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Abstract

In the paper on hand hierarchical Bayesian Monte Carlo procedures are described which make it possible
to consider all the uncertainties associated with criticality safety analysis including burnup credit. These
uncertainties are related to the validation of the depletion calculations performed in burnup credit applica-
tions, the uncertainties associated with the validation of the criticality calculations, the uncertainties asso-
ciated with the parameters characterizing the application cases, as well as the uncertainties of the nuclear
data with respect to the application cases. A lot of the hierarchical Bayesian procedures described in the
paper on hand are incorporated in a system of computer codes which is named as MOCADATA. This
code system has been developed by the authors of the paper on hand.

1 Introduction

It is an indispensable part of a criticality safety analysis of a nuclear fuel system performed by
using numerical methods for calculating the neutron multiplication factor k. of the system to

determine the confidence that one has in the numerical result obtained for k. The determi-

nation of this confidence is necessary in order to be able to demonstrate that the probability that
the neutron multiplication factor k. of the system, calculated by means of a specific criticality

calculation procedure adequately chosen with respect to the system, exceeds the maximum
allowable neutron multiplication factor k is not greater than an administratively established

max °

margin v, 1. €. meets the following inequality:
s = P((k o +Akp) > Ky [S) <. (1

S stands for the nuclear fuel system of interest; 7 is the probability P((k . + Akp) >k, .. |S)

that kg + Ak is greater than k .. given by an adequate administrative margin Ak , according
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to

K = 1— Ak @)
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and Ak denotes the bias in k4 characteristic of the employed criticality calculation procedure

with respect to the system S.

1.1 Observations on the neutron multiplication factor ks and its bias Akg

The neutron multiplication factor k. of the system S is a function of

e a set of parameters x=(x1,x2,...) describing the material compositions and geometric

arrangement of the materials forming the system and

e aset of nuclear data § = (&1 ,E ,) (cross sections, fission spectra, neutron-per-fission quanti-
ties) related to the isotopic compositions of the system and their impact on the neutron spec-

trum of the system.

Since characterized by uncertainties due to variations, tolerances or variances and covariances the
sets of parameters x,,X,,... and &,;,&,,... represent sets of random variables and hence random

vectors X and &, respectively.

Random variables are completely defined by the probability distribution
P((x,8) eR)= [p(x,§)dxdt; (3)
R

where R is some region in the (x,&) -space, and

p(x,8) = p(x) - p(§) 4)
is the joint probability density function (pdf) of x and &.

As a function of random variables k¢ (x,§) is a random variable completely defined by a
probability distribution F(k..). This distribution is determined by the pdf eq. (4). This pdf is
however unknown in general. But even if p(x,§) is assumed to be known the distribution
F(k.s) remains unknown, in general, because the direct functional relationship
ko =Koy (X,§|S) with the parameters x and § for a given system S is unknown, in general.
So therefore, any numerical result obtained for k4 (x,&|S) 1s a random sample on the underly-

ing distribution F(k ).

This statement goes not only for the system S for which the proof of sufficient subcriticality

shall be furnished (application case) but also for those experimental or experiment-based systems
chosen as benchmarks adequate to estimate the bias Ak that is characteristic of the applied criti-

cality calculation procedure with respect to the application case S. The bias Aky is usually

derived by evaluating the statistic
SB{(AkB)i =Bk ] — (ke ) izl,...,NB}, )

of the deviations (Aky); of the observed results (k.;); from their respective expected bench-

mark values B[k ];, 1=1L...,Ng. Ny denotes the number of evaluated benchmarks. Since the



distributions F((keff)i) usually remain unknown the distributions F((AkB)i) usually remain

unknown. Consequently the distribution F(AkB) remains unknown, in general.

Since F(k,;) and F(Aky) usually remain unknown, the distribution F(i) of the sum
k =k 4 + Ak, remains unknown. Consequently the probability mg on the left-hand side of

inequality (1) cannot be calculated, in general, since this probability is just given by the distribu-
tion F(x) = F(k  +Aky),

ng =P(k >k f(ic|S)di ; k =k 4 +Ak,. (6)

max

1S)=F(k>k,__|S)= T dF(x[S) ;, _

e ——s8

However, the sum
K = [k + Ak |, = (ko) + (Ak). ()

of the two individual numerical results (kg ); and (Akp); obtained for k. (x,€|S) and Akp,
respectively, is a random sample on the distribution F(k 4 + Ak | S), since any numerical result
obtained for k  is a sample on F(k. | S) and any numerical result obtained for Ak is a sam-

ple on F(Aky). Therefore, a procedure is required which makes it possible to draw a sufficient

number M of different, mutually independent samples «; such that the probability

F(x|S)=F(k. +Akg | S) can be studied as a random variable. Then it becomes possible to
determine the probability (1—a) that the probability ng given by eq. (6) meets inequality (1):

—a = P(r <7) = [dr, p(ry) = P(FCE > K . IS)SV)=P[ [ %cﬁm}

- ®
f dF(x|S)

=P(F(x <k, |S)>(1-y))= P( ———dk > (l—v)]
dk

0
The probability (1—a) expresses the confidence that one has in the statement that the probabil-

ity, that k =k 4 + Ak exceeds k is not greater than the administrative limit vy .

max ?
Note that in case of prescribing definite values for y and o the last line of expression (8)
becomes

“T‘” dF(x|S)

l—a:P(F(KSk(y,oc)|S)2(1—y)):P( d—dKZ(l—v)], ©)
K

0

where the integration limit k(y,a) is the so-called “one-sided (1—-7y)/(1—a) tolerance limit” of
k. +Aky (e. g., for y =a =0.05 the one-sided upper 95%/95% tolerance limit).



1.2 Determination of a confidence level (1-a) at unknown probability distribution
F(KerrtAkp)

Since the numerical results «; defined by eq. (7) do not depend on the subscript j the notation
can be chosen such that a set {K iJ=L., M}‘ of M samples can be arranged in an order statistic
K SKy S Sk SKy- (10)

According to the previous section the results k; are assumed to be mutually independent, which
is in fact the usual case. Thus, the probability of occurrence of a result k, does not depend on the
occurrence of any of the other results k, j#i. So therefore, the probability that (i—1) values are

smaller than «;, that the value k. occurs, and that (M —1) values are greater than k; amounts to

. ) M 3
P(x1=1—1,x2=1,>»3=M—1>:[x A JHPJ'M’
1 2 3 j=1

where
M 3 M! B M! B I'M+1)
A Ay Ay AIAIAL G-DIT(M=-1)! T'G)T'(M-1+1)

is the number of realizations of grouping M samples into the three groups of size A, =1—1,
A, =1,and A, = M —1i, respectively.

The probabilities P;, j=1,2,3, are related to these groups as follows: The probability P, related
to the first group A, =i1—1 is the probability that there is one value k smaller than «;, the prob-
ability P, related to the second group A, =1 is the probability that the value k. occurs, i. e. that
there is one value k falling into the infinitesimal interval [k;,k; +dxk;], and the probability P,
related to the third group A; = M —1 is the probability that there is one value x greater than ;.
Since the results k; are samples on the probability distribution F(k) = F(k 4 +Aky) the prob-

abilities P;, j=1,2,3, are given by the following expressions:
P, = F(x,).

P, =dF(x;) = o(x;)dx, with o(x;) =dF(x,)/dx,,

P, =1-F(x,).

The pdf of k; becomes, therefore,

_ F(M+l) 1Ty M—i
f) =i rov iz o) I=FO)I™ o). (11)




Using the transformation
F=F(x)= I(P(Ei)dﬁi )

the pdf eq. (11) can be transformed into a pdf h(F) with F regarded as a random variable.

Because of
h(F)dF = £(x,)dk, and h(F) =10 = L0 4 gy hecomes
dF o(x;)
dx;
— . _ M a—1 _ b-1
h(F)=h(F;a,b) = @) T b) F 1-F]". (12)
with
a=iand b=M-i+1. (13)

Since being a probability, F is only defined on the interval [0,1]. Therefore, according to eq. (12),

the probability F taken as a random variable, follows a Beta-distribution, cf. Ref. [1]. This is a

remarkable result because it has been stated above that F remains unknown, in general, apart
from the fact that F is a probability and hence defined on the interval [0,1], i.e. F €[0,1].

The integration problem eq. (8) can now be solved, in fact. As follows from eq. (8), the probabil-
ity P(F <(1 —y)) that F is less than (1—1y) is just . So therefore, using eq. (12), o becomes

B, ,(a,b)

B(a.b) =1,,(a,b), (14)

a=P(F<(-7))= IYdF h(F)=

where B(;_,)(a,b) denotes the incomplete Beta function [2] and

_T(a) I(b)

B(a,b) [(a+b)

(15)

is the complete Beta function [2]. Applying the relationship between the incomplete Beta func-
tion and the binomial expansion I,  (a,b) (cf. Ref. [2]), eq. (14) becomes, using definition

eq. (13),

MM
a=I(l_V)(i,M—i+l)=Z{mJ (I—y)™yM ™. (16)

(1=7)

This equation provides for each member «; of the order statistic eq.(10) a probability
o; = o(x;;y) as a function of y. So therefore, for a specified probability y the confidence level
(I-0a;) can be calculated for the greatest k; value which just meets the inequality x; <k . ;

and it can be checked then whether (1—-a;) is sufficiently large or not. (Note, usually specific
figures are administratively prescribed for y and a.)



For i =M eq. (16) becomes
a=(1-p". (17)

So therefore, if o shall not exceed a certain value o, and y shall not exceed the administrative

margin v, then the minimum required number M of samples «;, eq. (7), amounts to

min(M) = —128(%) (18)

log(1-v,)
After having clarified that the confidence (1—a), defined by eq. (8), can be determined even if
the probability distribution F(k|S) = F(k 4 + Ak |S) is unknown, it is time now to develop the

procedure required to draw a sufficient number of samples k; = [keff + Ak g ]j on F(x|S).

1.3 Reflections on the information needed and the information flow required

As stated in section 1.1, the probability distribution F(k |S) is determined by

¢ the probability density functions of the material and design data xy and x of the system S of

interest and the benchmarks (B), respectively, selected for estimating the bias Ak as well as

¢ the probability density function of the nuclear data & related to the system S.

Since these probability density functions are unknown, in general, the sampling procedure
sought-after must have the capability to gain information on these probability density functions
from empirical data or quantities derived from empirical information or nuclear reaction models.
About the flow of required information on Xy, Xz and § the following reflections can be made:

e The task in criticality safety analysis usually is to demonstrate that a given nuclear fuel system
S meets inequality (8) at the administrative limit y with a sufficiently large confidence level

(1-a).

e For this purpose criticality calculations are performed using a specific criticality calculation
code with a specific nuclear data library.

e Possible biased errors in the applied nuclear data as well as algorithmic und numerical weak-
nesses of the employed criticality calculation code may result in a non-zero bias Aky in the

calculated k. values. This bias Ak is characteristic of the employed nuclear data library

and the used criticality calculation code with respect to the system S of interest.

e In order to be able to determine the bias Aky that applies to the system S under the given

nuclear data library and the given calculation code, it is necessary to analyze benchmark con-
figurations which are similar to the application case S with respect to neutron physics proper-
ties and hence representative for the system S. The representativeness of a benchmark B with
respect to S can be measured by the correlation between the neutron multiplication factors
ks of the benchmark and kg of the system



corr(k kg )oc Acov(E) A", (19)

as obtained in first-order perturbation theory [3]. cov(§) in eq. (19) denotes the covariance

matrix of the nuclear data, and A is the vector of the sensitivities

B
o S5 O , C= , (20)
k, 0g, S

of ky and kg, respectively, to the nuclear data & .

e Since the bias Ak of interest is that one which is characteristic of the combined use of the

given nuclear data library and the given criticality calculation code with respect to the system
S, there is no need for considering the uncertainties in the nuclear data & when calculating the

set S,{(Aky), , i=1,...,N,} of bias values eq. (5) for the set of the representative benchmarks
selected. The bias Ak is in fact related, at given neutron energy E, to the use of fixed values
€, (E) from the employed nuclear data library by the applied calculation code when calculat-

ing the neutron multiplication factor kg of the system of interest.

e The uncertainties in the material and design data x of the benchmarks have to be taken into
account, since they lead to uncertainties of the (Aky), values observed for the benchmarks
i = 1’.-.’ NB .

e Since the correlation coefficients eq. (19), corr ((kB)i , ks), are less than 1, i.e., since the
benchmark configurations i =1,..., Ny are similar but not equal to the system S with respect to
neutron physics properties, a model is required which is capable to derive the bias Ak related
to the system S from the results (Aky); obtained for the benchmarks i =1,..., N, taking into
account the uncertainties in (Aky); due to the uncertainties in the data x. For this purpose a
set z of explanatory variables is required which characterizes the benchmarks i =1,...,Ny as
well as the system S: z=2z;, i=1,..,Ng, and z =z, respectively. The required model there-
fore consists in a trending analysis Ak = Akg(z) concluding from the points z; in the z -
space to the point zg in this space.

e The procedure used to estimate the neutron multiplication factor kg of the system S must

include consideration of the uncertainties in the material and design data xg of the system.

¢ In addition, the procedure used for estimating kg must include consideration of the uncertain-
ties in the nuclear data & . It is in fact the application case S for which the impact of the uncer-
tainties in & on the neutron multiplication factor is of interest.

Part of the elements of the system’s material and design vector Xy characterizes the nuclear fuel

in the system S. Application of burnup credit to the system S significantly increases the number
of elements of xg describing the fuel characteristics and introduces additional uncertainties

related to the estimation and validation of the fuel composition as a function of initial enrichment



and burnup. Therefore, to get a full picture of the flow of required information on the parameters
Xg, Xg and &, a complete overview of the sources and the hierarchy of uncertainties is needed.

This overview is given in the next section.

