S-matrix correlations have been investi∗ −S
∗
gated and a simpler expression of Sab Scd
ab Scd has been obtained [12], providing a different way to evaluate
the correlations and the width ﬂuctuation factors.

8 Conclusions and topics for future investigation
The present survey stresses the importance of random matrix theory in the statistical analysis of resonance parameters and the determination of average nuclear parameters.
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Numerous statistical tools, for single as well as mixed sequences, permits to check and improve resonance
analysis (spin and parity assignment, detection of missing levels). More recent approaches (Fourier transform,
high-order level correlations, S-matrix correlation) can give complementary tests for both energies and nuclear
widths. The Monte Carlo method [i.e generation and diagonalization of a set of random matrices] is an easy way
to provide accurate calculations of observables and statistics.
Impurity estimators are often based on the properties of Porter-Thomas distribution of nuclear widths but
alternative methods based on resonance energies are valuable. Some topics merit further investigation:
• One fundamental question is the use of GOE to describe nuclear spectra. Other approaches, based on
nuclear shell model, lead to different ensembles (such as Two-body random ensemble, TBRE or k-body
random ensemble, kBRE [13]). Some studies show that GOE and TBRE predict very similar ﬂuctuations
properties but this remains to be proved in more general cases.
• Since the original analysis of Porter and Thomas, few progresses were made in the study of the ﬂuctuation
properties of nuclear amplitudes and widths and only a few statistical tests are available.
• From a practical point of view, efﬁcient impurities estimators based on both energies and widths information
are still lacking. A rigorous methodology to account for the presence of multiplets is also needed.
• Another topic related to RMT, not discussed in the present paper, concerns the analytical modeling of cross
section functionnals. RMT associated with supersymmetry methods have been successfully applied to
calculate average collision matrix (and cross sections) for compound process. However, in reactor-physics
applications, various functionals of cross sections are used such as self-shielding factors or self-indication
ratios. A general and tractable expression of these functionnals in the framework of RMT would be useful to
provide alternative to the current methods by Hwang [14] and Monte Carlo or Probability Tables approaches.
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Abstract
Neutron-induced reactions in the energy region below about 1 MeV often pass through a stage of a compound
nucleus. In that case speciﬁc levels in the compound nucleus are excited giving rise to resonances in the reaction
cross section. A suitable tool to describe these cross sections is the R-matrix formalism, which has become the
standard formalism to describe the neutron induced cross sections at low energy. The R-matrix contains the
properties of the nuclear levels like their energies, spins and parities, and partial decay widths. The description
of reaction cross sections with R-matrix resonance parameters does not only work for isolated resonances, but
also at higher energies, where resonances overlap and the reactions cross sections are smooth.

1 Introduction
A particularity of low-energy neutron-nucleus interactions is the resonance structure observed in many reaction
cross sections at low incident neutron energies. The cross sections may show variations of several orders of
magnitude on an energy scale of only a few eV. The origin of the resonances is well understood: they are related
to the excitation of eigenstates in the compound nuclear system formed by the neutron and the target nucleus, at
excitation energies lying above the neutron binding energy of several MeV.
Several reaction frameworks are available to describe the reaction cross sections in terms of a set of resonance
parameters. Nowadays, the generally adopted description is the R-matrix formalism. Although other reaction
frameworks, like the K-matrix [1, 2], have been developed in order to circumvent some disadvantages of the Rmatrix related to the boundary conditions and channel radii, the R-matrix formalism, in several approximations,
is the de facto standard reaction framework to describe neutron-induced resonance reactions, with parameters that
are closely related to physical properties of the nucleus.
A very brief description of the R-matrix formalism will be given below to illustrate its basic principles. The
given references will provide a more thorough description.

2 The R-matrix formalism
The R-matrix formalism has been ﬁrst introduced by Wigner and Eisenbud [3] after the pioneering work of Kapur
and Peierls [4]. A very extensive and detailed overview has been given by Lane and Thomas [5] and by Lynn [6].
Recently Fröhner [7] summarized the R-matrix formalism together with other useful considerations on nuclear
data evaluation. Other related references of interest can be found elsewhere [8–13]. In the following, only a brief
outline of the formalism is given in order to understand the principle without the full details.

2.1 Channels and regions
If the wave function of the nuclear system of the reaction were known, one could calculate the cross section with
the usual concepts of reaction theory. The incident plain wave can be expanded in a series of partial waves. The
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physics of the reaction modiﬁes the amplitudes and phases of the outgoing waves. If the nuclear potential was
known one could calculate the wave function and hence the cross section of the reaction. But in the energy region
where distinct nuclear levels far above the ground state are excited, the nuclear system is extremely complex and
no nuclear model is capable of predicting the position and other properties of these excited states with sufﬁcient
accuracy.
The idea behind the R-matrix formalism is to establish an expansion of the nuclear wave function of the
compound nucleus in its eigenstates. The properties of the eigenstates, energies and amplitudes, are present in the
R-matrix. The nuclear wave function outside the region of the compound nucleus can then be matched in values
and derivatives in order to ﬁx the amplitudes and phases of the outgoing waves. This wave function can then be
used to calculate the cross section.
No information of the forces inside the nucleus are needed or can be extracted. The nucleus is treated as a
black box of which the properties of the eigenstates have to be measured in order to describe the cross sections.
It is customary to use the concept of channels for the binary nuclear reactions proceeding from one system of
two particles α to another system of two particles α via a compound nucleus. A channel consists of a particular
initial constellation of particles α and all the quantum numbers necessary to describe the corresponding partial
wave function. The most appropriate combination of quantum numbers is the orbital momentum , the channel
spin s, which is the combined spin of the two particles, the total angular momentum J and its projection on the
z-axis mJ . An entrance channel c can then be designated by the set
c = {α, , s, J, mJ } .

(1)

In a similar way the exit channel c is deﬁned. Cross sections for the reaction c → c can be translated to physically
measurable cross sections α → α by adequate summing and averaging, giving rise to a statistical spin factor g.
The reaction space is divided by the channel radius ac into two regions for each channel. The boundary
r = ac is the limit between the internal region, where there is an unknown potential and the wave functions can
not be found by solving the Schrödinger equation, and the external region, where the potential is known (zero or
Coulomb) and the wave functions can be calculated. Due to the short range of the nuclear forces, the channel
radius is rather well deﬁned although there is no sharp limit. In practice if the channel radius ac is taken just
slightly larger than the nuclear volume, the corresponding eigenvalues, energies and widths describing the cross
section, do not depend much on ac . In order to ﬁx the eigenvalue problem, in the nuclear libraries the standard
numerical value for ac for neutron induced reactions is taken as
ac = 0.8 + 1.23A1/3 fm

(2)

with A the number of nucleons.

2.2 The wave function in the external region and the collision matrix U
The total wave function Ψ in the external region can be expressed as the superposition of all incoming and outgoing
partial waves Ic and Oc , with amplitudes yc and xc , summed over all possible channels c.






Ψ=
yc Ic +
xc Oc =
yc Ic −
Ucc Oc .
(3)
c

c

c

c

The relation between the amplitudes of the incoming and outgoing waves is given by the collision matrix
 U∗cc .
From the conservation of probability ﬂux in the reaction it follows that the collision matrix is unitary, i.e. c Ucc
 Ucc =
δc c , while the conservation of time reversal invariance implies that the collision matrix is symmetric, Ucc =
Uc c .
The complete wave functions in the channel, Ic and Oc , contain the radial parts Ic and Oc , but also the angular
part of relative motion Ym , as well as the internal wave functions of the particles and the channel spin. But since
the wave function in the external region comes from a central potential, it can be separated in radial and angular
parts, Ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ), where only the radial part depends on the central potential V (r) which is
zero for neutrons or a Coulomb potential for charged particles. The general solution for the radial parts Ic and Oc
are linear combinations of spherical Bessel functions which at large separation distances are asymptotically plain
waves.
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2.3 The cross section and the collision matrix U
A description of the relation between cross section and wave functions is not speciﬁc to the R-matrix formalism
but is common to any reaction theory. It is related to the quantum-mechanical description of a ﬂux of particles j,
based on the conservation of probability density
j=

h̄
(ψ ∗ ∇ψ − ψ∇ψ ∗ ) .
2mi

(4)

The link between the reaction cross section and the resonance parameters can be established via the collision
matrix U. Using the full description of the channel wave functions, the angular differential cross section has been
worked out by Blatt and Biedenharn [14]. For the case of incident neutrons the expression is given by
∞


dσ
1
=
λ2
B (c, c )P (cos θ) ..
dΩ
2j + 1

(5)

=0

The coefﬁcients B (c, c ) are rather complicated factors and contain the collision matrix elements Ucc and relations containing Clebsch-Gordan coefﬁcients for the spin bookkeeping, eliminating most of the terms in the
inﬁnite sum over . The cross section for an interaction from channel c to channel c can then be written as
σcc = πλ2c |δc c − Uc c |2

(6)

and the total cross section is obtained by summing over all channels c and using the symmetry and unitary
properties of U
(7)
σc = 2πλ2c (1 − Re Ucc ) .

2.4 The wave function in the internal region and the R-matrix
In the internal region the wave function cannot be calculated readily by solving the Schrödinger equation since
the nuclear potential is in general very complicated.But the wave function can be expressed
' ∗as an expansion
A
X
.
From
this
follows
A
=
Xλ Ψdτ where the
in eigenfunctions Xλ and eigenvalues Eλ as Ψ =
λ
λ
λ
λ
integration goes over the volume dτ of the internal region given by r < ac .
It is possible to use Green’s theorem to replace the integration over a volume by integration over a surface. In
that case, the wave functions need to be known only at the surface, conveniently chosen at the boundary between
the internal and external region r = ac . The values γλc and derivatives δλc of the internal wave function at the
surface r = ac can then be given as an expression including the projection of the wave function on the surface.
In the same way the values Vc and derivatives Dc of the radial part of the external wave function can be
expressed as a projection of the wave function on the surface with a set of orthonormal surface functions ϕc . For
completeness we give here the resulting expression for Aλ

h̄2
(Xλ∗ ∇n (Ψ) − Ψ∇n (Xλ∗ )) dSc
Xλ∗ Ψdτ = (Eλ − E)−1
2mc

= (Eλ − E)−1
(Dc − Bc Vc )γλc


Aλ =

(8)

c

from which
Ψ=


λ

!
  Xλ γλc
(Dc − Bc Vc ) .
Aλ Xλ =
Eλ − E
c

(9)

λ

By multiplying each side by ϕc and integrating over the surface r = ac we obtain

Rcc (Dc − Bc Vc )
Vc =

(10)

c

with
Rcc =

 γλc γλc
.
Eλ − E
λ
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(11)

The quantity Rcc is the R-matrix and contains the properties Eλ and γλc of the eigenstates λ. The boundary
constant Bc = δλc /γλc , taken independently from λ, can in principle be chosen freely for each channel. The
common choice is Bc = Sc (E), while also Bc = − is suggested. A proper choice will give values for Eλ and
γλc that are close to the physical observables.

2.5 The collision matrix U and the R-matrix
The values and derivatives of the internal wave function are given by the R-matrix relation (10). The external
wave function is given by equation (3) and is known except for the boundary conditions. The internal and external
wave functions must now be equated to the same value and radial derivative at r = ac in order to have a smooth
transition. By matching these conditions and after considerable rearrangements, the collision matrix Ucc can be
given explicitly as a function of the R-matrix in matrix notation by
U = ΩP1/2 [1 − R(L − B)]−1 [1 − R(L∗ − B)]P−1/2 Ω .
The introduced complex matrix L is given by



Lc = Sc + iPc =

ρ dOc
Oc dρ

(12)


(13)
r=ac

where the real matrice Sc is called the shift factor and Pc the penetrability factor. The matrix Ωc is
 
Ic
= exp(−iφc )
Ωc =
Oc r=ac

(14)

where the latter equal sign is valid for neutral particles. The quantity φc is related to the Bessel functions forming
the solution of the Schrödinger equation for r > ac . All matrices in equation (12) are diagonal matrices except U
and R.

3 Approximations of the R-matrix
Several approximations of the R-matrix have been developed in the past in order to overcome the complications
of inverting the matrix
[1 − R(L − B)]−1
appearing in equation (12). Except in the case where only one or two channels are involved, the inversion is in
general difﬁcult without additional assumptions. The problem can be put in terms of the inversion of a level matrix
A of which the elements refer to the properties of the levels λ of the system. The problem of inverting a matrix
concerning all channels is then put in a problem of inverting a matrix concerning levels. The level matrix Aλμ is
introduced by putting the following form

[1 − R(L − B)]−1 cc = δcc +
γλc γμc (Lc − Bc )Aλμ
(15)
λμ

from which the elements of the inverse of A are
A−1

λμ

= (Eλ − E)δλμ −



γλc γμc (Lc − Bc )

c

1
= (Eλ − E)δλμ − Δλμ − iΓλμ
2

(16)

with the quantities Δλμ and Γλμ deﬁned by
Δλμ =



(Sc − Bc )γλc γμc

(17)

c

and
Γλμ = 2



Pc γλc γμc

c
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(18)

Now the collision matrix from equation (12) can be expressed in terms of A as
⎛
⎞


Aλμ γλc γμc ⎠ .
Ucc = Ωc Ωc ⎝δcc + 2i Pc Pc

(19)

λμ

Additional approximations have been formulated in order to simplify this expression. The most illustrative is the
Breit and Wigner Single Level approximation where only one level is considered. The approximation of Reich and
Moore [15] neglects the off-diagonal contributions of the photon channels, which is an accurate approximation
for medium and heavy nuclei but works also for light nuclei. It takes into account the interference between levels
and reduces to the BWSL approximation in the limit of a single level. These two formalisms will be described
in some more detail. Other formalisms exists of which we mention here the formalisms of Kapur and Peierls [4],
Wigner and Eisenbud [3], Adler and Adler [10], Hwang [16] and more recently Luk’yanov and Yaneva [13].

3.1 The Breit-Wigner Single Level approximation
The expression equation (16) can be simpliﬁed if only a single level is present. In that case the matrix contains
only a single element. Therefore
A−1

λμ

= A−1 = Eλ − E + Δλ − iΓλ /2

with
Δλ = Δλλ = −


2
(Sc − Bc )γλc

(20)

(21)

c

and
Γλ = Γλλ =



Γλc =

c



2
2Pc γλc
.

(22)

c

Substituting these expressions in equation (19) gives the collision matrix



i Γλc Γμc
−i(φc +φc  )
Ucc = e
δcc +
..
Eλ + Δλ − E − iΓλ /2
From the collision matrix the cross sections can be calculated. For the total cross section this results in


Γλ Γλc cos2φc + 2(E − Eλ − Δλ )Γλc sin2φc
2
2
σc = πλc gc 4 sin φc +
.
(E − Eλ − Δλ )2 + Γ2λ /4

(23)

(24)

The ﬁrst part of the total cross section is the potential scattering or hard sphere scattering cross section σp =
4πλ2c gc sin2 φc . It is associated with the elastic scattering of the incoming neutron from the potential of the
nucleus without forming a compound state. The term with the factor sin2φc is the interference of the potential
scattering and the resonant elastic scattering through the formation of a compound nucleus. Finally, the term with
cos2φc describes the resonance cross sections of the channels. A series expansion of the trigonometric factors
gives for  = 0 in good approximation sinφc = ρ = kac and sinφc = 0 for  > 0. The cosine term can be
approximated by cosφc = 1 for all .