2

Sources and hierarchy of uncertainties

A burnup credit criticality safety analysis consists in implementation of two key steps:

Depletion analysis: Estimation and validation of the isotopic composition of the fuel

Criticality analysis: Estimation and validation of the neutron multiplication factors for evaluat-
ing the loading criterion (e. g., the loading curve indicating the minimum burnup required for
fuel with a specific initial enrichment to be loaded in the system S of interest)

Accordingly, the uncertainties in kg arising for the depletion analysis can be distinguished from

the uncertainties arising from the criticality analysis.

2.1

Depletion analysis

The upper part of Figure 1 summarizes the sources and the hierarchy of uncertainties arising out

the depletion analysis:

The estimation of the fuel’s isotopic composition as a function of initial enrichment and
burnup is performed by means of depletion calculations. Due to possible biased errors in the
nuclear data applied to the depletion calculations and due to algorithmic and numerical weak-
nesses in the employed depletion calculation code, the calculated isotopic number densities
may be biased.

To validate the depletion calculations and to eliminate the biases in the isotopic number densi-
ties, comparisons between predicted, i. e. calculated, and measured isotopic concentrations are
made. The measured isotopic concentrations are obtained from chemical assays of samples
from irradiated fuel. Accordingly, the comparison of calculated to measured concentrations
inevitably introduces

— all the uncertainties in the measured concentrations arising from the applied assay methods
and

— all the uncertainties in the parameters (such as irradiation history and burnup of the fuel
samples) required to perform the calculations.

The uncertainties in the parameters needed for performing the calculations lead to uncertain-
ties in the calculated concentrations.

Isotopic Correction Factors (ICFs) are derived from the statistics of comparisons between
measured and calculated isotopic concentrations. Due to the uncertainties in these concentra-
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Figure 1: Hierarchy of uncertainties in burnup credit criticality safety analysis




tions the ICFs have uncertainties that have to be considered when the ICFs are applied to the
isotopic number densities calculated for the application case, i. e. for the fuel to be loaded in
the system S:

[N® ] = (CF), -N® | 1)

corr.

NES) := number density of the i-th isotope calculated for the application case S, and

[Ni(s)] := "bias-corrected” number density of this isotope.

corr. *

e There is no need to consider the uncertainties in the nuclear data in the evaluation of the ICFs
because the isotopic biases to be corrected by applying the ICFs are those which are charac-
teristic of the combined use of the given nuclear data library and the given depletion calcula-
tion code with respect to the neutron spectrum of the application case.

e However, the uncertainties in the nuclear data have to be considered, in principle, in the cal-
culation of the isotopic number densities Ni(s) of the application case.

e With respect to the calculation of these number densities Ni(s) , uncertainties in the irradiation

history have to be taken into account only in so far as they have to be covered by a bounding
irradiation history required in the analysis of the application case [4].

2.2 Criticality analysis

As appears from Figure 1, the bias-corrected number densities and their uncertainties are input to
the criticality analysis. All the other uncertainties related to the determination of the k_; value of
the system S of interest (application case) and the bias Ak of the employed criticality code with
respect to S are summarized in the lower part of Figure 1. These uncertainties were already
discussed in detail in section 1.3.

3 Hierarchical Bayesian Monte Carlo procedures

The flow of the information on the random vectors xg, Xz and § required for solving eq. (8) has
to follow the hierarchy of uncertainties presented in Figure 1. The uncertainties in the parameters

related to some level in that hierarchy determine the uncertainties of the parameters of the fol-
lowing level. Figure 2 gives an example related to the validation of the depletion calculations:

The uncertainties in the measured and the calculated isotopic concentrations determine the
uncertainties of the ICFs; the uncertainties of the ICFs impact the uncertainties of the isotopic

concentrations of the application case S; and these uncertainties contribute to the uncertainty of
ks =k (S). So, in generalized terms, as illustrated in Figure 3, to gain information on the

uncertainty x = x(a,b) depending on the parameters a and b of the preceding hierarchical level
information about the parameters ®, and @, is required characterizing the probability density

10



distributions p(a|®,) and p(b|®,) which determine the expectation values and the variances

and covariances of the components of a and b, respectively, according to the expressions given
in the following equations:

* Expectation E[n;] of n;: E[n,]= Inip(nlﬁ)“)dn, Vi, (22)
Q'l
where 7. stands either for the i-th component of a or the i-th component of b, so that n

stands either for a or b.

e Covariancecov(n;,n;) of the components n; and n; of n:

cov(n,.n,) =E[(n, ~E(n,1)-(n, ~En;1)] = [(n,~E,2)-(n, ~En, 1) p(n | ©,)dn., Vinj. (23)

Q,

Q, in equations (22) and (23) denotes the definition region of 7.

For i=j eq. (23) gives the variances 6°(),) of 7,

2 _ _ 2 .
o’ (n)=cov(n;,n;) = [(n,~E[,1f" p(n|®,)dn, vi. (24)
Qn
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v Y

Uncertainties
in Isotopic Correction
Factors (ICF = E/C)

Y

Uncertainties
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Figure 2: Example for the dependency of the uncertainties of the parameters of a given level on the
uncertainties of the parameters of the preceding level in the hierarchy of uncertainties
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Figure 3: lllustration of the information flow required for the estimation of the uncertainties in the
parameters of the different levels in the hierarchy of uncertainties

The correlation corr(n;,n;) (also named as “correlation coefficient”) of the components n; and

n; of m is defined by the expression given in eq. (25),

corr(n,,n;) = covini. ) , Vinj. (25)
T ) o’y

If the variables m; are mutually independent, the covariance and the correlation vanish for 1 # j.

(The converse statement is not necessarily true.) The random variables are mutually independent
if and only if their joint pdf is completely factorizable as

p(M®)=p(N;,....M, 0,,...0,) =] p;(n;10)).

i=1
with ©=(0,.,..,0,)=(0,,..,0,), 0, =(0,,,..,0, ),i=1..,n,n=) n,.
i=1

In matrix notation the expectation values (means), eq. (22), of the components are summarized in
the expectation (mean) vector

E[n]=(E[n,],....EM, 1), (26)

and the variances, eq. (24), and covariances, eq. (23), are summarized in the covariance matrix

12



o’(m,)  cov(n,m,) - cov(n,m,)

cov(n) = V(1) = COV(T}zvm) Gz(:nz) COV(nzzanm) ' 27)

cov(n,,n,) cov(n,,n,) - o’(n,)
Since cov(n;,m;) = cov(n;,n;) by definition (cf. eq. (23)), the matrix cov(n) is symmetric, i. e.,
Vi =V'm.
Let us assume that the parameters @, and @, , and hence the pdfs p(a|®,) and p(b|®,)), are
known (e. g., for a multivariate Gaussian density p(n|®,) the parameter set @, is given by

equations (26) and (27), i.e. O, = (E[n],cov(n))). Then Monte Carlo (MC) samples a,,. and

by on a and b, respectively, can be drawn from the respective pdfs. If all the functional rela-

tionships x = x(a,b), y=y(x) and z =z(y) mentioned in Figure 3 can be solved analytically
then insertion of the draws a,, and by, in z = z(y(x(a,b))) yields a set of MC samples {z |
and hence an empirical distribution of z. From this distribution information on the parameters
®, of the pdf p(z|®,) can be derived which may be useful for evaluation or further applica-
tion. If each of the relationships x = x(a,b), y =y(x) and z =z(y) can only be solved numeri-
cally, the following can be stated: Use of the draws a,,~ and b, in the numerical procedure

applied to solve x = x(a,b) provides a set of MC samples {X(Mném)} and hence an empirical distri-

bution of x. From this distribution information on the parameters @, of the pdf p(x|@®,) can
be derived which can be used to draw MC samples xﬁ)c on p(x|®,). These samples are
inserted in the numerical procedure employed for solving y =y(x). The set of MC samples
{y(M“gm)} thus obtained provides information on the parameters @, of the pdf p(y |®,), which

can be used to draw MC samples yg\f’[)c on p(y|®,). These samples are now used in the numeri-

cal procedure applied to solve z = z(y); a set {z<M“gm)} of MC samples is thus obtained which pro-

vides information about the parameters ®, of p(z|9,).

The upper part of Figure 4 illustrates the just outlined MC procedure for two consecutive levels

of a hierarchy of uncertainties: MC samples X%‘/’[z: are drawn form the definition region of x.

These MC samples are used in the analytical or numerical procedure to be employed for solving
y = y(x). An empirical distribution of y is thus obtained which can be used for further evalua-

tions.
However, to be able to perform MC sampling on the definition region of x, the pdf p(x|®) and
hence the parameter set ® = ®, has to be known. However, such pdfs are usually unknown. In

particular, as already stated in section 1.1, the pdfs of those parameters are usually unknown
which refer to top levels of the hierarchy of uncertainties presented in Figure 1. Therefore, it is
necessary to gain knowledge about the parameters ® from empirical data.

13
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Figure 4: lllustration of the concept of Bayesian Monte Carlo procedures
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Let us assume that the data matrix X represents n independent identically distributed observa-

tions of the parameters x = (xl,...,xm)T of interest drawn to gain information on the unknown
parameters @ = (@1,...,®r)T :

X X Xim
X X oo X
T 21 2 2
X'="2 P L (28)
an Xn2 Xnm

According to Bayes’ theorem [1] the posterior knowledge about @, i. e., the knowledge gained
from the empirical data X is represented by the posterior pdf p(® | X) according to eq. (29),

(X|0©) p(®)
(©]X)=—" « p(X|©) p(®), (29)
’ [sopxi@p@ T

Q(0)

where Q(®) denotes definition region of © .

As indicated in Figure 4, p(@®) is the prior pdf representing the knowledge about @, if there is

some, prior to the information contained in X. If there is no prior knowledge available, a so-
called “non-informative” prior is chosen for p(®), cf. References [5] through [7]. p(X|©®)
represents the Likelihood function of the observations X under ®. p(X|®) is not a pdf, but a

function of ® only, determining the amount of information Iy (®) of X about @, [1],

dlnp(X|0®) dlnp(X|O) i
) o [

1 ]

[1,(®)], =E, l,...,m. (30)
Despite this information the parameters @ remain random parameters in general, whatever the
size n of the samples (observations) x; = (xil,...,xim)T might be. In fact, it is not possible, in
general, to obtain a set of certain values ®, from a finite sample of any size n. This fundamental
uncertainty due to the finite number n is expressed by the fact that the posterior pdf p(® | X) is a
pdf which is, in general, different from a delta distribution 8(® —®,). Thus, for any region R
falling into the definition region (@), i. e. R < (@), the probability

P(@eR|X)=jd®p(®|X) (31)
R

remains less than 1 (and is equal to 1 for R =Q(®)). ® under X is completely defined by the
probability given in eq. (31).

So therefore, to be able to perform MC sampling on the definition region of x, first MC samples
®,,c from the posterior pdf p(® | X) have to be drawn. The samples can then be used in the pdf

model p(x|®) so that MC samples x,,- under the condition of the empirical data X are drawn

according to the so-called “posterior predictive pdf”
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P(xye | X) = [dOp(xyc [©)p(©|X). (32)
Q(0)

Note that a probability distribution model p(x|®) is needed for evaluating the empirical data

according to eq. (29). This brings in a further fundamental uncertainty due to the selection of
probability distribution models. However, this uncertainty can be reduced, if not actually sur-
mounted, by performing sensitivity studies on the use of different distribution models.

As appears from the Bayes’ theorem eq. (29), the use of Bayesian MC procedures requires the
definition of a prior pdf p(®). Accomplishment of this requirement involves the probability-

theoretical problem of the Bayesian methodology, see Appendix to this paper.

For those who are not so familiar with Bayesian MC procedures the principle of such procedures
is illustrated by means of a simple example shown in Figure 5: Let us assume that we want to
draw MC samples X, on the one-dimensional parameter x according to eq. (32), where X

reduces now to the vector of observations x;, i=1,...,n: Xy, = (x,,...,x, )" . Whatever the pdf

p(x| @) of the random variable x might be, the sample mean of the observations x; is given by
=13 (33)
g

and the corresponding sample variance is given by

- I < —

6’ :—Z(Xi—x)z. (34)
n-1143

Let us assume that we can justify that x ,, represents n observations on a Normal distribution

with unknown expectation (mean) p and unknown variance 62,

S

1 X —p)?
P(X\®)=P(X\M,Gz)EN(M,Gz)=—26Xp(—(—E)J. (35)
21 20
With equations (33) and (34) the Likelihood in eq. (29) thus becomes
1 1 &
DXy, 1©) = p(x,, [ 1,07) = exp~ 3 (x, mzj
2nG° 26" 5
1 1 (X—p)? 1 < —\2
= ———exp| —— exp| — X, —X 36
(27‘[62 )n/2 p 2 02 /n p 202 IZZI:( i ) ( )
—%)? A2
=;/zexp _l(l/lzx) exp —l(n—l)c—2 .
(27t62 )“ 2 o' /n 2 o

Let us assume that no prior knowledge about @ =(u,c”)is available. Accordingly, the com-

monly proposed non-informative prior density
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p(r,c*)cc” (37)
is chosen (cf. eq. (A-39) in the Appendix to this paper).

Multiplying the Likelihood eq. (36) with this prior density results, according to eq. (29), in the
posterior density

P(Hacz ’Xobs)ocp(l“wxobs’cz)'p(sz |Xobs)’ (38)
where p(p|x,,,0°) is the Normal pdf
’ 1 (X-p)’
x,,60)=N %2 |= |- exp| -~ 39
p(“’| obs ) n ZTCGZ p 2 02 /n ( )

and p(c” | x,,) is the Inverse-Wishart pdf (cf. equations (A-12) and (A-40) in the Appendix)

obs

p(c’|x,,)=Inv—Wishart(n-1)"'6;n-; m=1)

=Inv—y’(c”|(n-1),6%)

with (n—1) degrees of freedom and scale factor (n—1)G”. As indicated in eq. (40), in the one-
dimensional case (m =1) the Inverse-Wishart distribution is identical with the scaled Inverse-

y 2 -distribution with (n—1) degrees of freedom and scale factor 62 [6].