3.2 The Reich-Moore approximation
In practical cases at low energy for a medium or heavy mass nucleus there is one neutron channel and very many
photon channels. In the approximation of Reich and Moore [15] the particularity is used that the amplitudes γλc
are uncorrelated and have a Gaussian distribution with zero mean. This is a consequence of the chaotic behaviour
of the compound nucleus, also known as the Gaussian Orthogonal Ensemble [6, 17–19]. Since the amplitudes are
supposed to have a random distribution with zero mean, the expectation value of the product of two amplitudes is
2
δλμ . Summing over the photon channels gives
zero for λ = μ, i.e. < γλc γμc >= γλc


2
γλc γμc =
γλc
δλμ = Γλγ δλμ
(25)
c∈photon

c∈photon
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Therefore the general expression for A−1 , equation (16), can be simpliﬁed for the photon channels and becomes


A−1 λμ = (Eλ − E)δλμ −
γλc γμc (Lc − Bc ) −
γλc γμc (Lc − Bc )
c∈photon



= (Eλ − E)δλμ − Γλγ (Lc − Bc )δλμ −

c∈photon
/

γλc γμc (Lc − Bc )

c∈photon
/

= (Eλ − E + Δλ − iΓλγ /2)δλμ −



(26)

γλc γμc (Lc − Bc )

c∈photon
/

Comparing this to equation (16), the approximation may be written as a reduced R-matrix in the sense that the
photon channels are excluded and the eigenvalue Eλ is replaced by Eλ − iΓλγ /2. This Reich-Moore R-matrix is

γλc γλc
c∈
/ photon
(27)
Rcc =
Eλ − E − iΓλγ /2
λ

Excluding the photon channels, reduces largely the number of channels and therefore the matrix inversion needed
in the relation between the R-matrix and the cross sections. In heavy nuclei there may be over hundreds of
thousands of levels resulting in several thousands of available photon channels. In the often occurring case at
low energy that only the elastic scattering and neutron capture channels are open, the number of channels in the
R-matrix is one, namely that of the neutron channel, the photon channels being excluded explicitly. This approximation of the general R-matrix is working accurately even for light nuclei and is a recommended approximation.

4 Conclusion
A short overview of the basic principles of the R-matrix formalism has been presented. For neutron-induced
reaction descriptions this is the generally adopted reaction framework. An accurate knowledge of the resonance
parameters, like energies and widths obtainable by measurements, ensures a consistent description of all reaction
cross sections. Average R-matrix resonance parameters, like level densities and average widths for the partial
wave contributions, can be used to parametrize also the smooth cross sections at higher incident neutron energies.
An important challenge remains to have in this region both a consistent cross section description with average
R-matrix resonance parameters and matching cross sections calculated by means of optical model potentials.
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Abstract
Covariance of an energy-averaged cross section depends on a dilution of a resonant nuclide of a target system
because of the resonance self-shielding effect. In the present paper, the dependency is evaluated using a covariance processing code, ERRORJ. It is shown that not only covariance for large resonances but also those for small
ones are important when the resonance self-shielding effect is considered in covariance processing. The resonance self-shielding effect is also evaluated in uncertainty propagation calculations from resonance parameter to
neutronic characteristics.

1 Introduction
It is important to evaluate uncertainties of nuclear design parameters, such as the neutron multiplication factor, in the nuclear engineering ﬁeld. For the evaluation of the uncertainties, covariance of nuclear data are very
useful. When uncertainties of nuclear parameters induced by nuclear data uncertainties are evaluated in a deterministic manner, covariance of energy-averaged(multi-group) cross sections are essential. The ERRORJ code
was developed[1, 2] to produce the covariance of the multi-group cross sections(multi-group covariance) from
covariance data contained in the nuclear data ﬁles.
To calculate covariance of multi-group cross sections from those of resonance parameters, sensitivities of the
multi-group cross sections to the resonance parameters are necessary. The ERRORJ code calculates the sensitivity
numerically. In the resonance energy range, an energy dependency of a neutron ﬂux is strongly affected by resonant nuclides due to the resonance self-shielding effect. Therefore, the multi-group covariance, which are outputs
of ERRORJ, depend on the dilution cross section of the considered system. In the present paper, the resonance
self-shielding effect on covariance processing is evaluated and several matters, which should be considered in the
covariance evaluation, are described.

2 What ERRORJ is
In this section, the ERRORJ code is overviewed. Detailed features of ERRORJ are described in Ref.[2].
ERRORJ was developed based on the ERRORR module of NJOY[3]. Table 1 shows applicabilities of ERRORJ and ERRORR into the covariance data processing.
A multi-group covariance is calculated from covariance of resonance parameters as

Vσm ,σn =
SΓσim · SΓσjn · VΓi,Γj
(1)
i

j

where Vσm ,σn and VΓi,Γj are components of covariance matrices of multi-group cross sections and resonance
parameters respectively, SΓσim is sensitivity of the mth group cross section to the ith resonance parameter. The
sensitivity is calculated numerically in ERRORJ.
It is possible to process the Reich-Moore resolved resonance parameters and the unresolved resonance parameters by ERRORJ. These data cannot be processed by the other covariance processing codes. The numerical
sensitivity calculation was validated[2] through a comparison with the SAMMY code[4], which calculates the
sensitivity analytically.
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Covariance data
Resolved resonance parameter (Breit-Wigner)
Resolved resonance parameter (Reich-Moore)
Unresolved resonance parameter
Fission fraction
Secondary neutron energy distribution
P1 component of elastic scattering cross section
∗

ERRORJ
Yes∗
Yes∗
Yes∗
Yes
Yes
Yes

ERRORR
Yes∗∗
No
No
Yes
No
No

Sensitivity is calculated numerically.
Sensitivity is calculated analytically.

∗∗

Table 1: Applicability of ERRORR and ERRORJ for covariance data processing
In addition, it is also possible by ERRORJ to treat the covariance data described in the compact covariance
format(LCOMP=2) newly proposed by N.M. Larson[5].

3 Dependency of multi-group covariance on dilution cross sections
A multi-group cross section of reaction x, σxg , is calculated from a point-wise cross section, σx (E), using a
neutron ﬂux, φ(E), as a weight function as

σx (E)φ(E)dE
E∈g

σxg =
.
(2)
φ(E)dE
E∈g
σ

A sensitivity of a multi-group cross section to a resonance parameter, SΓx g , is derived as
σ

SΓ x g =

Γ dσxg
·
σxg dΓ

(3)

where Γ is a resonance parameter.
In ERRORJ, an energy dependency of a neutron ﬂux is assumed using the narrow resonance approximation as
φ(E) =

φAsym. (E)
[σt (E) + σ0 ]

(4)

where φAsym. is an asymptotic neutron spectrum, σt (E) is a total cross section and σ0 is a dilution cross section.
ERRORJ calculates the sensitivity numerically with a neutron ﬂux, which depends on the dilution cross sections,
shown in Eq.(4).
The sensitivity can be expressed using Eq.(2)[6] as



Γ∂σx (E)
Γdφ(E)
dφ(E)
φ(E)dE
dE
dE
σx (E)
Γ
∂Γ
dΓ
dΓ
σx g
E∈g
E∈g
E∈g
+ 
− 
.
(5)
SΓ = 
σx (E)φ(E)dE
σx (E)φ(E)dE
φ(E)dE
E∈g

E∈g

E∈g

The ﬁrst term of R.H.S in Eq.(5) is referred as ’the direct term’ and the other terms are as ’the indirect term’.
∂φ
Using Eq.(4),
is calculated as
∂Γ
∂φ
φAsym.
∂σt
=−
.
(6)
×
2
∂Γ
∂Γ
[σt (E) + σ0 ]
The derivative ∂σx /∂Γ is calculated analytically by the SAMMY code. When the derivative is calculated
analytically, it is necessary to remember the indirect term in the sensitivity calculations.
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4 Numerical result
A dependency of a multi-group covariance on dilution cross section is evaluate by utilizing covariance data of
uranium-238 given in JENDL-3.2.
In Fig. 1, capture cross sections and their absolute standard deviations are shown in an energy range from
0.00001 to 60 eV. A resonant behavior is observed in both the cross sections and their standard deviations. Next,
the cross sections and their standard deviations are averaged in this energy range. In Table 2, multi-group cross
section and its standard deviation are shown according to dilution cross sections. It can be seen that the relative
standard deviations change from 0.7% to 2.6%.
10000
Cross section
Abs. Std. Dev.

1000

Cross section [barn]

100
10
1
0.1
0.01
0.001
1e-04
0

10

20
30
40
Neutron energy [eV]

50

60

Figure 1: Capture cross sections and their absolute standard deviations of U-238 in JENDL-3.2

Dilution cross
section [barn]
1010
109
108
107
106
105
104
103
102
101
100

Cross section
[barn]
63.549
63.549
63.549
63.433
62.410
54.391
29.804
10.793
3.838
1.900
1.570

Standard deviation
Absolute[barn] Relative[%]
1.648
2.6
1.648
2.6
1.647
2.6
1.635
2.6
1.528
2.4
0.828
1.5
0.236
0.8
0.147
1.4
0.0514
1.3
0.0179
0.9
0.0102
0.7

Table 2: Dependency of multi-group standard deviations on dilution cross sections
Next, relative standard deviations of multi-group cross sections are calculated below 1keV. The result is shown
in Fig.2. Signiﬁcant dependencies on dilution cross sections can be observed above 10eV. The dependencies
are especially large in two energy groups, group A(130.1-101.3eV) and group B(101.3-78.89eV). The pointwise capture cross section in the energy groups is shown in Fig.3. Covariance data are given for only two giant
resonances(102eV and 117eV) in this energy range. In group A, there is no resonance parameter for which
covariance data are given. Therefore, a standard deviation of cross section does not have a strong resonant behavior
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Figure 2: Relative standard deviations of multi-group capture cross sections
while cross section itself has. It means that the standard deviation of the multi-group cross section has much
smaller dependency on dilution cross sections than the multi-group cross section itself in group A. As a result, the
relative standard deviation of the multi-group cross section becomes larger when a dilution cross section becomes
small. The same thing can be said for the group B.
Sometimes, uncertainties for small resonances are ignored by nuclear data evaluators because their contributions can be negligible when the resonance self-shielding effect is not considered. However, it should be noted that
covariance data for small resonances become important when the resonance self-shielding effect is considered.
It cannot be said that a consideration of the resonance self-shielding effect makes relative standard deviations
larger. In the case of covariance of multi-group capture cross sections for example, not only covariance of Γγ but
also those of Γn affect the multi-group covariance through a neutron ﬂux as shown in Eqs.(5) and (6).
Figure 4 shows relative standard deviations of multi-group cross sections calculated with and without a consideration of the indirect effect. A dilution cross section is set to be 10.0. In several energy groups, the indirect
effect cannot be ignored.

5 Uncertainty propagation to neutronic parameter of LWR lattice
We calculate uncertainty propagation from covariance data of cross sections to the inﬁnite multiplication factor in
LWR lattices. Sensitivities of kinf to multi-group cross sections are calculated by the SAINT code[7] developed at
Osaka university for a UO2 pin cell(enrichment of 235 U is 4.6wt%) and a MOX pin cell(enrichment of Pu is 5.0%).
We calculate uncertainty propagation from covariance data of U-238 given in JENDL-3.2. In this calculation, a
dilution cross section is assumed to be 10 barn in each energy group. While the temperature of the fuel region is
900K and those of clad and moderator regions are 600K, it is assumed that the temperatures of all regions are 0K
because of a limitation of ERRORJ. The number of energy group is 107.
Table 3 and 4 show uncertainties in kinf caused by uncertainty in U-238 capture cross section. In both cases,
the resonance self-shielding effect cannot be ignored.
Dilution cross section
inﬁnity
10.0

Relative Variance
1.118E-5
7.065E-6

Relative standard deviation
0.0033
0.0027

Table 3: Uncertainty in k∞ of UO2 fuel cell
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Figure 3: Point-wise capture cross section of U-238 in JENDL-3.2
Dilution cross section
inﬁnity
10.0

Relative Variance
5.637E-6
2.832E-6

Relative standard deviation
0.0024
0.0017

Table 4: Uncertainty in k∞ of MOX fuel cell

6 Conclusion
In the present paper, a dependency of multi-group covariance on a dilution of resonant nuclides is evaluated by
using a covariance processing code, ERRORJ. It is shown that there is a discrepancy between uncertainties in kinf
calculated with and without considering the dependency. In addition, it is also shown that not only covariance for
large resonances but also those for small ones are important when the resonance self-shielding effect is considered
in covariance processing.
The author would like to appreciate Dr.Kitada of Osaka university for giving us sensitivity of kinf to cross
sections in LWR fuel pin cells.

References
[1] K. Kosako, ’Covariance Data Processing Code : ERRORJ,’ p.30-34, JAERI-Conf 2001-009 (2001).
[2] G. Chiba, and M. Ishikawa, ’Revision and Application of Covariance Processing Code, ERRORJ,’ Proceeding of ND2004 (2004).
[3] R.E. McFarlane and Moir, ’NJOY’ LANL (2004).
[4] N.M. Larson, ’Updated Users’ Guide for SAMMY,’ ORNL/TM-9179/R6(2003).
[5] N.M. Larson,’Compact Covariance Matrix Format Proposal for ENDF,’ presented at the November, 2003,
meeting of the CSEWG(2003).
[6] M.L. Williams, et al., Nucl. Sci. Eng. 138, 177-191 (2001).
231

0.08
All
Only direct term

Relative standard deviation

0.07
0.06
0.05
0.04
0.03
0.02
0.01
0
1

10
100
Neutron energy [eV]

1000

Figure 4: Relative standard deviation of multi-group capture cross section
[7] T. Kitada, et al., J. Nucl. Sci. Technol. 41[2], 163-170 (2004).

232

Basic Statistics and Consistent Covariances for Nuclear Data
Files
H. Leeb, M.T. Pigni,
Atominstitut of the Austrian Universities, Vienna University of Technology
Wiedner Hauptstrasse 8-10, 1040 Vienna, Austria
November 17, 2006
Abstract
We revisit the basic concepts of probability theory and focus on the application of Bayes theorem to nuclear
data evaluation. Starting from the concept of complete ignorance we develop a well deﬁned procedure for the
construction of a reliable prior for nuclear data evaluation. This prior is solely based on the speciﬁc nuclear
models and can also be applied at higher energies where experimental data are scarce. The feasibility of the
procedure is demonstrated in a schematic example for a phenomenological optical potential.

1 Introduction
Evaluated nuclear data ﬁles are an essential ingredient for the design and construction of nuclear facilities, the
radiation safety and the development of novel nuclear technologies. For optimization of the design as well as for
the estimate of safety margins reliable information on the uncertainties of nuclear data are required. At present
the evaluated nuclear data libraries do not provide this information for all isotopes. Therefore, there is an ongoing
effort of the nuclear data community to update the evaluated data ﬁles with proper covariance matrices, which
provide the essential information for reliable uncertainty estimates of key quantities of a new facility.
In this contribution we restrict ourselves to covariance matrices Δσρ Δση of integral cross sections σρ ,
where ρ, η characterize both the reaction channel and the energy. The covariance matrix is a typical concept of
probability theory and is given by



(1)
Δσρ Δση = dσρ dση dσω · · · p(· · · , σρ , ση · · ·) (σρ − σρ ) (ση − ση )
with the expectation value


σρ =


dσρ

dσω · · · p(· · · , σρ , · · ·)σρ .