Eq. (39) says that the unknown mean p follows a Normal distribution with expectation X and

2

variance o’ /n, which is unknown since o’ is unknown. However, eq. (40) tells that the

unknown o follows a scaled Inverse-y > -distribution with (n—1) degrees of freedom and scale

factor 62, which is the known sample variance eq. (34). So therefore, as illustrated in Figure 5,
to get an MC sample x - the following steps have to be taken successively:

e Drawing of a MC sample oy, from the pdf eq. (40)
e Inserting of o3, into the pdf eq. (39) and then drawing of a MC sample . from the pdf
p[u | x, = |
n

e Inserting of py and Gf\dc into the pdf eq. (35) and then drawing of a sample x,,. from the
pdf p(x | HycOuc) -

To get the next sample x - one has to return to the first step and to repeat the procedure.
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Empirical data x;, X, X3, ... p(x |, ) =Q2nc’)™"? exp[—(x— ;.1)2 /26%]= N(u, %)

> X / MC
Xx=2x/n » 1L~ N(X,0”/n)
T MC
Y ¢
~ 9 n —_ . 5 . I\[(‘
o' =2 (x;=X)"/(n-1) » 0 ~Inv—y’(n—1:67) _l
i=1
. 2y 2
next MC p(x|pn,07)=N(u.c)
sample MC
(sampling X e
loop)
Ve = Y(Xye)
distribution l
e e e o

of ¥

Figure 5: Example for a Bayesian Monte Carlo procedure

As illustrated in Figure 5, the obtained samples x,,. can be used to solve (analytically or
numerically, as the case may be) the relation y = y(x) so that one gets an empirical distribution
of samples y,;c = y(Xyc) which bares information about the pdf of y.

In the following sections the Bayesian Monte Carlo procedure summarized in eq. (32) will be
applied to the analysis of uncertainties involved in burnup credit criticality safety analysis. The
description of the application of the Bayesian Monte Carlo procedure follows the hierarchy of
uncertainties shown in Figure 1. Since the paper on hand was written for a burnup credit work-
shop, the attention is mainly focused on the depletion validation issues in the following.

4 Validation of depletion calculation

As well-known, validation of a depletion calculation for a burnup credit (BUC) criticality safety
analysis consists in implementation of two key steps:

e Evaluation of chemical assay data from samples from irradiated fuel

e Evaluation of the ICFs (isotopic correction factors) for the isotopes to be used in a BUC
criticality safety analysis
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4.1 Evaluation of assay data
The evaluation of the assay data includes the following steps:

e Evaluation of the measurement results obtained from the laboratories which performed the
assays of the fuel samples

¢ Evaluation of the burnup of the fuel samples
e Evaluation of the calculated isotopic concentrations and of the resulting ICFs

The notation which is used for indices in the following sections is as follows:

e ] :=number of an analyzed fuel sample, J =1,...,Ng;

e L =L(J) :=number of the laboratory which participated in the analysis of the J-th fuel sample,
LJ)=1,...,N,,,(J); 1. e., the J-th sample is divided in N, (J) subsamples which are inde-

pendently analyzed by N, (J) laboratories;

e [=I(L({J)) :=number of an isotope considered in the analysis of the J-th fuel sample by the
L(J)-th laboratory, I(L(J)) =1,..., N, (L(J)); note that the number N,  (L(J)) can differ from

laboratory to laboratory at given J.

4.1.1 Evaluation of the measured isotopic concentrations

The L-th laboratory that has participated in the analysis of the J-th assay delivers a set of meas-
ured isotopic concentrations (experimental results)

E,.(p)= (EIJL (P),~~-,E1JL(P)a~-~)T » I=1.. N (L)) (41)
The vector p in eq. (41) denotes the set of experimental parameters on which the estimation of
the isotopic concentrations E,; has been based. Kind and number of these parameters depend on

the applied experimental analysis methods and devices and may therefore vary with L and J.

Let us assume that the laboratory has repeated the measurement of the isotopic concentrations N
times and that the results E;; (p) in eq. (41) represent the sample means

N

Euc (9) =2 (Eue (), 42)

n=l
of the single results (E 1L (p))n . The covariance of the sample means, eq. (41), becomes therefore
1 I ~
COV(E 1IJL (p)’ ETJL (p)) = F z COV((EUL (p))n ’ (ETJL (p))ﬁ )a L I= la (L) Nisot (L(J)) . (43)
n,n=1
Assuming that each of the functions (E;; (p)), can be expanded about the sample means

A A A A T - .
P, =(PinsPans---5Ppe) 10 @ Taylor series
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© © (p _f) n)?w .“(p _1’5 n)kp 87»]+...+7»p E )
(EIJL(p))n = z z Ll W) P‘ P - ( ULEE))) )
GRS e,

p
and assuming that terms of order m = in >1 can be ignored, eq. (43) becomes

i=1

1 < 2, (O(Ey), O(E;, s

cov(Ey,Eqy )= — Z Z ( Cu) ] H COV(Pyy»P ) |- (45)
N n,n=l | v,u=l apv Pon app Bus

The N measurements are usually performed in such a way that they are mutually independent.

Thus cov(p,,,p,s) in eq. (45) becomes cov(p,,,P,s) = cov(p,,,P,s)d, 5 and hence

n,n

I & & (0EL,) [0EL),
cov(E B ) x>0 D ( Cu) j N COV(PyysPpn) |- (46)
N n=l V,p.:l ar)v l‘am app 13
For the case that the parameters p, are mutually independent eq. (46) reduces to
I & | (0(E,) O(E- )
cov(E,, ,E- )= — ML WLen g . 47
( L IJL) N2 ; [; [ apv jf)vn[ apv . (pvn) ( )

The expressions eq. (46) or, as the case may be, eq. (47) are the elements (S IL )IT of the covari-

ance matrix S;; of the vector E;; (p) of observations eq. (41).

So therefore, for the determination of the uncertainties of the bias-corrected number densities
eq. (21) it is a crucial step (cf. Figure 1) to determine the elements of the covariance matrix S

very carefully, i. e.,

o to take all the contributions to the covariances eq. (46) or eq. (47) and hence to the correlations

of the results E;;; and E;;, into account (e. g., the contribution due to the uncertainty of the

assay mass used in a measurement) and
e to check whether terms of order m= (A, +...+A ) >1 of the Taylor series expansion eq. (44)

can really be ignored or not. If not, the Taylor series expansion with the required order m has
to be inserted into the definitions of the expectation and the covariance (cf. equations (22) and
(23), for instance) to get the expressions for the mean values E|; and the covariances

cov(E; ,E~ ) which have to be applied in case of m > 1.

TIL

The number N of measurements usually amounts to 1, N =1. If a fuel sample is divided in sub-
samples it is in fact preferable to give the subsamples to different laboratories, because it has
been observed many a time that results from different laboratories are incompatible, i. e., that a
statistical compatibility test [1] of these results leads to the outcome that the hypothesis under test
that these results have one and the same expectation is rejected. Very often no explanation of the
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observed incompatibilities can be given; and so these incompatibilities have to be considered in
the validation of depletion calculations because, even if it is obvious that an observed incompati-
bility is due to the results from one particular laboratory, statistics cannot tell whether the results
from this laboratory are wrong and the results from the remaining laboratories are right, or vice
versa. So therefore, giving subsamples to different laboratories makes it possible to include the
consideration of errors which may be hidden in the applied radiochemical analysis procedures. It
is to be expected, in fact, that the results obtained by the different laboratories from the respective
subsamples are compatible. Inexplicable incompatibility of these results can hence be understood
as an indication of underestimation of the uncertainties of at least some of the individual sets of
results E;; (p), eq. (41). This underestimation can be rectified by evaluating the results from all

the laboratories by means of on and the same probability distribution model. The use of one and
the same probability distribution model expresses the expectation that the results from the differ-

ent laboratories shall be compatible.

But before a joint probability distribution model can be obtained the evaluation of the results
eq. (41) and eq. (46) or eq. (47) from the individual laboratories has to be completed. Since N in
eq. (42) and eq. (46) or eq. (47) usually amounts to 1, there is usually not enough information
available to gain knowledge about the parameters ® of the pdf underlying the outcomes of
eq. (41). One is therefore committed to go the usual way, i. e., to assume that the vector eq. (41)
with N =1 in eq. (42) represents a sample on a multivariate Normal distribution. In fact, Normal-
ity is assumed because it is simple to use and, to some extent, empirically supported. With
respect to the results from only one laboratory there are suggestions from the mathematical and
experimental side that the assumption of Normality is at least a good approximation to the actual
pdf [1].

Since no further information about the parameters @, i. e., about the expectation vector and the

covariance matrix of the assumed Normal distribution model is available in case of N =1, one is
forced to take the sample eq. (41) and the sample covariance matrix S, with the elements

eq. (46) or, as the case may be, eq. (47) for the expectation vector and the covariance matrix,
respectively. By means of the pdf-model N(E; ,S ;) thus assumed Monte Carlo (MC) samples

Ejl\fc can be drawn, the variation of which represents the uncertainty of the results eq. (41) which
has turned out to be revealable with respect to the analysis methods used by the L(J) -th labora-

tory.
By the way, if the matrix S;; were the actual (“true”) covariance matrix then the MC samples

El}fc drawn from N(E; ,S; ) would be samples on the actual (“true”) expectation vector

E[E; ] of N(E, ,S, ) because of the symmetry of the covariance form of N(E[E 1.S,, ).

The MC samples Eﬁ\fc are used in the next steps to be taken to obtain the required ICFs.
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4.1.2 Evaluation of the burnup

The next step to be taken is the evaluation of the burnup of the fuel sample to be able to deter-
mine the sample’s isotopic concentration from depletion calculations performed by means of the
depletion calculation code of interest for the sample’s irradiation history.

The following cases have to be distinguished:

(a) Each laboratory L = L(J) that participates in the analysis of the J-th fuel sample has estimated
the burnup value from measured isotopic concentrations E.;; of burnup indicators (as

Nd-148, for example).

(b) The burnup value of the J-th fuel sample has been calculated only, i. e., none of the laborato-
ries has estimated the burnup from any measurement results.

(c) Only part of the laboratories accomplished the estimation of the sample’s burnup according
to (a).

4.1.2.1 Case (a)

In case (a) the results E ;; are part of the set of outcomes presented by the vector E; (p),

eq. (41). For each burnup indicator a MC sample Eﬁf is thus included in the MC sample vector

E)'¢ drawn from the model N(E,; ,S,; ) as described in section 4.1.1. So therefore, insertion of

the MC sample value EMS into the relation

B=g,(c,) (48)
of the Burnup B to the isotopic concentration c, of the v-th burnup indicator provides a MC
sample BE/IJS for the burnup:

Bl =g, (ED), v=1....B(L). (49)

B(L) in eq. (49) denotes the number of burnup indicators considered by the L-th laboratory.

It is to be expected that the actual burnup of the fuel sample can be assumed to be sufficiently
well-defined. Otherwise it would be highly unlikely that the sample is appropriate for being
applied to depletion calculation validation. Therefore, the set of outcomes {Bﬁf, v=1,. ..,B(L)}
can be taken for a sample of size B(L) on the underlying burnup pdf. Because of being relations

for burnup indicators, the relations eq. (48) can be assumed to be linear functions of the form

B=g,(c,)=a,-c (50)

v

with a factor a, which

e depends on parameters such as the irradiated fuel mass, the energy released per fission, as well
as the fission yield of the v -th burnup indicator, its atomic mass and, in case that this indicator
is not stable, its radioactive decay constant, but which
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e does not depend on c,,.

It follows therefore that B given by eq. (50) is a Normal variable (cf. section 4.2.2 in Ref. [1]). In
section 4.1.1 it has been assumed that the variables ¢, =E ; are Normal variables. So therefore,

the set of MC samples {Bﬁﬁf, = 1,...,B(L)} resulting from eq. (50) according to eq. (49) can be
taken for a sample of size B(L) on the Normal pdf p(B, | E[B,], V[B,]) = N(E[B, ], V[B,]) of
the burnup B, of the J-th fuel sample.

The expectation E[B,] and the variance V[B,;]= c*(B )= G% remain unknown.

If the size B(L) amounts to 1, B(L) =1, there is nothing more to be done, i. €., one stays with
BMC =BMC for B(L) =1 (51)

as MC sample on the burnup.

But in case of B(L)>1 the Bayesian MC procedure for one-dimensional random variables

described in section 3 can be employed (cf. equations (33) through (40) and Figure 5):

e The sample mean

By = > B B> 1. 52)
BL) =
and the sample variance
BL) 5
Gy = B(L) [ 2B L =By, BL) > 1, (53)

are evaluated (cf. eq. (33) and (34)).
e A MC sample (57, )™ on the variance V[B,] is drawn from the scaled inverse-y * -distribu-

tion Inv—y’(B(L)-1;67,) (cf. eq. (40) and Figure 5).