(2)

Covariances reﬂect the features of the probability distribution p(· · · , σρ , · · ·) which are in general not known for
nuclear models. Therefore, we revisit in Sect. 2 the basic concepts of probability theory and the methods for the
determination of the apriori probability distribution. In Sect. 3 we start from nuclear model calculations and adapt
the method to nuclear data evaluation. In Sect. 4 we demonstrate the feasibility of the method and determine a
prior based on a schematic optical model. A summary and perspectives are given in Sect. 5.

2 Basic Concepts
The application of probability theory in nuclear data evaluation touches the arguments of a longlasting debate
between statisticians, whether the probability distribution describes a degree of plausibility [1, 2] or is only limited
to relative frequencies in a random experiment. The former interpretation is often called the Subjective School of
Thoughts while the latter is known as Objective School of Thoughts in which questions of nuclear data evaluation
are not admissible. Both interpretations lead to the same mathematical formalism for logical inferences, although
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the concepts are diverse and cannot be uniﬁed [3]. In nuclear data evaluation we take the subjective view because
the probability distribution expresses our expectation on the basis of available information.
Probability theory is built upon two fundamental relationships for the probability distributions p
p(x, z|M, I) + p(x̄, z|M, I) = 1
p(x, z|M, I) = p(x|z, M, I)p(z|M, I) = p(z|x, M, I)p(x|M, I) ,

(3)
(4)

where x, z, M, I are propositions which are ’true’ and arx stands for the proposition x is ’false’. Here, we have
introduced the propositions relevant in nuclear data evaluation, i.e. x refers to the set of parameters, z to the set of
experimental data, M refers to the model and I gives other external conditions. The bar below x and z indicates
that both quantities are essentially vectors. The product rule (4) reﬂects the symmetry x z = z x and leads directly
to Bayes theorem [4]
p(z|x, M, I)
p(x|z, M, I) =
p(x|M, I) ,
(5)
p(z|M, I)
which allows to update the prior p(x|M, I) with the information obtained by a new measurement expressed in
the likelihood function p(z|x, M, I). Thus the a-posteriori distribution p(x|z, M, I) is the expection on the set
of parameters taking consistently into account the new experimental data and the available knowledge before the
experiment which is expressed in the prior.
The likelihood function p(σ|x, M, I) gives the probability distribution of the data σ for a model M with
parameters x and additional conditions I,


1
T −1
M
M
σ − σ (x) ,
p(σ|x, M, I) = exp − σ − σ (x) B
(6)
2
where B is the experimental covariance matrix with elements Bρη = Δσρ Δση .
The determination of the proper prior is the most important step for the application of Bayesian statistics to
data evaluation. However, what determines the prior within the parameter space? An elementary requirement of
consistency demands that two persons with the same prior information should assign the same prior probability.
This excludes the personalistic school of thoughts [5] which offered many different prior distributions for a given
state of prior knowledge. Unfortunately the rejection of this wrong ansatz was frequently associated with a
rejection of the Bayesian methods in general and delayed its wide acceptance. An essential advance was provided
by Jaynes [6], who recognized that the maximisation of the information entropy, introduced by Shannon [7], yields
an unambiguous criterion to determine the prior at least for discrete probability distributions.
In information theory it is proved that a unique way to measure the amount of uncertainty is given by the
information entropy

pi ln pi ,
(7)
S = −K
i

where pi is the probability of the event denoted by i. Only three conditions enter this proof, (a) S is a continuous
function of pi , (b) If all pi are equal, S should be monotonically increasing and (c) the composition law should
be satisﬁed, which implies that S is additive for independent sources of uncertainties. With this measure of the
amount of uncertainty it is straightforward to formulate an unbiased sampling, while agreeing with all the available
information. We demonstrate this on a simple example.
the correLet us assume that the quantity x can take the discrete values xi (i = 1, 2, . . . , n). We do not
know
n
the
expectation
values
of
a
function
f
(x),
i.e.
f
(x)
=
p
sponding probabilities pi , but we know
i=1 i f (xi ). In
n
addition the normalization condition i=1 pi = 1 must be satisﬁed. In order to obtain unbiased probabilities pi
we must maximise the amount of uncertainty under these constraints. Thus we must look for the maximum of the
function







S̃ = −
pi ln pi − λ0
pi − 1 − λ1
pi f (xi ) − f (x)
(8)
i

i

i

with the Lagrange multipliers λ0 and λ1 . The result is usually written in the form
pi =

1
exp (−λ1 f (xi ))
Z(λ1 )

with

Z(λ1 ) =

n

i=1
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exp (−λ1 f (x1 )) .

(9)

The partition function Z(λ1 ) is given by the Lagrange parameter λ0 = ln Z(λ1 ) − 1. The Lagrange parameter λ1
is determined by
∂
f (x) = −
ln Z(λ1 ) .
(10)
∂λ1
The generalisation to any number of functions f (x) is straightforward (see e.g. [6]).
In nuclear data evaluation we usually deal with continuous probability distributions p(x). Shannon’s proof [7]
is given only for discrete distributions. The expression for the information entropy of continuous distributions can
be obtained in the limit from a discrete distribution [8, 9]

p(x)
,
(11)
S = − dx p(x) ln
m(x)
'
where m(x) is an invariant measure, which is essentially the prior density for complete ignorance (except dx p(x) =
1) ensuring form invariance under change of variable. Assuming that we know m(x) and expectation values for
known functions

fk (x) = dx p(x) fk (x) , k = 1, 2, . . . , K
(12)
we can apply the principle of maximum entropy and obtain the probability density
!
K

m(x)
exp −
p(x) =
λk fk (x)
Z(λ)

(13)

k=1

with the partition function


Z(λ) =

dx m(x) exp −

K


!
λk fk (x) .

(14)

k=1

The Lagrange multipliers are again determined via the relations
fk (x) = −

∂
ln Z(λ) ,
∂λk

k = 1, 2, . . . , K .

(15)

However, there remains still the problem of the proper choice of the measure m(x) which is, apart from a
normalization, equivalent to the probability distribution describing complete ignorance. Thus the problem is the
ancient one which had been the subject of controversal debate between statisticians for almost two centuries.
A breakthrough was achieved by Jaynes in 1968 [9], who demonstrated that the prior associated with complete
ignorance can uniquely be deduced from invariance properties of the problem. This reasoning implies that for the
state of complete ignorance the prior density must not depend for example on the shift of a position parameter or
a scale of a scaling parameter. Hence the corresponding equation
p(μ, σ)dμdσ = p(μ + b, cσ)d(μ + b)d(cσ)

(16)

must be satisﬁed whose general solution for the prior is
p(μ, σ) dμ dσ =

constant
dμ dσ .
σ

(17)

Thus the assumptions of Laplace’s principle of insufﬁcient reasoning [2] and Jeffreys prior [10] are special cases
for position and scale variables, respectively.

3 Determination of Prior for Nuclear Models
How to assign uncertainties to scientiﬁc data was comprehensively discussed by Fröhner [11]. Besides the mathematical basis, reviewed in Sect. 2, he primarily addresses aspects directly related to uncertainty estimates of
experimental data. Here, we will focus on the problem how to assign uncertainties to model calculations, which
are used as a prior for nuclear data evaluation.
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To start a nuclear data evaluation we must ﬁrst determine the set of independent reaction channels and the grid
of energies. If the evaluation covers a wide energy range, e.g. 1 keV to 200 MeV, it is useful to choose the mesh
points equidistant in the logarithm, e.g. Ẽj = 10−3+j/n MeV, j = 0, 1, 2, 3, . . ., with n mesh points per decade.
(mod)
Now let us assume that we have proper nuclear models ηρ
for all observables σρ included in the evaluation
process, i.e.
σρ = ηρ(mod) (a) .
(18)
Here, ρ is a compact notation for the reaction channel and external variables, e.g. energy or scattering angle,
and a = (a1 , a2 , . . . , aN ) are model parameters which could be of microscopic or phenomenlogical nature. We
>
further assume that a set of parameters ã can be expected from very general considerations and boundaries a<
i , ai
for each parameter can be given.
An important information concerns the correlations between the parameters. In simulations it is frequently
assumed that the parameters are not correlated, hence the prior distribution reduces to the product
p(a|M, I) =

N
,

p(ai |M, I) .

(19)

i=1

Another extreme consideration is the assumption that the model calculations provide an ideal experiment based
on independent count rates, i.e. Δσρ Δση = δρη Δ2 σρ . The corresponding parameter correlations are given
by
N 
N

∂σρ
∂ση
A ,m
,
(20)
Δ2 σρ δρη =
∂a
∂am
m=1
=1

where A ,m = Δa Δam . The corresponding prior is much more involved compared to the case of uncorrelated
parameters. Neither of these both extremes is applied in our further considerations. Instead we assume that
there exist model-speciﬁc correlations of the parameters which are characterized by the fact that different sets of
parameters give within a small band almost the same cross sections. Hence the matrix A ,m is determined from
the relationship
N 
N

1 ∂σω
∂σω
Δ2 uω =
A ,m
,
(21)
2
σ ∂a
∂am
m=1 ω
=1

where ω extends over the same reaction channels, but an extended energy grid in order to obtain sufﬁcient equations for the determination of the matrix A. The variance of the relative error Δ2 uω in the cross section is assumed
to be constant for all energies of a reaction channel and is taken in the order of 10−4 corresponding to 1% relative
error. Also this case implicitly includes assumptions about Δσρ Δση via the choice of ω-values. However, this
bias can almost be eliminated by the formulation as a minimisation procedure in an overdetermined system, e.g.
by integration over the whole energy range.
The methods for the determination of A are straightforward, but do not ensure that A is positive deﬁnite.
In most cases negative eigenvalues are related with undesired correlations. Fixing the major parameter of the
corresponding eigenvector will heal for this deﬁciency.
With this information on the parameters and their correlations we are able to construct the prior implying the
following procedure:
• We express each parameter in terms of a scaling parameter xi , i.e. ai = xi ãi and assume that the expected
values ãi are the expectation values ai = ãi and therefore xi = 1.
• We assume complete ignorance apart from the known expectation values, correlations and boundaries.
• We apply the method of maximum entropy taking into account the known expectation values, correlations
and boundaries.
According to the procedures discussed in Sect. 2 the prior distribution is obtained by maximizing the information
entropy under the constraints Gk (x) = 0

S̃ = −

x>1

x<1


dx1 · · ·



x>N

dxN p(x) ln
x<N
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p(x)
m(x)


−

K

k=0

λk Gk (x) .

(22)

The constraints account for the normalisation
 x>1

dx1 · · ·
G0 (x) =
x<1

x>N

x<N

dxN (p(x) − 1) ,

(23)

dxN xk p(x) − 1

(24)

the expectation values of the parameters xk , k = 1, . . . , N

Gk (x) =

x>1

x<1


dx1 · · ·

x>N

x<N

and for k > N e.g. for the known covariance matrix elements X

Gk (x) =

x>1

x<1


dx1 · · ·

x>N

x<N

,m

=A

m/

√
A Amm .

dxN p(x) (x xm − X

,m )

.

(25)

The prior distribution is of the form
 N
N


m(x)
exp −
λk xk −
λN +k (
p(x|M, I) =
Z(λ)
k=1


,m) x

xm

,

(26)

>m=1

where we have assumed to know the expectation values of the parameters and the corresponding matrix elements
of the covariance
matrix. Since we are only dealing with scaling parameters, the invariant measure is given by
7N
m(x) = i=1 x−1
i , while the partition function is a generalization of (14) to many parameters. Correspondingly
the Lagrange parameters λk are obtained from generalizations of the relationships (15). Upper and lower bounds
of the parameters result in a limited interval for the integration.
With the knowledge of the prior distribution p(x|M, I) we can determine via simulation the distribution of the
observables (cross sections) and the corresponding expectation values as well as the covariance matrix. This prior
is also the starting point for a Bayesian update procedure with experimental data.
The procedure discussed so far is limited to the effect of parameter uncertainties. As outlined in a previous
work [12] an important contribution to the covariance matrix is associated with model defects. In order to determine the contribution due to model defects one may follow the procedure of Ref. [12]. An alternative is offered
by the newly developed method by introducing an energy independent normalization factor N into the model
σρ(exp) = Nρ ηρ(mod) (a) .

(27)

The expected value of N and its boundaries should be estimated from a comparison with experimental cross
sections at neighbouring nuclei. This normalization parameter can be treated on the same footing as the other
model parameters and a combined prior distribution can be established.

4 Example - Prior for Optical Potential
We evaluated the prior distribution and the corresponding covariance matrix for a schematic Optical Model for
neutron-40Ca scattering in order to demonstrate the feasibility of the procedure. In particular we considered a
simple optical potential of Saxon-Woods shape


r − rv A1/3
)
(28)
Vopt (r) = −(V + iW ) 1 + exp(
av
with the expected parameters V = 50 MeV, W = 10 MeV, rv = 1.2 fm and av = 0.6 fm. Only the real part
is subject of insufﬁcient information, while the imaginary part is kept ﬁxed. Furthermore it is assumed that the
parameters are within the boundaries 35 ≤ V ≤ 65 MeV, 1.10 ≤ rv ≤ 1.35 fm and 0.48 ≤ av ≤ 0.75 fm.
In order to determine the covariance matrix A of the parameters we have considered the total cross section at
energies between 20 and 50 MeV. Assuming a relative error of 1% over the whole energy region we have solved
Eq. (21) and obtained a symmetric and positive deﬁnite covariance matrix A for the parameter correlations. Since
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the correlations between the parameters are rather weak, we transformed the parameters to the eigenvectors of A
and used the prior of least ignorance for uncorrelated parameters, Eq. (19). This procedure is possible because
the corresponding transformation matrix depends only on the correlations, but not on the relative error used in
Eq. (21). The only problem concerns the transformation of the boundaries because the physically admissible
ranges of the eigenvalues are not simply formulated. In order to simplify the procedure we transformed the
range of each eigenvalue keeping the other parameters at there expected values. Thus we focus on the centre
of the admissible parameter range and we will still obtain reliable probability distributions, expectation values
>
and covariance matrices. We determined expected values of the eigenvalues ẽi and their boundaries e<
i and ei .
Similarly to the parameters we express the eigenvalues in terms of scaling parameters, i.e. ei = yi ẽi with yi = 1.
The corresponding prior distribution of yi is given by
p(yi ) =

1 1
exp(−λyi )
Z(λ) yi



yi>

with Z(λ) =

dyi
yi<

1
exp(−λyi ) ,
yi

(29)

where the Lagrange parameter λ is obtained from
−

∂
ln Z(λ) = 1 .
∂λ

(30)

With this prior distributions for the parameters yi , i = 1, 2, 3 we performed a simulation with 10000 sweeps
for the total, elastic and reaction cross sections. In Fig. 1 we show the distribution of the Woods-Saxon parameters
in this sampling. The distributions of the parameters exhibit quite different shapes. The expectation values and the
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Figure 1: The prior distribution of the Woods Saxon parameters V, rv , av .
variances are in agreement with the input information. In Fig. 2 we show the distribution of the total and the elastic
cross section values at E = 20 MeV. In addition the energy dependence of the elastic cross section is displayed
with error bands corresponding to one standard deviation. These error bands are rather wide because they rely
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Figure 2: Results of the sampling with the prior distribution. (a) distribution of the values of the total cross section;
(b) distribution of the values of the elastic cross section; (c) error bands for the elastic cross section.
essentially only on the mean values and the boundaries which enter into the procedure. In Fig. 3 the normalized
covariance matrices for the total and the elastic cross sections are shown. Fig. 3 clearly demonstrates that there
are signiﬁcant corrleations between the cross sections at different energies due to the optical model. Although the
error bands are rather wide, the Bayesian update procedure will be rather stiff because of these correlations. This
example is only schematic and should demonstrate the feasibility of the procedure. Therefore, we did not attempt
to include any model defects.
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Figure 3: The normalized covariance matrices for the total cross section obtained in the schematic optical model
calculation for neutron-40Ca scattering.