¢ Insertion of (G?L)MC into the pdf N(§JL,V[B 11/B(L)) (cf. eq. (39)) and draw of a MC sam-
ple E[B, 1" on the expectation E[B, ] from the resulting pdf N(EJL,(GﬁL)MC /B(L))
(cf. Figure 5).

e Insertion of E[B, I and (o7, )M into the pdf N(E[B,],V[B,]) (cf. eq. (35) and Figure 5)
and draw of a MC sample
BY¢ from N(E[B, 1V, (53 )™) for B(L) > 1. (54)

One may raise criticism of the taken route of evaluating the results E_;; , v=1,...,f(L), from the
different laboratories L =L(J)=1,...,N,,,(J) separately. In principle one can put in fact the

results E ;; from the different laboratories for each of the burnup indicators v together because
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the expectation E[B;] is, as already stated above, to be expected to be applicable to all the
burnup values B,;; resulting from B, ;; =g, (E,; ) according to the relations eq. (48). However,
if one put the results E,; from the different laboratories together the question immediately
arises why one does not proceed in the same way with all the results E,; (p), eq. (41), from the
different laboratories. The answer to this question is that evaluating the results E;; (p) from the

different laboratories separately is more powerful than averaging these results, because evaluat-
ing the outcomes E; (p) separately ensures that the maximum possible amount of experimental

information can be made available for the estimation of the ICFs of those nuclides which are

actually used in an actual burnup credit application case, cf. section 4.2.

Case (a) was defined as the case that each laboratory has estimated the burnup value from the
results E,;; obtained for the burnup indicators v =1,...,(L). So, the question naturally arises

why the drawing of burnup MC samples BVJL is based, according to eq. (49), on the drawing of
MC samples EMT from the distribution model N(E,; ,S;, ) of the complete set E;; of measured

isotopic concentrations instead of being based on a distribution model of the burnup already
estimated by the L-th laboratory. Let us assume that this laboratory has delivered the estimated
burnup in form of the total average

n 1 B(L) BL) B(L)
B =—— ‘E . . 55
L B(L) = B, = B(L) zg (Eyp)= B(L) vl vIL (55)
So therefore, the variance of this estimate is
5 1 B(L)
V[B, ] T ZICOV(BVJL,BHJL) o Zla a cov(E,,E, ). (56)
v,u= v,u=

Even if one makes the pretty idealized assumption that all the covariances cov(EVJL,E uJL) are

really considered the following statement has to be recognized: If the burnup MC samples are
drawn from a Normal distribution model with the estimate eq. (55) as expectation and with the

estimate eq. (56) as variance then, in contrast to the procedure described above, only the part
(Sgp) s of the empirical covariance matrix Sy is involved,

(Saa)JL (S(lﬁ)JL
Si. = T > (57)
Sep)i Spgli
® (Sgp)y 1s the covariance matrix with the elements COV(EVJL,E pjL) of the burnup indicators,
v,u=1...,B(L)

® (S,.)y 1s the covariance matrix related to the remaining isotopes called “nbi-isotopes” (i.e.,

“non-burnup-indicator-isotopes”) in the following, a = N, (L(J))—B(L), and

* (S.p); contains covariances between these nbi-isotopes and the burnup indicators.
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The actual (i. e. “true”, but unknown) concentrations of all the isotopes are functions of the fuel
sample’s burnup at given irradiation history. All experimental results E; (p), eq. (41), contain

therefore empirical information about the burnup of the fuel sample. Consequently, if only the
partial matrix (Sgg) ;. is involved all the information is lost which is transmitted by means of the

partial covariance matrix (Sp); from the nbi-isotopes to the burnup indicators. Since the num-
ber 3 of burnup indicators is usually significantly smaller than the number a of nbi-isotopes the
loss of information can be heavy, the heavier the higher the correlations between nbi-isotopes and

burnup indicators are. So therefore, drawing MC samples E?ﬁc for all the isotopes from the

distribution model N(E; ,S;; ) and then using the MC samples EY; for the burnup indicators
included in Ejl\fc for obtaining MC samples le\fc on the burnup according to eq. (51) or eq. (54)

1s a much more powerful procedure since it makes use of all the available experimental informa-
tion.

4.1.2.2 Case (b)

Case (b) may be regarded as a case that results in misbegotten outcomes since the available
burnup information is not blessed by any experimental information from the chemical analysis of
the fuel sample of interest. However, since no further information is available one is committed
to go the usual way, i. e., to assume that the burnup B, of the J-th fuel sample follows a probabil-

ity distribution p(B; |®). Neither the type nor the parameters ® of p(B, |®) can be really

fixed here, since they depend on the procedure used for calculating the burnup of the fuel sample.
However, what can be done here is to suggest to evaluate the whole amount of validation data,
which has been compiled for the applied burnup calculation procedure, as indicated in Figure 6:

e Plot the frequency of occurrence H(B, —B,,) of the observed deviations AB =B, —-B,, of
the predicted (calculated) burnup B, from the measured burnup B,, against AB =B, —B,,.

e Derive an empirical pdf h(AB | (0} AB) ((:) Ap denotes the resulting estimate of the “true” distri-
bution parameters ®,;) by using one of the methods described in Ref. [1], sections 11.2
through 11.4.

The empirical pdf h(AB | 6] ap) 18 usually expected to be a Normal pdf. In fact, there are sugges-

tions from the mathematical as well as from the empirical side that the assumption of Normality
for h(AB | 0 Ap) 1s at least a good approximation to the actual pdf h(AB |® ,p).

If this true, then

A

6,, =(5B,s’(AB)), (58)

where OB is the expectation value of the empirical distribution h(AB | 0 ap) (cf. Figure 6) and
s2(AB) denotes the variance of this distribution. The distribution of the burnup B, of the J-th
fuel sample can then be approximated by the Normal pdf N(Bﬁ” ~-8B, s’ (AB)) with expectation
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BSC) — 0B, where BEC) is the burnup calculated for the J-th fuel sample. Therefore, by means of
N(BSC) -8B, sz(AB)) MC samples B}'“ on the burnup B, can be drawn:

BYC from N(B( —3B, s*(AB)). (59)

If the assumption of Normality for h(AB | 6] ap) 1s rejected by a method chosen from Ref. [1],

sections 11.2 through 11.4, for fitting N-h(AB | 6] ap) to the distribution H(B, —B,,) of the N
observed deviations AB =B, —B,,, then one has to stay with a “real life distribution” for

h(AB | 6] ap) - The Johnson families of empirical distributions are particularly appropriate for this

purpose [1]. The MC samples B}'® can then be obtained by drawing MC samples ABMC from
h(AB| 0 Ap) and subtracting these samples from B§°) :
B)C = B! — ABMC with ABM® from h(AB|©,y). (60)

It is obvious that eq. (59) is a special case of eq. (60).

In contrast to the MC samples eq. (51) or eq. (54), a MC sample ngc obtained from eq. (59) or
eq. (60) has to be applied to all the laboratories L = L(J) which participated in the analysis of the

J-th fuel sample.

H(B,-B,,)

N'h(/\B | (:f.m)

0 45 AB=B,-By,

(N := Number of observed deviations AB)

Figure 6: llustration of the evaluation of the statistics of validation data
compiled for a burnup calculation procedure
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4.1.2.3 Case (c)

It is obvious that in case (c) for those laboratories which accomplished the estimation of the fuel

sample’s burnup according to case (a) laboratory-specific MC samples B}{© are drawn according

to eq. (51) or eq. (54). For all other laboratories one has to proceed according to case (b) and

hence according to eq. (59) or eq. (60).

In this conjunction the question naturally arises if it is possible to combine MC sample values

B based on calculated burnup values B{ with MC sample values B)}: based on measured

burnup indicator concentrations. The answer is “yes” if and only if the following conditions are

met:

e The set of validation data, which has been applied to the validation of the burnup calculation
procedure used for the determination of B§°) , must not include any information resulting from

the analysis of the J-th fuel sample, i. e., from the fuel sample of interest.

e The assumption of Normality for h(AB| 6] Ap) Must not be rejected by the method chosen
from [1], sections 11.2 through 11.4, for obtaining h(AB | (¢} Ag) - In other words, BIJVIC shall be

drawn according to eq. (59).

If these conditions are met, then and only then B}’ = BMC

(53), which then become

can be added to equations (52) and

n 1 MC(c) 8 MC
B, = B +)> B 61
JL B(L)H[ 7 LB (61)
and, respectively,
. 1 o o=y R oy
G?L :m{(B]J\AC( . BJL) + Z(Bxf - BJL) } > (62)
v=l

where we have written B)'“®) instead of B}'® to make clear that this MC sample is based on the
calculated burnup BEC) and originates from eq. (59).

So, when instead of equations (52) and (53) equations (61) and (62) are used in the above-

described Bayesian MC procedure for generating MC samples B?ﬁc , then B(L) has obviously to

be replaced by B(L) +1.

4.1.3 Evaluation of the calculated isotopic concentrations

The calculation of the isotopic concentrations of an irradiated fuel sample by means of the deple-
tion calculation code of interest is usually performed as follows: The fuel sample’s irradiation
history is described (modeled) and the fuel is then depleted according to this history up to a fixed
burnup value specified for the sample. Then the radioactive decay is followed as long as required,
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1.e., till the date of chemical analysis is reached. So, one set of calculated isotopic concentrations
is thus obtained referring to just one burnup value. However, to be able to consider the uncer-
tainty in the fuel sample’s burnup one needs the calculated isotopic concentrations

c= (Cl""’CI""’CNisot )T as a function of the burnup, ¢ =¢(B), for a certain burnup range the
width of which depends on the uncertainty of the burnup.

The burnup value up to which the fuel is depleted in a depletion calculation performed under a
specific irradiation history is given by eq. (63),

L, EOC(D)
B=Y j Py (1) dt, (63)
A=l tBOC(%)

where Pg(t) denotes the specific power history (as a function of time t), A numbers the irradia-
tion cycles, A =1,...,Lg,, Ly, is the last irradiation cycle, tgoc(, 1s the time of the begin of the
A -th irradiation cycle, and tgoc;, 1s the time of the end of this cycle. Due to the downtime peri-

ods Atp, between the irradiation cycles, tpoc(y 1s given by eq. (64),

0 .=l

tgoco) = ) (64)
teoco-ny T Atpaony , 1<A<Lg,

where Atp; ;) is the downtime period after cycle no. A —1 for A >1.

The irradiation history specified for a fuel sample is, by definition, related to the time periods
(t EOC(L) — tBOC(k)) and Atp,, ), but the lengths of these time periods are fixed independently from

the fuel sample’s irradiation history. So, therefore, the only chance to determine the calculated
isotopic concentrations ¢ = (cl,...,cNiSm)T as a function of burnup, ¢ =¢(B), for a specified

burnup range by means of the depletion code of interest is to vary the specific power Pq(t) such

that the burnup varies over the full burnup range specified. A change of the specific power does
not only result in a change of the fission rate but impacts also other depletion parameters such as,
in particular, the fuel temperature and hence the moderator density (PWR) or void history
(BWR). It is therefore recommended to study the amount of such impacts and to take, if required,
account of these impacts by changing the depletion parameters concerned.

So, it turns out that the determination of the calculated isotopic concentration as a function of
burnup makes it necessary to vary the irradiation history of the fuel sample of interest. This obvi-
ously brings in some arbitrariness since the number of variations of the specific power Pg(t)
leading to one and the same change of the burnup is infinite. Since there is no other chance to
consider the uncertainty of the fuel sample’s burnup, this arbitrariness reflects a fundamental
uncertainty which is characteristic of the validation of depletion calculations. The impact of this

uncertainty on the calculated isotopic concentrations can be analyzed in sensitivity studies using
different variations of Pg(t) which all results in one and the same burnup change. It is obvious
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that the outcomes of such studies depend on the height of the fuel sample’s burnup and the width
of the burnup range over which the burnup is to be varied.

Since the variation of the irradiation history is due to the necessity of varying the burnup over a
specified range and is not due to any uncertainty in the recorded irradiation history is seems to be
reasonable to vary the specific power stepwise by multiplying all the recorded specific power
values Pg(t) of all the irradiation periods EtEOC(k) —tgocay)» A =1...,Lg, , by one and the same
factor f, (less or greater than 1, as the case may be) and repeat for each of these variations,
Le. for each of the factors f, applied, p=1,...,n, the depletion calculation and the following of

the radioactive decay. Thus, sets if isotopic concentration ¢, =¢(B,,) are obtained referring to

n
different burnup values B, p=1,...,n, obtained according to the factors f, applied to the spe-

cific power Pg(t). For a sufficiently large number n of sets ¢, =¢(B,) the isotopic concentra-

n

tions c;, [ =1,...,N,,,, can be determined as functions of the burnup by applying adequate inter-

isot
polation procedures (e.g., spline interpolation) or fitting procedures (e.g., linear least squares
using a polynomial model) to the sets ¢, =¢(B,), p=1,...,n. Thus the functional relation

c=¢(B)=(c;(B),....cn, (B))" sought after is obtained.

This procedure has to be applied to all the analyzed fuel samples J =1,...,Nq, so that one gets

the calculated isotopic concentrations

= Max (N, (LO)}. (65).

T .
¢, =¢;(B)y=Icyy,....Cp,---sCpp. ) , with M.
J ] ( 1 1 Migor (1), L= N am ()

1sot
The question naturally arises if uncertainties in the fuel sample’s irradiation history have still to
be included in the procedure just described. It goes without saying that in cases of doubt this
question can only be answered by means of sensitivity studies. However, apart from the question
if the uncertainties in the fuel sample’s irradiation history are really known, it seems to be quite
unlikely to be confronted with doubtful cases, because it seems to be reasonable to assume that
the impacts on the calculated isotopic concentrations due to uncertainties in the fuel sample’s
irradiation history are covered by far by the impacts arising from the variation of the irradiation
history due to the variation of the fuel sample’s burnup. This can be concluded from a simple
example: Experience shows that the square root of the sample variance st of burnup values
B, estimated by some laboratory L from the results E ; for some burnup indicators
v=1...,p(L), usually amounts to about 1 MWd/kg. Assuming a normal pdf model

N(B 1,83 ) using the sample mean eq. (55) as the expectation and the sample variance s7; as the
variance, the interval [B, —3s,,B, +3s, ] contains 99.7% of the cumulative distribution of
N(Byp,s7.):

By +3sy1

j dBN(B,; ,s%)=0.997.