5 Summary and Outlook
We have revisited the basic concepts of probability theory with emphasis on its application to nuclear data evalution. From this it is obvious that reliable nuclear data evaluations require a consistent treatment within Bayesian
statistics. The key requisites for such evaluations are: (1) precise experimental data with reliable covariance
information and (2) a consistent and well deﬁned prior.
In this contribution we have developed a formal and consistent procedure to determine the prior distribution
for nuclear model calculations. The method relies on probability theory and applies the concepts of maximum
entropy and the invariant measure to determine a least biased prior which accounts for all available information.
This prior allows to determine covariance matrices associated with parameter uncertainties without reference to
experimental scattering data. The feasibility of the method was successfully demonstrated in a schematic example
based on a phenomenological optical potential. We have pointed out that in principle the method also allows
to include model defects. But in this case, reference to experimental cross sections of neighbouring nuclei is
required.
The value of this well deﬁned prior can only be exploited if experimental data are provided with the proper
information on the uncertainties. This can be in form of covariance matrices, but also a complete description of the
procedure of the analysis may sufﬁce, if all correlations of parameters are given, which enter the analysis. In order
to allow for improvements, e.g. when new standards are available, covariance matrices for various contributions
should be given.
On a mid term perspective the formalised procedures, as presented in this contribution, together with the increasing computer power will lead to the construction of general evaluation tools. In addition to the linearized
update procedures used today, these code systems will allow extended probability sampling, if there are partly
large uncertainties in the data set or non-standard probability distributions involved. Thus inclusion of new experimental data into existing ﬁles will be straightforward and it will also be easy to provide the requirements for new
experiments, in order to obtain optimal improvement of the ﬁle.
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Abstract
The OECD Nuclear Energy Agency (NEA) Data Bank is part of an international network of data centres
in charge of the compilation and dissemination of basic nuclear data. Through its activities in the nuclear data
ﬁeld, the NEA participates in the production of data and their distribution to nuclear data users. The high
priority request list is an example of such a project. The NEA thus provides an essential link between producers
and users of nuclear data. The NEA Data Bank distributes the main computer codes and nuclear databases
with bibliographical information, evaluated libraries, e.g. JEFF, and experimental data in the data base EXFOR
comprising published neutron induced as well as charged particle induced nuclear reaction data. The new data
library JEFF-3.1 will be presented here, as well as the data display tool JANIS. The NEA is also involved in
the work in the Generation IV International Forum (GIF) technical working groups that are developing research
programs for advanced reactor concepts.

1 Introduction
The Nuclear Energy Agency (NEA) is a specialized agency within the Organisation for Economic Co-operation
and Development (OECD), an intergovernmental Organization of industrialized countries, based in Paris, France.
NEA Data Bank works internationally in a network of several data centres in charge of the compilation and
dissemination of basic nuclear data. Through its activities in the nuclear data ﬁeld, the NEA participates in
the production of data and their distribution to nuclear data users. The NEA thus provides an essential link
between producers and users of nuclear data. The NEA web site (www.nea.fr) offers interfaces to the main nuclear
databases with bibliographical information, evaluated libraries, e.g. JEFF, ENDF/B and JENDL, and experimental
data in the data base EXFOR comprising published neutron induced as well as charged particle induced nuclear
reaction data.
The display program JANIS (JAva-based Nuclear Information Software) has been developed at the NEA, and
its latest version (JANIS-2.2) was released in June 2005. JANIS is designed to facilitate the visualisation and
manipulation of nuclear data, and to allow the user access to numerical and graphical representations without
prior knowledge of the storage format. In this paper an overview will be given of EXFOR as well as the JEFF
evaluation library project including the contents of the new JEFF-3.1 nuclear data library released in May 2005.
The JANIS display program will also be presented with examples.

2 The NEA
The mission of the NEA is to assist its member countries in maintaining and further developing the scientiﬁc,
technological and legal bases for safe, environmentally friendly and economical use of nuclear energy for peaceful
purposes. The NEA works as a forum for international co-operation and as a centre of excellence which helps
member countries with technical expertise. The NEA’s current membership consists of 28 countries, in Europe,
North America and the Asia-Paciﬁc region. Together these countries account for approximately 85areas can be
divided into nuclear safety and regulation, nuclear energy development, radioactive waste management, radiation
∗ The
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protection and public health, nuclear law and liability, information and communication, nuclear science and the
nuclear data bank activities.
The nuclear data evaluation co-operation activities involve the evaluation projects in the following regions:
Japan (JENDL), United States (ENDF), Western Europe (JEFF), and non-OECD countries (BROND, CENDL,
and FENDL). The participation of the evaluation projects in non-OECD Member countries will be channeled
through the Nuclear Data Section of the International Atomic Energy Agency (IAEA).

3 High Priority Request List of nuclear data needs
The Nuclear Energy Agency’s HPRL project started in the early 1980s by the NEA committees on Reactor Physics
and Nuclear Data. The aim was to provide targets for the improvement of nuclear data, primarily for application
in the nuclear industry. The users were asked to deﬁne their most important requirements, taking into account the
limited resources available for measurement and evaluation of data.
The request list is collected to provide targets for the improvement of nuclear data, primarily for application in
the nuclear industry through the evaluated data projects, and is a compilation of the highest priority nuclear data
requirements. The purpose of the list is to provide a guide for those planning measurement, nuclear theory and
evaluation programmes. The HPRL is a place where data users meet data producers.
The High Priority Request List (HPRL) is in a stage of renewal, [1]. A totally new list is going to be presented
in 2005, and each year there will be a review of the requests by external referees coordinated by the subgroup
C of the OECD NEA Nuclear Science Committee’s Working Parties on International Evaluation Co-operation
(WPEC). This group consists of both data users and producers from industry, representing Europe, Japan, Russia
and USA.
The NEA is at the moment collecting new requests for experimental nuclear data. The requests are divided
in high priority ones, where a quantitative justiﬁcation is needed, and general requests where a more qualitative
justiﬁcation is sufﬁcient. All requests need to be tied to a certain project including a project life span, that is to be
stated. The list will be maintained by the NEA Data Bank and is presented on the NEA home page.