ByL-3siL
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Let us assume a constant specific power Py of 30 kW / kg for all the irradiation periods and a

total time of 1500 effective full power days (resulting from 3 irradiation cycles with 500 effective
full power days each). So, the burnup of the fuel at the end of its operation time amounts to
45 MWd /kg U. A variation of the burnup by *3s; =+3MWd/kgU, i.e. on the interval

[42 MWd/kg , 48MWd/ kg] results in a variation of the specific power by

_*3IMWd/kg _ kW

+ AP .
1500d kg

s =

Due to the normal pdf model N(E IL> S?L) used for the burnup, the specific power is thus assumed
to be normal distributed with Py =30kW/kg as expectation value and o =(APg/3)°

=(0.667)* (kW /kg)? = 0.444 (kW /kg)* as variance. The standard deviation o = 0.667kW /kg
covers the uncertainty of the values Pq(t) of the specific power history recorded together with
the values of the other irradiation history parameters (such as fuel and moderator temperature
etc).

Now, having described the procedures for evaluating the measured isotopic concentrations and
the burnup values of the fuel samples as well as the procedures for determining the calculated
isotopic concentrations as functions of burnup, we are prepared to the estimate the Isotopic Cor-
rection Factors (ICFs) as set forth in the next section

4.1.4 Monte Carlo sampling on isotopic correction factors (ICFs)

The upper part of Figure 7 summarizes what has been hitherto described:

e E, represents the set of measured isotopic concentrations observed for the J-th fuel sample in
the L(J)-th laboratory (cf. eq. (41)), and S,; 1s the empirical covariance matrix of the compo-
nents E;; of E;; (cf. eq. (46) oreq. (47)), I=1,...,N;,(L()).

e Assuming a normal distribution model N(E; ,S;; ) using E; as expectation and S; as

covariance matrix, Monte Carlo (MC) samples EJI\EC on the random vector E; are drawn.

e The values of the components EE/}E of E?{C related to the burnup indicators v =1,...,p(L) are

inserted into the respective well-known functional relations of the burnup to the burnup indi-
cator isotopic concentrations c, (case (a), cf. equations (48) and (50)). Thus, a MC sample

B?ﬁc on the random variable B, is obtained, either from eq. (51) in case of B(L) =1, or from

eq. (54) in case of B(L) >1 using a Bayesian MC procedure for evaluating the BI\Y}E values

obtained for the individual burnup indicators v =1,...,(L) according to eq. (50).

e [f the burnup value of the fuel sample is not based on any measurement, but calculated only
(case (b)), a MC sample BIJVIC on the random variable B is drawn by evaluating all the vali-
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dation results compiled for the applied burnup calculation procedure (cf. eq. (59) or eq. (60)
and Figure 6).
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Figure 7: Flow chart of the procedure of generating an ICF working pool

31



e If only part of the laboratories L =1,...,N,, (J) performed measurements on burnup indicator
isotopic concentrations (case (c)), a MC sample BIJVlC is drawn according to the case (b) proce-

dure for all those laboratories which did not accomplish a burnup indicator isotopic concen-
tration measurement. For all the other laboratories laboratory specific MC samples B?fc are

drawn according to the case (a) procedure. Under certain conditions described in section
4.1.2.3 the MC sample BIJVlC drawn according to the case (b) procedure can be added to equa-

tions (52) and (53) of the case (a) procedure (cf. equations (61) and (62)).

In any case a burnup MC sample value is available. As indicated in Figure 7, this value is now
inserted into the relations eq. (45), ¢; =¢,;(B), of the isotopic concentrations ¢, calculated for

the J-th fuel sample, to the burnup. Thus a MC sample
CIJ\;{C = (clJL:- ~5Cm (.11 )T ) (66)

is obtained. With this MC sample and with the MC sample E%C derived by means of the empiri-
cal distribution N(E,; ,S,; ) a MC sample of the ICFs is obtained for the fuel sample J analyzed

in the laboratory L:
T
MC MC
EIJL ElmaxJL
MC ?°**> ~MC >
CIJL CImaXJL

with I, = N, (L(J)).

ICF)“ =£)/° = [ (67)

As indicated in Figure 7, the whole procedure described, starting with the drawing of the MC
sample EJI\{C , 1s now repeated a good lot of times to get a sufficiently large number of MC sam-

ples ICF,) =f)'°.

After N loops the result fjl\fc—n ,n=1,...,N, form a matrix
[fMCJ ]T
JL
el (68)
[chiN ]T
JL

containing MC samples {fII}ALCf“, n= 1,...,N} of size N for each of the isotopes I=1,...,N,,.
So, this matrix contains all that information about the ICFs and the uncertainty of the ICFs which
results from the measurement outcomes obtained for the J-th fuel sample in the L(J)-th labora-
tory. As appears from Figure 1, both the information about the ICFs and the information about
the uncertainty of the ICFs are contributions to the flow of information following the hierarchy of
uncertainties. To make the information contained in the matrix eq. (68) available for the Bayesian
MC hierarchical procedure to be used, as explained in section 3, for translating the uncertainties
of the ICFs into uncertainties of the bias-corrected isotopic number densities of a burnup credit

application case, the sample mean vector
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(f)JL = ((leL""’(bIJL’"')T (69)

with the components

o - fII.\I/IIHC ! 1 = MC n
By = Z =2 In (£¥e)—Ina,, T=1,...,N (L()) (70)
n=1 n=1
and the related sample covariance matrix
1 S n A n A
S =——> (@4~ ) (@~ )" (72)
N-1 n=1
with

i e n
n a, ln(f1JL )—ln(al)

MC _n — . — : 73
o m(ﬁJ In (fll}/lic ! )_ In(a,) 7
a, :

are derived from the MC sample values contained in the matrix eq. (68).

Because of
MC n MC n ~ MC n 1 < MC n
A(PIJL =0y Oy = ln(flJL ) Ezl (fUL ) [=1,. -->leot (L(J)) > (74)
n=l

the elements of the sample covariance matrix eq. (72) do not depend on the quantities a; intro-

duced by equations (70) and (73); and the sample covariance matrix can be therefore written as
ICF_ ZA(pMCn(A MC n)T (75)

with vector A@)“" the elements of which are given by eq. (74).

The quantities (fixed numbers) a;, I=1,...,N are introduced to represent the experience

Isot »
already available for the applied depletion calculation procedure with respect to the ICFs. Experi-

ence shows that for a good lot of isotopes observed ICF values are distributed around 1, so that
a; =1 1is an adequate choice to represent the experience already available for these isotopes. Only

for a few isotopes ICFs have been observed for some depletion procedures which significantly
differ from 1 (Gd-155 is a prominent example for that). In such cases it is recommendable to
choose a; according to the available experience.

As explained in section 3, a probability distribution model p(f I | G)) is needed for evaluating the

empirical data eq. (68) according to Bayes’ theorem eq. (29). The ratios
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f
Ry =%, I=1,...,N, (L)) (76)
1
represent the values of the observed variables f}; as random proportions of numbers resulting

from previous observations. It is therefore appropriate to choose a multivariate log-Normal distri-
bution for the distribution model p(R 1L | ©) of the random vector

T

f f

R, =[££j , (77)
a; a;

cf. References [12] and [13]. For this reason the logarithmical values ln(fII}ALC—“) of the data con-

tained in the matrix eq. (68) are used in equations (69) through (75).

The definition region of the log-Normal distributed variables R, is Ry, €(0,00),
I=1...,N (L)) . In fact, it is evident that an ICF number must be greater than zero, but a

minimum possible value cannot be specified; and, likewise, it is obvious that an ICF cannot
become infinite, but a maximum possible value cannot be specified. So, the choice of a log-Nor-
mal distribution model p(R iL | G)) is also appropriate with respect to the definition region of the

random vector f;; determining the definition region of the random vector Ry, , eq. (77).

Now, as indicated in Figure 7, all the procedures hitherto described are repeated till the measure-
ment results from all the laboratories L(J)=1,...,N, (J) for each of the fuel samples

J=1,...,Ng are evaluated. Thus one gets a set of sample mean vectors eq. (69) and related

covariance matrices eq. (75):
{6, .S L) =1...N,(1). T=1...Ny | (78)

This set serves as a pool for generating ICFs for burnup credit (BUC) application cases.

4.2 Evaluation of the isotopic correction factors for burnup credit applications

It is well-known that the sets of isotopes considered in radiochemical analyses differ from the set
of isotopes which can principally be used in BUC applications [14]. The sets of isotopes studied
in radiochemical analyses usually include a good lot of isotopes which cannot be used in BUC
applications, but which deliver necessary information about the fuel samples analyzed (as for
instance obtained from burnup indicators as Cs-137, Ce-144) or information needed for different
applications (e.g., source term validation for shielding calculations). So, the set of BUC isotopes
considered in a radiochemical analysis is usually only a subset of the total set of isotopes studied
in this analysis. It is observed that this subset often differs from analysis to analysis and some-
times also from laboratory to laboratory; and it is therefore found that many sets of analyzed iso-
topes do not contain all the isotopes which can principally be used in BUC criticality safety
analysis.
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Figure 9: Example for missing data [15]

Which isotopes are really used in an actual BUC application case depends on the BUC level
applied to this case (e.g., “actinide-only” level or “actinide plus fission product” level with differ-
ent numbers of BUC fission products, cf. Ref. [14]). So, for an actual BUC application case first,
as indicated in Figure 8, a “BUC-application-case-specific working pool”

{§BUC 8B L) =1,...N (1), T =1,.... N} (79)

has to be extracted from the pool eq. (78), i.e. a working pool which includes all the information
contained in eq. (78) about the ICFs of the isotopes used in the actual BUC application case.

Then, a BUC ICF data matrix @ has to be derived from the working pool eq. (79) in such a way
that @ is capable to play a role of the matrix eq. (28) so that MC samples on the ICFs of the
actually used BUC isotopes can be drawn according to eq. (32).

The number of columns of the matrix @ is given by the number of BUC isotopes actually used,
and the number of rows of @ is given by the sum

NEgg

h= D N (). ®0
J=1

Since it is observed, as stated above, that many sets of isotopes studied in radiochemical analyses
do not contain all the isotopes principally applicable in BUC criticality safety analysis, it may

happen that some of the actually used BUC isotopes do not appear in some of the data ¢}°¢ and

SJBLU © of the working pool eq. (79). It may therefore happen that some elements of the matrix ®

are missing, i.e. remain unknown, as exemplified in Figure 9. So therefore, the procedure of
drawing MC samples on the ICFs of the actually used BUC isotopes according to eq. (32) must
include a solution of the case that the matrix ® is incomplete. cf. References [13] and [15]. Then
and only then, when a solution of this case is included, it is possible to use all the information
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contained in the working pool eq. (79) about the ICFs of the isotopes used, even if some of these
isotopes do not appear in some of the data sets (i)iUc and S?LUC ,[16], [17].

4.2.1 Generation of working pools for BUC applications

The extraction of a BUC-application-case-specific working pool eq. (79) from the pool eq. (78) is

carried out by projecting each random vector ¢, related to ¢, and S;* into the lower space

spanned by the random vector (p?LU <

The random vectors @; are defined by

T
f f
o, =R, :( n&,...,ln&,...j ,L=L()=1,...,N,(), I=1,...,N, (81)

a, a;

cf. equations (69), (70), (76) and (77). Since R, obeys, by definition (cf. Section 4.1.4), a multi-
variate log-Normal distribution model, @;; follows a multivariate normal distribution [12]. (f)?LU ¢
in eq. (79) is thus obtained by deleting all the elements of ¢ , eq. (69), which do not belong to
the BUC isotopes to be used; and the covariance matrix SJBLU € is obtained by retaining only those
rows and columns of S}EF which belong to these BUC isotopes [1]. So, according to equations

(69) through (73) one gets for (f)?LUC and S?LUC :

A 1 N MC_n
(p?L”C:EZ((P?L”C) , (82)
n=1
with
fMC_n
N ln 1JL
. P ( a, j
MC _n . .
(o)™ "= & |=| (83)
PNy | Deen
Nguc

where Ny = Ngyc(L(J)) is the number of BUC isotopes contained in the set of isotopes stud-
ied by the L(J) -th laboratory in the analysis of the J-th fuel sample;

1 & MCn . MCn . u
i = L3 (o) o (o) o) 0
T L=l

It should be kept in mind that the working pool eq. (79) thus obtained depends on the isotopes
really used in the BUC application case of interest. Accordingly, different BUC application cases
usually result in different working pools eq. (79), whereas the pool eq. (78) does not depend on
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any application case, but is the basis for all BUC-application-specific working pools eq. (79) that
may be of interest.

4.2.2 Evaluation of a working pool of a BUC application

As stated in the preceding section, the random vector @, , eq. (81), follows a multivariate Nor-

mal distribution. Any projection into a lower space gives a marginal distribution which is again

Normal [1]. So therefore, the random vector @} UC follows, by construction, a Normal distribu-

BUC ZBUC ,

tion with unknown expectation E[@;; "] and unknown covariance matrix

((p?LUC ‘ E[o™ BUC BUC ) (E[(p BUC 1 ZBUC )

- (85)
o ‘E?SC‘ 1/2 eXp{—%((P?SC Eo! BUC ) (E?I}Jc) ((P?SC _E[(PBUC )}
The N vectors ((p‘fLUC) “ n=1,..N, eq. (83), each of which results, by construction, from an
independent MC draw f,'“", represent thus a set of independent observations from the Normal
distribution of (p?LU . Therefore, assuming that all prior knowledge has been used to fix the num-
bers a; in eq. (70) and hence eq. (83) so that no other prior knowledge is available, it follows, as

appears from the Appendix to this paper, that

o the covariance matrix £5YC follows an Inverse-Wishart distribution

p(Zf’LUC {((prUC )MC‘" n=1,.. .,N})

(86)

o Inv— Wlshalt([(N nsrelN- I;NBUC(L(J)))
with (N-1) degrees of freedom and Ny x N scale matrix (N—1)S5°¢, SBUC given by
eq. (84), and that
o the expectation vector E[¢@ BUC] follows a Normal distribution
BUC

(E[(pBUC {((P?L”C )MC—" n=1,.. N}) oc N( o0c, %} (87)

with expectation Vector(pBUC given by eq. (83), and covariance matrix X5 / N.

So therefore, the following steps can be taken successively

e Drawing of a MC sample Z‘.Jl\fc from the Inverse-Wishart pdf eq. (86)
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e Insertion of Z‘.Jl\fc into the normal pdf eq. (87) and then drawing of a MC sample E[(p]fLU cMe

from the resulting pdf N((f) BuC, pMe /N)

e Insertion of E[¢}’ M€ and Z?ﬁc into the Normal pdf eq. (85) and then drawing of a MC

sample (|)1J\fC from the resulting pdf N(E[(p]JSLU cMe, EJN{C )

As indicated in Figure 8, the MC sample (pjl\ﬁc provides the line number

{ If [(j—l)w]} (88)

J
}\’JL = Z
=1

J

of the BUC ICF data matrix @, .

(=1

To get the next line of this matrix, one has to perform the MC sample procedure just described
for the next L(J) value. And, as indicated in Figure 8, on has to proceed in this way till one is

through with all L(J)=1,...,N,,(J) and J =1,...,Npg. The matrix ®  thus obtained represents

an ICF Monte Carlo sample from all the available data. As already stated, this matrix may be
incomplete.

By construction, the line vectors

L2 :((Pn/p---’q)nuguc)’ =1..,A, (89)

of the matrix @, are mutually independent. I in expression (89) denotes the number of BUC
isotopes used in the BUC application case of interest; and A is the total number of lines of @,
cf. eq. (80).

In addition, even though some components ¢_, of some line vectors ¢ , may be missing, each

line vector is, by construction, a sample ¢, from a related Normal distribution

-1/2

p((l)lé | E[(P/,]azlé): N(E[(pz],E[)OC |fo| -eXp{_%((sz -Elo, ])T 27 ((P/, —-Elo,] )} >

C=1,...,A,

(90),

with expectation E[¢,] and covariance matrix X, .

As explained in section 4.1.1, the results E,; , eq. (41), obtained by the different laboratories
L) =1,...,N,,(J) for one and the same fuel sample J are expected to be compatible, i.e., have
one and the same expectation E[E; ], cf. Ref. [1]. Consequently, those line vectors ¢, , which

are related to one and the same fuel sample J, shall have one and the same expectation, i.e., shall
be compatible.
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In addition, to the knowledge of the authors of this paper, it has never been observed up to now
that ICFs show a significant dependence on the burnup of the fuel samples analyzed. This means
that a compatibility test of the ICFs obtained for the different burnup values leads to the result
that the hypotheses that these ICFs have one and the same expectation cannot be rejected on the
basis of the available ICF data and the significance level a chosen for the test [1]. Since such a
compatibility test is, by definition, a goodness-of-fit test (cf. Ref. [1], section 11.5.2), a signifi-
cance level of o =0.1% 1is usually chosen. In other words, with a statistical certainty of
(1-0) =99.9% it cannot be rejected that ICFs obtained for different burnups are compatible.'

Consequently, it cannot be rejected on the basis of o =0.1% that all the line vectors ¢ ,,

eq. (89), /=1,...,A, are compatible.

As explained, compatibility of all the line vectors ¢, ,, /=1,...,A, means that all these vectors
have one and the same expectation E[¢@ ,]=E[@,6]=E[@] for all /=1,...,A ; but observation of

compatibility of line vectors does not imply, in general, any statement about the covariances
cov(@, )=E[ (0, ~EleD(o, ~El@)']=X,, =1,....0., 1)
of the line vectors apart from the fact that E[¢ _,] is replaced with E[¢] in expression (91).

However, as told in section 4.1.1, compatibility of the results E; , eq. (41), obtained by different
laboratories L(J)=1,...,N,, (J) for one and the same fuel sample J, is missed very often. Usu-

ally no explanation of the observed incompatibilities can be given. Since results can safely be
discarded only on physical arguments, the observed incompatibilities can only be understood as
an indication of underestimation of the uncertainties of at least some of the individual sets of
results E; , eq. (41). For rectifying this underestimation one and the same probability distribu-

tion model is assumed, as already explained in section4.1.1, for all the results E ,
L(J)=1L...,N,,,(J), obtained for one and the same fuel sample J. Consequently, for all the line
vectors ¢, which result from one and the same fuel sample the same covariance matrix X, is

taken in eq. (90), 1.e., X, =X,.

The question naturally arises as for what X, stands. For all the line vectors ¢, which result
from a given fuel sample J the covariance matrix X, is related to the precision that can be

expected for each of these line vectors under the condition that it is considered that these line
vectors must be compatible.

The degree of precision is expressed by the information content eq. (30), cf. Ref. [1]. If X, =X,

were known, eq. (30) would deliver for a line vector ¢_, due to eq. (90)

' In section 9 we will outline what can be done when it might have been observed one day that some ICFs show a
significant dependence on the burnup.
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Even though it might be that certain fuel samples require certain radiochemical analysis methods,
precision is not determined by the analyzed fuel samples J =1,..., N4 but by the analysis meth-

ods used by the laboratories. Therefore, even if we are dealing with a set of fuel samples each of
which was only analyzed once, i.e., even if we are dealing with the case N, (J)=1 for all

J=1,..., Ny, it is necessary to use one and the same covariance matrix X for all the analyzed

fuel samples, i.e., X; = X, since experience shows that if each and every of these fuel samples

were given to all the available laboratories incompatibility of the results would be observed for
these samples, at least in many cases, even then if the laboratories apply the same or very similar
analysis methods.

So, it turns out that the line vectors @ ,, ¢=1,...,A, eq. (89), of the matrix @, which are, by

construction, mutually independent, have to be taken as a random sample of size A from a Nor-
mal distribution

p(@ | E[¢].Z)= N(E[@],x) o [x| -exp{—%(q) ~E[e])' =" (- E[¢] )} (93)

with unknown expectation E[¢] and unknown covariance matrix X.

Therefore, if all line vectors ¢, and hence the matrix ®, were complete, all the elements ¢
(i=L....,Izc; £ =1,...,A) would be completely defined by the probability density function (pdf)
p(fl)n | ®) = p(fl)n | E[o], Z) which is named as “complete-data pdf” in the following.

However, as already stated, the matrix @, may be incomplete, i.e., some elements ¢, may be

missing. This is the case, in particular, if the “actinide-plus-fission-product” BUC level is applied

[14]. An incomplete matrix can be split into two parts, one part denoted by @, . contains the

observed (i.e., the non-missing) data, the other part denoted by ® characterizes the missing

n,miss

data. So, the complete-data pdf p(®, |@®) is the joint pdf p((I)n’ObS,(I)n,miSS |®) of ® .. and
@ i » Which can be rewritten as product of the conditional pdf p(fl)n,miss | (I)n,obs,G)) and the
marginal pdf p(®, . | @), cf. Ref. [1],

p(q)n |®) = p(q)n,obs’q)n,miss |®) = p(q)n,miss |(I)n,obs ’®) p(q)n,obs |®) (94)
The marginal pdf is the projection

p(q)n,obs ’ ®) = jp((l)n | ®) dq)n,miss : (95)
of the complete-data pdf; and the conditional pdf p((I)n,miSS [ D obs ,@) is the section
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_ p((Dn,obs ’q)n,miss | G))
jp(q)n,obs ’(I)n,miss | ®> d(Dn,miss

through the complete-data pdf at given data @

p(q)n,miss | (I)n,obw@) (96)

Using eq. (95) in eq. (96) one gets eq. (94).

n,obs *

The conditional pdf p(CI)n’miSS | D@ s ,@) is, by definition, a predictive distribution of the missing
data ®, .. under the condition of the observed data @ and given model parameters

0= (E[(p], Z). The problem is that the parameters © are unknown. However, given a guess ©
O]

n,mis

|®) on the complete-data pdf.
oV

n,obs? = n,miss

on ®, one can obtain by means of Monte Carlo techniques a first guess @

data @ oV

n,obs > n,miss

on the missing

With this guess one has a guess p((I)

n,miss *

Using this guess as likelihood in Bayes’ theorem eq. (29), a guess p(@ | @ ) on the

“complete-data posterior pdf” p(G) | (I)n) can be obtained. From this guess of p(G) |(I)n) a new
guess @) on O can be drawn by means of MC techniques, and the whole procedure just

described is repeated with @) as new starting parameter so that one gets first a new guess

(I)(2)

n,mis

on the missing data, and then a new guess @ ,, on the parameter set ® . The procedure is

then repeated again and again, till convergence is achieved, cf. References [16] through [18]. The

whole procedure is known as “data augmentation procedure”. The first step, consisting in appli-

(j+1)
n,mis

cation of a guess @ for achieving a new guess @

(J+b
n,mis

new guess @, is called “posterior step” [16]:

is named as “imputation step”, the

second step consisting in applying ® for obtaining a complete-data posterior pdf and then a

e Imputation step:

®(j) - p(q)n,miss | (I)n,obs ’®(j)) g q)aj:rii)ss - complete data pdf p(q)g;rii)ss’q)n,obs ®) (97)
e Posterior step:
p((I) gj,-:rii)ss 2 (I)n,obs ®) Mcompletedataposteriorpdfp(@ | (I)n,obs 9(D§1jjrii)ss) - ®(j+1) (98)

The starting parameter set @ ,, can be generated by using the so-called “Expectation-Maximiza-

tion (EM) algorithm™ [16], [18]. The data augmentation procedure is performed by means of
Markov chain MC techniques [18]. When convergence is achieved after j. iteration steps then

all the MC draws @ ; with j> j. can be used to draw respective MC samples @, on ¢ from
the pdf eq. (93) according to eq. (32).
Since the line vectors @, of the matrix @ are independent samples from the Normal distribu-

tion eq. (93), it follows, as appears from the Appendix to this paper, that the complete data poste-
rior pdf p(@) | (I>n) = p(E[(p],Z | (I)n) is given, assuming that no prior knowledge about
0= (E[(p], Z) is available, by the product
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p@|®@,) = p(Z|®,) p(E[e] =,®,), (99)

where

p(Z | D, ), denoting the pdf of the covariance matrix X under the complete data matrix @,

is given by the Inverse-Wishart distribution
p(Z|®, )oc Inv— Wishart((.—1)"'S;'; =1 T, ), (100)

with (A —1) degrees of freedom and I x Iy scale matrix (A—1) S, following from the

sample covariance matrix
A
Z ¢, —9,)(0,-9,)" . (101)
1 =1
with the sample average
1 A
== 0., (102)
7\‘ /=1
having the components

Z(PH/I > = BUC’ (103)

and

p(E[(p] | X, D, ), denoting the pdf of the expectation E[¢@] under the complete data matrix @
and the given covariance matrix X, is given by the Normal distribution
p(E[o]| Z.®, ) N($,,2/2), (104)

with expectation @, given by eq. (102) and covariance matrix X /A .

The posterior step eq. (98) of the data augmentation procedure becomes therefore:

Given a guess (I)(J) ; first a MC sample Z(J) is drawn from the Inverse-Wishart distribution
eq. (100), using the scale matrix (7» —1) SY resulting from the sample covariance matrix
s =g ((I)qu)) obtained with the augmented data matrix @' = ((I)
eq. (101).

,®Y ) according to

n,obs > * n,miss

Then, using the MC sample Zgj) and the sample mean (f)f]j) = (f)((I)S)) obtained with the aug-
mented data matrix @;j) = ((I) oV ) according to eq. (102) a MC sample E[(p]flj) 1S

n,obs > * n,miss

drawn from the Normal distribution eq. (104).

The resulting parameter MC sample © ;) = (E[(p](J) Z(J)) can either be used to start the next

imputation step eq. (97) or, if j=j. or greater, i.e., if convergence is achieved, to draw a MC
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€))

./ from the Normal distribution eq. (93). For numerical details and requirements of per-

sample @

forming the data augmentation procedure see References [13] and [18].

When j> j. is reached and a MC sample (pflj) i1s drawn, then a MC sample fr(lj) of the ICFs is

obtained by inverting the transformation introduced with eq. (70), i.e.

1ICFY =19 =((£9),.... (), )" (105)
with
(£9), =a,exp{l0?), | . i=1,....Ngye, (106)

)]

n °

( (j))i the i-th component of ¢

n

It is obvious that in case of a complete-data matrix ®, a MC ICF sample set féo) (j=0),
eq. (105), 1s directly obtained by drawing Eflo) from the pdf eq. (100), then E[(p]flo) from the pdf
eq. (104), then (pflo) from the pdf eq. (93), and then using the re-transformation eq. (106).

The MC ICF sample set frfj) (J=0 or j>j., depending on the data matrix @, ) is applied,

according to eq. (21), to the isotopic number densities calculated for the BUC application case of
interest. As indicated in Figures 1 and 8, with the set of bias-corrected isotopic number densities
N,

The resulting neutron multiplication factor (k off )n is one term of the sum eq. (7),

Ky :(keff)n +(AkB)n' (107)

Now, to get a sufficiently large number n of samples (keff )n such that the uncertainty in the bias-

i=1...,Igyc, thus obtained a criticality calculation according to section 7 is performed.

corrected isotopic number densities, which results from the uncertainties in the depletion valida-

tion procedure, is sufficiently considered by the resulting distribution of the sample values
(k i )n one returns, as indicated in Figure 8, to the first step of the evaluation of the BUC appli-

cation case working pool eq. (79), i.e., one goes back to the drawing of MC samples from the
distributions eq. (86), eq. (87) and then eq. (85) to get the next data matrix @, .