4 The NEA Data Bank Services
The Data Bank primary role is to provide scientists in member countries with reliable nuclear data and computer
programs for use in different nuclear applications. The services include also thermochemical data for radioactive
waste management applications.
The 22 member countries of the NEA Data Bank are: Austria, Belgium, Czech Republic, Denmark, Finland,
France, Germany, Greece, Hungary, Italy, Japan, R.o. Korea, Mexico, Netherlands, Norway, Portugal, Slovak
Republic, Spain, Sweden, Switzerland, Turkey, United Kingdom. By arrangement with the IAEA, the Data Bank
computer program services cover both Data Bank countries and member states of IAEA, except USA and Canada.
A separate agreement covers nuclear data and computer program exchanges with the USA and Canada. Users of
the Data Bank services include governmental research institutes, industry and universities.
The NEA Data Bank administrates and distributes the main evaluated nuclear data libraries on the NEA web
site (www.nea.fr) as well as on CD/DVD on request. The NEA has been using relational databases since 1993 to
provide a centralised repository of data and has used web-based technology to allow interactive retrieval of the
data. The NEA home page offers interfaces to the main nuclear databases: EVA for evaluated data, CINDA
for bibliographical information and EXFOR for experimental data. This latter also includes on-line plotting
capabilities. The nuclear data services are also in charge of the collection and validation as well as the distribution
of the Joint Evaluated Fusion and Fission (JEFF) library. The JEFF project has evolved from the two separate EFF
(Fusion) and JEF (Fission) projects to a joint collaboration in 1995, with a ﬁrst library, JEFF-3.0 [2], released in
2002. A preliminary version of JEFF-3.1 was tested and evaluated in November 2004 and a ﬁnal test version was
presented in March 2005. The ofﬁcial release of JEFF-3.1 was in May 2005 as scheduled. A summary report of
JEFF-3.1 is planned to be published in the end of 2005.
The computer program services (CPS) group provides more than 2000 documented packages and group crosssection data sets related to nuclear energy applications. The CPS group publishes news letters regularly (see
www.nea.fr/html/dbprog), describing the acquisition of basic nuclear data, computer codes and experimental system data needed over a wide range of nuclear and radiation applications. Independent veriﬁcation and validation
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Figure 1: Examples of JANIS displays.
of these data is offered using quality assurance methods, adding value through international benchmark exercises,
workshops and meetings and by issuing relevant reports with conclusions and recommendations. The CPS disseminate the different products to authorized establishments in member countries and integrates user feedback
(more than 600 establishments are served in member countries and about 80 from other countries through agreement with the IAEA). The services include collection of programs, compilation and veriﬁcation in an appropriate
computer environment, and that the computer program package is complete and adequately documented.
The NEA Data Bank organises seminars and workshops to present information on computer programs or
groups of programs that are considered to be of special interest to users, such as the NJOY workshop in May 2005
at the NEA. Training courses on widely used computer programs are organised a few times a year to ensure a
correct and effective use of them.
Below follows three examples of services from the nuclear data services of the Data Bank, namely international
collaboration, collection and maintenance of experimental data in EXFOR, the data manipulation and display tool
JANIS, and ﬁnally the new evaluated data library JEFF-3.1.

5 EXFOR
A comprehensive set of experimental reaction data are stored in a database called EXFOR [3], that was initiated
already 1969. EXFOR has always been coordinated through an international network [4], and the other three
main nuclear data centres are, besides the OECD/NEA Data Bank, the National Nuclear Data Center (NNDC)
at Brookhaven National Laboratory (USA), the Nuclear Data Services (NDS) at IAEA and the Russian Nuclear
Data Center (CJD) at the Institute of Physics and Power Engineering (IPPE) in Russia.
In addition to storing the experimental data points and their bibliographic information, experimental information including source of uncertainties is also compiled. EXFOR is complete with respect to neutron reaction data,
and is intended to also cover all charged particle data up to 12C with incident energies up to about 1 GeV. Selected
heavy-ion-induced and photon-induced reaction data are also included. EXFOR contains at present about 15,000
experiments from 1935, divided in 114,000 different reactions with a total of about 8.4 Million data points.
The bibliographic database CINDA (Computer Index of microscopic Neutron Data) is closely linked to EXFOR, and contains a complete bibliography of all neutron data published since 1932, as well as an index to
corresponding EXFOR entries and evaluated data. Besides neutron data, CINDA also covers photo-neutron,
photo-ﬁssion and spontaneous ﬁssion data. CINDA is available on web retrieval, through the JANIS program, and
as a book that can be requested from the NEA.

243

6 JANIS
JANIS (JAva-based Nuclear Information Software) is a display program designed to facilitate the visualization
and manipulation of nuclear data [5]. Its objective is to allow the user of nuclear data to access numerical and
graphical representations without prior knowledge of the storage format. It offers maximum ﬂexibility for the
comparison of different nuclear data sets. Features included in the latest release are described such as direct
access to centralized databases through JAVA Servlet technology.
One of the main missions of the OECD/NEA Data Bank is to provide nuclear data services to research laboratories, universities and industry in member countries. In the last decade, these services have developed along two
parallel paths, namely, the use of the Internet and the distribution of dedicated software. Each approach has its
advantages. For instance, the Internet option enables the user to access centralised (and thus up-to-date) databases.
However, the display of the data is limited by the capabilities of web-pages. Likewise, software running on the
user’s personal computers can implement advanced, user-friendly interfaces enabling the display of complicated
structures.
JANIS was implemented as application-like software with direct access to large databases. The software is free
of charge and can be downloaded or launched from the JANIS home page: www.nea.fr/janis, where the complete
manual can be found as well. JANIS accesses data contained in comprehensive databases. The formats supported
are ENDF-6 (along with the linearised pointwise option PENDF and the group-wise option GENDF) and the
computational format derived from EXFOR. JANIS comprises a number of functionalities. The main browser
window shows the nuclide chart where basic isotope data can be shown, from NUBASE or from evaluated data
libraries. This gives overall information of the isotope and of the evaluated data libraries, e.g. JEFF, JENDL,
CENDL, BROND and ENDF/B. Searches can also be performed in the EXFOR and CINDA databases.
In Fig. 1, an example is shown on how JANIS displays data on the left side the ﬁssion yields of 235U and
238U from JEFF-3.1 and on the right side the user has compared the 241Am ﬁssion cross-section from JEFF-3.1
with a set of data form EXFOR.
A variety of output formats exist in JANIS. For the graphical display, the PS/EPS and PNG formats are possible, and tabular data can be stored in CSV format (Comma Separated Values) for further use in other software (e.g.
MS Excel). Updates of the software can be automatically downloaded through the live-update feature. Version
2.2 will be available soon on the JANIS web page. Feedback is appreciated and can be posted at janisinfo@nea.fr.

7 JEFF library
The Joint Evaluated Fission and Fusion (JEFF) project is a collaboration between the countries participating
in the NEA Data Bank. The JEFF library comprises of sets of evaluated nuclear data, mainly for ﬁssion and
fusion applications; it contains a number of different data types, including neutron and proton interaction data,
radioactive decay data, ﬁssion yield data, thermal scattering law data and photo-atomic interaction data. The
topics covered are benchmarking, testing and evaluations, radioactive decay and ﬁssion yield data, experimental
data needs, ﬁssion product data, and fusion relevant data. The JEFF project also consists of the European Fusion
File (EFF) and European Activation File (EAF) projects (funded by the EC Fusion Programme). These projects
are directed by the EFF/EAF monitor group. The JEFF-3.1 Nuclear Data Library is the latest version of the
Joint Evaluated Fission and Fusion Library. The complete suite of data was released in May 2005, and contains
general purpose nuclear data evaluations compiled at the OECD Nuclear Energy Agency (NEA) Data Bank in
co-operation with several laboratories in NEA Data Bank member countries. Within the framework of the JEFF-3
project, the JEFF Working Group on Radioactive Data and Fission Yields decided to produce improved versions
of the decay-data and ﬁssion-yield libraries with a release in conjunction with the JEFF library. Activation data
has also been included in the latest version. JEFF-3.1 combines the efforts of the JEFF and EFF/EAF Working
Groups who have contributed to this combined ﬁssion and fusion ﬁle.
* The neutron data library covers 381 isotopes or elements, which is an increase from 340 in JEFF-3.0. A
great achievement was to include covariance data for many isotopes in the neutron data library. All actinides have
now extended information on delayed neutron data in that they all are presented in eight-group formalism.
* There are 26 isotopes in the proton data library
* 9 materials are covered in the thermal scattering law ﬁle.
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* The special purpose library on activation data contains 774 target nuclei with over 12600 neutron induced
reactions.
* Radioactive decay data with about 3852 isotopes and spontaneous and neutron induced ﬁssion yield data.
Processed data for Monte Carlo applications will be made available during 2005 as well as full documentation
of JEFF-3.1. The data can be downloaded from the NEA web site, www.nea.fr/html/dbdata/JEFF, or CDs can be
sent on request.
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