5 Uncertainties in the depletion calculations performed for a burnup credit application
case

As indicated in Figure 1, in addition to uncertainties due to manufacturing tolerances in the fuel
and core design parameters, uncertainties in the nuclear data & result in uncertainties in the iso-

topic number densities Ni(s), i=1,...,Izyc, calculated for BUC application to a spent fuel system
S of interest. Therefore, the bias correction of the number densities Ni(s) according to eq. (21)

have to consider not only the uncertainties in the ICFs according to section 4.2.2 but also, in prin-
ciple, the uncertainties in the number densities N\*.
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However, as stated in Ref. [19], section 5, the wide variety of fuel irradiation histories to be con-
sidered in a BUC application case makes it necessary to look for a bounding history given by
those fuel operating conditions which result in the highest spent fuel reactivity in the spent fuel
system S of interest. But, as stated in Ref. [20], it is observed that instead of searching for a
bounding irradiation history very often a considerably conservative irradiation history is simply
chosen (for the difference between the terms “bounding” and “conservative” see Ref. [4]). The
choice of such conservative irradiation histories result in number densities Ni(s) ,1=1..,150c,
the use of which in criticality calculations result in neutron multiplication factors which cover by

far all reactivity impacts due to the manufacturing tolerances in the fuel and core design parame-
ters and due to the uncertainties in the nuclear data .

In BUC application cases it makes sense in fact to define the operating conditions, i.e., the deple-
tion parameters, in such a way that reactivity effects due to variations in fuel and core design

parameters are covered. However, studies on the reactivity impacts due to the uncertainties in the
nuclear data & are of fundamental interest in BUC criticality safety analysis. In the framework of

hierarchical Bayesian procedures here presented such a study can be performed by drawing MC
samples (Ni(s) )MC from a distribution p(N(S) |®) of the BUC-application-case-specific number

.. T . .
densities N® = (N%S),...,N%)UC) . This requires to draw MC samples on the nuclear data & to

represent the variation of these data due to their variances and covariances. We will discuss pro-
cedures required for drawing MC samples on & in sections 8.1 and 8.2.

Once MC samples (N(S))MC are available, the set of bias-corrected isotopic number densities
Ni(j), i=1,...,I5yc, to be used in a subsequent criticality calculation (cf. Figure 1) is generated
by multiplying the values (N(S))MQH of the n-th MC sample on N® with the respective values
(flfj) )i of the n-th MC sample on the ICFs.

6 Validation of criticality calculation

As already described in section 1.1 validation of a criticality calculation is achieved by estimating
the bias Ak which is characteristic of the applied criticality calculation procedure with respect

to the application case S. In the framework of the hierarchical Bayesian MC procedures here
described this means that to the n-th ker value (kg )n obtained with the n-th set

(N(S))MQn :((Ngs))Mc_n,...,(Nizc)Mcin)r of isotopic number densities the n-th sample (Aky)
drawn on the bias Ak has to be added, cf. eq. (7) or eq. (107).

The procedure to generate MC samples (AkB)n on Aky by means of Bayesian MC procedures

has been already described in detail in Ref. [8]. The description is not repeated here, only the
main steps are summarized:
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e Since the experimental or experiment-based systems chosen as benchmarks (B) adequate to
estimate the bias Ak, which is characteristic of the applied criticality calculation code with

respect to the application case S (cf. section 1.3), may have made use of the same equipments
such as the same fuel rods and absorber plates (cf. Ref. [21]), the material design data of all
the selected benchmarks are compiled in one material and design data vector x. This vector

is, so to speak, the joint material and design data vector of all the chosen benchmarks, i.e.,
some components of Xy can be related to different benchmarks, others are related to only one

benchmark.

e Due to the uncertainties in the material and design data x; (cf. Ref. [8]), MC samples xglc on
the joint vector x are drawn.

e For each MC sample (xglc )j the ke values of all the benchmarks are calculated. With these
kesr values a set of bias samples (AkBi)j ,1=1...,Ng, j=1L...,N, is obtained; Ny is the num-
ber of chosen benchmarks, N denotes the number of MC samples drawn on xj.

o After having reached a sufficiently large number N, the bias samples are averaged thus yield-
ing the sample mean vector

Akp = (EBl,...,EBNB )T (108)
with

— 1 .

Ak :EZ(AkBi)j ,i=1,...,Ng, (109)

j=1

and the sample covariance matrix

=13 ((Aky), - Aks)((Ak,), - Aks) | (110)
N-15
with
(AK,), = ((Aky,)joees (A )75 j =10, N (111)

e Since the ke values from which the bias samples (Aky;); are derived are usually obtained by
means of a MC criticality calculation code, the vectors eq. (111), j=1,...,N, can be taken,

due to the Central Limit Theorem of statistics [1], as samples on a normal distribution with
expectation E[AKky] and covariance matrix X. So, as follows from the Appendix, eq. (A-41)

and eq. (A-42), assuming that no prior information about @5 = (E[AkB],ZB) is available, a
MC sample EINC can be drawn from the Inverse-Wishart distribution with scale matrix
(N-1)S;, and a MC sample E[Ak B]MC can be drawn from a normal distribution, the expec-

tation and the covariance matrix of which are the sample mean eq. (109) and the matrix
E%’IC /N, respectively.
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e Defining explanatory variables z;, i=1,...,Ny and zg characterizing adequately the chosen
benchmarks and the application case S, the MC sample @ = (E[AkB]MC,Zg[C) can be used
to perform a Bayesian regression analysis (cf. [6], [8], [16]) which yields a MC sample
AKYC = Ak Y€ (zg) for the bias to be applied to the application case S. This sample is one of
the values (Akg), to be inserted in eq.(107). Drawing of the next sample
O, = (E[AkB]MC,Zg[C) leads to the next MC sample Akl}\;lC (zg), and so forth. In this way
one gets the set of MC sample values (Aky), needed for the samples «, , eq. (107)

The required explanatory variables z;, 1=1,...,Ny, and zg are usually case-dependent [15]. To
avoid overfitting, the dimension of z; and zg shall be reduced to the minimum dimension
required for achieving an accepted regression model, i.e., a model which complies with the sam-
ples @4 = (E[AkB ™Me, zMC ) The minimum required dimension of the explanatory variables can

be checked by means of statistical tests [1]. It is often observed that the minimum required
dimension amounts to one with z;, =1, Vi, and zg =1, which means that there is no need for

any explanatory variable since the simplest regression model given by the weighted means pro-
cedure (cf. Ref. [8] and section 11.5.2 in Ref. [1]) fits to the samples O .

As already stated in section 1.3, consideration of the uncertainties in the nuclear data & is not
required for the estimation of the bias Aky, i.e., for the validation of the criticality calculations.

As indicated in Figure 1, these uncertainties have to be taken into account when the neutron mul-
tiplication factor ke of the application case is estimated.

7 Uncertainties in the criticality calculations performed for an application case

In addition to the uncertainty due to the uncertainties in the validation of the depletion calcu-
lation, the uncertainties in the material and design data xg of the application case S and the
uncertainties in the involved nuclear data & have to be taken into account in the evaluation of the

neutron multiplication factor keg of the application case. In the framework of the hierarchical

Bayesian MC procedures here described this means that in the input to the calculation (yielding
the sample value (k4 ), ineq. (107) the isotopic number density MC sample Nl(Jg ,1=1., 1500

(cf. section 5) is used together with the MC sample (xg/lc)Il on the material and design data xg

and the MC sample F,ﬁ/lc on the involved nuclear data &. As already mentioned in section 1.1, the
joint pdf p(xg,&) of xg and & factorizes as

p(Xs,8) =p(xXs)-p&). (112)

Therefore, the MC samples (xg/IC ), and énMC can be drawn independently from p(xg) and p(§),

respectively.
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The procedure of generating MC samples (xg/lc)n has been already described in detail in

Ref. [8]. The description is not repeated here. In the following the attention is focused on the
drawing of MC samples &nMC .

8 Evaluation of nuclear data uncertainties

8.1 The ideal method

The ideal method of evaluating uncertainties in the nuclear data & is, in principle, completely

analogous to the method of evaluating the uncertainties in the validation of depletion calcula-

tions. On the analogy to the matrix @, generated as described in section 4.2.2, one needs a neu-
tron-energy-dependent matrix M(E_) (E, := neutron energy) which contains all the available

observations §,(E,) of the involved nuclear data, empirical observations (e.g., measured data),

empirically based observations (resulting from evaluations of integral measurements for
instance), and data derived by means of theories of nuclear reactions and models of the nuclei

(e.g., data related to the experimentally non-resolvable resonance region). Choosing an adequate
distribution p(?;(En) |O(E, )) and a prior pdf p(@)(En )) representing adequately the prior knowl-

edge about the distribution parameters @(E, ) one gets by means of Bayes’ theorem eq. (29) the
posterior pdf

p(®(E,)IM(E,)) « p(M(E,)|O(E,)) p(O(,)) , (113)

from which MC samples G)(En)MC can be drawn which can be used to draw, according to
eq. (32), MC samples &(E )M from the distribution p(&(E,)|O(E,)).

In case of missing data, i.e., in case that M(E ) is incomplete, the data augmentation procedure

described in section 4.2.2 (see equations (94) through (98)) can be used to estimate the posterior
pdf p(@(En) |M(E, )) provided that the missing-data-mechanism is ignorable, i.e., that the miss-

ingness does not depend on the missing data (for details see Ref. [16]).

Once a MC sample 2’;(En)MC is obtained, a continuous cross-section library L%S can be gener-

ated from &(E,)M® by means of a basis-data evaluation code. This library is used in the calcula-
tion of one of the sample values (keff )n in eq. (107).

The procedure is repeated by drawing the next sample é(En)MC , from which the next library

LYS is generated which is used for the calculation of the value (k¢ ) .., and so forth.

n+l?

8.2 The one-data-set case

Due to the lack of a sufficient amount of nuclear basis data it is hardly to believe that the ideal
method described in the preceding section can ever be realized. So, one has to be content with the
fact that at least one set of estimates E(E, ) of the mean of the nuclear basis data is available
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together with the estimate V(En) of the corresponding covariance matrix of the nuclear basis
data. Since more information will scarcely be available one is committed to go the usual way, i.e.,
to assume that the expectations E[%(En)] and E[V(En)] are the expectation vector E[§(E )]
and the covariance matrix V(E,) of the Normal distribution N(E[&(En),V(En)). MC samples
"%(En YMC are therefore drawn from a Normal distribution using the estimates %(En) and V(En)
as expectation vector and covariance matrix, respectively. The resulting samples é(En)MC are

then used for generating the cross section libraries L%S .

8.3 Usage of the SCALE module TSUNAMI

We are just installing the one-data-set procedure described in the preceding section. As long as
the installation of that procedure has not been finished, we use the module TSUNAMI of the
SCALE system [22] for estimating the contribution of the uncertainties of the nuclear data to the
neutron multiplication factor kesr.

Application of TSUNAMI to the system S of interest (application case) provides the neutron
multiplication factor kg of the system and, according to equations (19) and (20), the ratio

1/2

coviE,, ) k

Ryp = N o ZASV(a—a“)AS” with Asjzi a—sz;j . (114)
kS V.1 &véu kS ag]

This ratio is the relative deviation of the system’s neutron multiplication factor kg due to the
uncertainties in the nuclear data (ND) &, cf. Ref. [22]. Since TSUNAMI uses MC techniques
[22], the sample mean Es of the calculated neutron multiplication factor kg can be assumed to

follow a Normal distribution because of the Central Limit Theorem of statistics [1]. It is assumed,
therefore, that the estimate

Gxp = Ryp K (115)

follows a normal distribution N(E[GND],V[GND]) with expectation E[c,,] and variance

= Vloxp]- So, running TSUNAMI m times for the application case S using different starting

random numbers one gets a set of results (6ND )j , j=1,...,m, with sample mean

Onp =

L
—2 (6w, (116)
i1

and sample variance

. 1 m . .
i :E < ((GND)j _GND)2 . (117)
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Due to the normality assumption it follows
e that E[o] follows a Normal distribution N(END,I2 / m) with expectation G and variance
©? /m, cf. eq. (39), and

e that t* follows an Inverse-y> distribution Inv—xz(t2 |(m—1),%2) with m—1 degrees of

freedom and scale feactor 12, cf. eq. (40).

So the following steps have to be taken

e Drawing of a MC sample rfdc from the distribution Inv — x2 (r2 | (m—1), %2)

e Insertion of T3, into N(END,t2 / m) and drawing of a MC sample E[c \, ]y from the result-
ing distribution

e Insertion of E[oyp]ye and Tye = V[oxp lye into the distribution N(E[GND],V[GND]) and

drawing of a MC sample Ny from the resulting distribution

e This MC sample oy is inserted into the distribution

1 1 AK2
Ak, | E[Ak ], 0% )= N(0, 6%, |]= ————exp| ———2 118
p( o | E[AK ] ND) ( ND) \/%GND p( 5 GIZ\ID ] (118)

and a MC sample AkN5 on the deviation from the expectation E[AkND ] =0 is drawn.

Expression (118) results from reflections on the meaning of the ratio eq. (114): It is obvious that
onp = Ryp kg 1s related to a distribution p(AkND |O,G§D) of the variable Ak, =kg —E[kg]

with expectation E[Ak ] =0 (by definition) and variance
V[Ak ] = E|( Ak, — E[Ak 1) |= E[(k — E[AK, 1 ]= 02,

In fact, as follows from eq. (114),

oy =ki R3, = VZH: %jcov(év,i“)% =zcov(g)z" with z= (%,,%,] (119)
Expression (119) is just the variance of k(&) in the first-order perturbation evaluation

ks (&) ~ kg (E[E])+ 2 dE. (120)
with

Elk(&)]~ ks (ELE]). (121)

So, assuming k(&) to be Normal distributed it follows that Ak, =kg —E[kg] is Normal dis-

tributed with expectation E[Ak \p, ]=0 and variance o3, .
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Now, the n-th MC sample (Ak%[g )n obtained by means of the above described procedure, i.e,
resulting from the successive draws of (rfwc )n, E[oNy ], and (GII\\IAS )n is added to the right-hand

side of eq. (107) to include the uncertainty in the calculated neutron multiplication factors due to
the uncertainty in the nuclear data.

9 Conclusions

As summarized in Figure 10, the procedure of including all the uncertainties relevant to BUC
criticality safety analysis is now complete. The presented MOCADATA procedure has been
developed to make it possible by means of using hierarchical Bayesian MC procedures to con-
sider

¢ all uncertainties in
— the depletion calculations performed for the application case,
— the chemical assay data evaluated for validating the depletion calculations,
— the critical experiments evaluated for estimating the bias of the criticality calculation code
applied,
— the application case;
¢ all uncertainties due to
— empirical data required for performing statistical analysis,
— the finite number of the data, and
— the possible incompleteness of the data;

o the fundamental variability due to the selection of probability distribution models required for
evaluating empirical data.

Criticism may be raised on the fact that the determination of ICF MC sampled V' has been

based on the observation that ICFs do not show any significant dependence on the burnup
(cf. section 4.2.2). Well, as long as this observation is valid it is justified to take this observation
as a basis. And this observation remains valid as long as compatibility tests [1] demonstrate that
there is no significant dependence on the burnup.

Let us nevertheless assume that it will be observed one day that some ICFs show a significant
dependence on the burnup. In that case it is possible to proceed analogously to section 6, i.e., to
evaluate the line vectors eq. (89) by means of a Bayesian MC regression analysis using the
burnup as explanatory variable. As appears from Ref. [16], this regression analysis can be per-
formed with missing data, i.e., as described in section 4.2.2, with some missing elements ¢_,. of

some line vectors @ ,, eq. (89), of the matrix @ .
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So, whether the ICFs depend on the fuel’s burnup or not, in any case one gets, provided that one
has a sufficient amount of data [13], MC samples

K, = (k). +(Aky). [+(akYS). | n=1,....m. (122)

If a sufficiently large number M of samples is reached, the M samples can be evaluated by means
of the methods described in sections 1.1 and 1.2
In addition, the distribution of the obtained results «, can be fitted by means of a free-of-binning

fit procedure [1] using, for instance, a Johnson empirical distribution model [1]. Once such a dis-
tribution model is fitted to the data eq. (122) by means of the Maximum Likelihood method [1]
yielding the distribution model fj; (K | G)) it becomes possible to draw MC samples on the covari-

ance matrix cov(@) of the parameters @ estimated by ©, to draw then MC samples on the
expectation E[@] of the parameters @, and to draw finally MC samples 0™ on @ . These MC

samples can be inserted into the applied distribution model so that one gets fit distributions
f (K | @M€ ) If these MC fit distributions correspond to the data, which can be tested by means of

a Smirnov-Cramer-von Mises test [1], then MC samples TEISVIC on the probability eq. (6) can be

calculated:

max |S) = Tdnf(m@MC). (123)

kmax

¢ =P >k

Let us assume that we have drawn N samples Trgdc . Arranging these N samples in an order statis-
tic

MC MC
() <o) (124)

the confidence level (1—-a;) can be calculated by means of eq. (16) for the greatest (ﬂ:g/lc )j

which just meets the inequality (n@AC )j <y and hence eq. (8) for a prescribed margin y. It can
then be checked if the result (1—-o;) complies with the value prescribed for o. Note that for
values usually prescribed for o and y (usually o =y =0.05 is chosen) it is sufficient to evaluate
the results «k, eq. (122), directly by the methods described in sections 1.1 and 1.2. However, for
values of y significantly smaller than the values usually chosen it is necessary, because of the
condition given by eq. (18), to generate MC samples on the probability mg according to

eq. (123).

54



Appendix
Application of a Bayesian MC procedure requires the definition of a prior pdf p(®), cf. eq. (29)

in section 3. Accomplishment of this requirement involves the probability-theoretical problem of
the Bayesian methodology. As summarized in Ref. [8], there are mainly three approaches for
choosing a prior density:

e Concept of conjugate priors using the concept of conjugate distributions: For a given Likeli-
hood function p(X|®) one is looking for a prior pdf p(®) which belongs to the same distri-

bution family as the posterior pdf p(® | X). This family must be of such a diversity that all

information, experiences and subjective suppositions can be described [6].

e Empirical Bayes methods: The methods are decision-theory-based using a decision rule as
estimator for @ which minimizes the risk with respect to the prior pdf[1], [9], [10].

e Concept of objective priors: The determination of such priors is based on frequentist or logical
probability.

The first and the second approach give rise to controversy due to scientific-theory-based doubts
whereas the latter approach is beyond controversy. The concept of objective priors has however
the disadvantage that in many cases coming along in real life no prior is known. The attention is
therefore focused not only on this concept in the following, but also on the first concept.

The justification of the concept of conjugate priors is the same as the justification of the appar-
ently arbitrary definition of the information matrix given in eq. (30) of section 3: It reasonably
works (with respect to the information matrix see [1], section 5). The concept of conjugate prior
pdfs offers computational advantages in many cases. In addition such priors have the property of
being interpretable as additional data [6]. The question arises of how the total lack of knowledge,
1.e. lack of prior information, is represented in the framework of this concept.

Priors representing lack of knowledge have been derived by H. Jeffreys [5], and these priors,
named as “objective priors” by Jeffreys, are now known as “Jeffreys’ priors” therefore. These
priors are based on the principle that so-called “non-informative” priors, which represent the lack
of knowledge, should be invariant under reparameterization [1], [6], [7].

The attention is focused in the following on the Normal distribution model since this model is the

most used one in the paper on hand. The multivariate Normal pdf of an m-dimensional random
T . .

vector X = (Xl,.. X ) is given by eq. (A-1), [1],

.y m

p(x|@)=p(x|p,E)= — -exp{—%(x—uf z (X—u)}, 0=(n,x), (A-1)

@m™* |z
with expectation vector

Ex]=p=(usoobt)' = (Blx Lo Elx, 1) (A-2)

and covariance matrix
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cov(x) = £ = E[(x—m)(x—p)" | (A-3)
| X | in eq. (A-1) denotes the determinant of X.

Let X be the matrix which represents a sample of n mutually independent observation x,,...,X
from the distribution eq. (A-1),

n

X=| =] . (A-4)

The Likelihood p(X | @) = p(X | u,Z) for this sample is

P11, o 127 el 1530, 2 5, (a5)

i=l

By straightforward application of the multiplication rules for vectors and matrices the Likelihood
eq. (A-5) becomes

p(X|u,Z) o | X2 -exp{—%Trﬁl_1 SO)}, Tr := trace, (A-6)

with the m x m matrix

n

Sy = (x;—n) (x,—n)". (A7)

i=1
Since, by definition, E[x;]=p, Vi, and cov(x,)=X, Vi, the expectation of eq. (A-7) is,
because of eq. (A-3):
S,=nXx. (A-8)

The right-hand side of eq. (A-6) is proportional to the Wishart pdf with v =n degrees of freedom
and mxm scale matrix ¥ [11]

p(W)= Wishart(¥;v,m)= W(¥;v,m)=C- |‘I’ W

-v/2

(v-m-)/2 .exp{—%Tr(‘I’IW)}. (A-9)

with the normalization factor [6], [7]

-1
C= {Tm/z . pm(m=1)/4 _Hr(n +21—le _ (A-10)

j=1

and with the expectation

E[W]=v¥. (A-11)
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So, as apparent from a comparison of eq. (A-6) with eq. (A-9) as well as eq. (A-8) with
eq. (A-11), W=S,and ¥ =X, v=n.

The natural choice for meeting the concept of conjugate priors is to look for all the pdfs which
have the same functional form as the Likelihood, since then it is accomplished that the prior
belongs to the same distribution family as the posterior pdf.

So therefore, the Wishart pdf is the conjugate prior distribution for the inverse covariance matrix
in a multivariate normal distribution model.

If a matrix follows a Wishart distribution eq. (A-9), then the inverse of the matrix follows an
Inverse-Wishart distribution

p(‘I’)E InV—Wishart(W_l;v,m)z C-|W b 4

v/2 |

—(v+m+1)/2 . CXP{—%TI‘(W T_l )} ) (A_12)

with v degrees of freedom, m xm scale matrix W, and factor C given by eq. (A-10) [7].

(The notation W™ in InV—Wishart(W_l;v,m) may be regarded as confusing, but it is just the
notation used in Ref. [6].)

The expectation of (A-12) is (for v>m+1) [6]

E[¥]=(v-m-1)"' W. (A-13)
Neither the expectation p nor the covariance matrix X are usually known in real life. However,
as described in section 3, the matrix eq. (A-4) contains information about the parameters
® = (u,X). This information can be used to calculate numerical values, named as “estimates”,
for the parameters. These estimates are related to the particular set of evaluated observations. To
obtain estimates for the parameters one has to choose a method for proceeding from the observa-
tions to the estimates, i.c., one has to choose a function of the observations which is named as
“estimator”. An estimator must have some desirable properties which determine its “goodness”
with respect to its task. These properties, such as consistence, unbiasedness and efficiency (i.e.,

information content, cf. eq. (30) in section 3), are discussed in the theory of estimators, see
Ref. [1] for instance.

It is well known that the sample mean vector

X =

35, (A-14)
i=1

=

with the components
1S .
X] =HZIXU, _]=1,...,1’l’1, (A_ls)

and the sample covariance matrix
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S :LZ (x, —X) (x, - X)" (A-16)
n-143
with the elements
1 < _ _ )
Skj:ﬁz (X3 —X) (X -X;), k,j=1...,m, (A-17)
L=l

are unbiased estimators of p and X, i.e.

E[X]=p (A-18)
and
E[S]=X, (A-19)

respectively. ThereforeX and S are sometimes written as fi and x, respectively.

Equations (A-18) and (A-19) can be easily shown by using the fact that the expectation operator
E[] is a linear operator, i.e. E[ax+by]=aE[x]+bE[y].

The sum Q(X,p) of quadratic forms q;(x;,p)=(x, —p)" £7'(x, —p) in the exponential function

on the right-hand side of eq. (A5) can be rewritten as follows
QX = Y ai(xi.w = X [(x; ~ D+ &-m] =7 [(x; - D+ X-w)].
i=1 i=1

This expression becomes since, due to eq. (A-14), only real quadratic forms survive:

QX =Y (% -0 2 (x, — %)+ Y ®-w) T G-p). (A-20)
i=1

i=1

By straightforward application of the multiplication rules for vectors and matrices to the first
term of the right-hand side of eq. (A-20) one gets

QX =Tr(E ' (n-DS)+ x-w T (Z/n)" G -p). (A-21)
where S is the sample covariance matrix eq. (A-16).

The Likelihood eq. (A-5) thus becomes

p(X|p,E)oc |2 exp(—l(i—u)T(Ej (i—p)]-|2|n2_ exp(—lTr(Z_l (n—l)S)j. (A-22)
n 2 n 2

So, the Likelihood has the functional form of

e a normal distribution of the sample mean X with expectation p (cf. eq. (A-18)) and covari-

ance matrix ~/n

multiplied with
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e a Wishart distribution of the inverse covariance matrix with n —1 degrees of freedom.

As conjugate prior p(®) for © = (u,Z) is therefore chosen

)y -1/2 1 . T Vo+m+l 1 4
exp —E(l’«o—l’«) o (F‘o w|[E 2 exp _ETr(E VOTO) (A-23)
0

p(u,E) o

I,
with hyperparameters fi,, n,, v, and ¥, chosen to meet the requirements of diversity
described at the beginning of this Appendix.

These parameters can be interpreted as parameters which are related to a prior sample of n,

mutually independent observations X,,,...,X,,. from the distribution eq. (A-1). Accordingly, i,

g

1s interpreted as sample mean

o= Y0x (A-24)

Ny o

with covariance matrix

cov(ji,)=X/n,. (A-25)
Analogously to eq. (A-16) the matrix ¥ in eq. (23) can be interpreted as sample covariance
matrix
vo+l
=_z (Xg; — ”0)(X01 uo) (A-26)
0 i=l
with

The set of prior observations X,,...,X,, and the set of the present observations x;,...,x, can

be considered as one sample with the total sample mean

X + ) X n 1, +nX A-28
n0+n(z oi Z ] oMo ) ( )
and the total sample covariance matrix
1 ]'10+]'1 . R -
¥y=—— 2 Wi B) i) A-29
N nom_l;(yl i) (v —iy) (A-29)
with
X for i=1L...,n,
Yi= _ : (A-30)
Xin, for i=mny+1,...,n;+n
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With this definition, the sample mean eq. (A-28) and the definition eq. (A-31),
N=n,+n, (A-31)

the sample covariance matrix eq. (A-29) becomes

2 n,

(N-DY, =Z (XOi _lio) (XOi _ﬁo)T +%Z (lio _i) (lio _i)T +
i=1 i=l

2

3% 5, =%) 30"+ 2 3 sy =) iy )

As follows from equations (A-16), (A-26) and (A-27), this expression becomes

n,n

o (B —%) (1, -x)" (A-32)

(N-D¥, =v,¥,+(n—1)S+

Multiplying the Likelihood eq. (A-22) with the prior pdf (A-23) results in the posterior density

-1/2 n+vy+m+l

-exp{—%Q(i,po,p)}-w 2 ~exp{—%(2_l(n—l)s+E_IVO‘I’O)} (A-33)

p(p, 2| X)oc

with the quadratic form
QX)) =X—) " (Z/n) &=+, —w)" (Z/n,) " By —1). (A-34)

Insertion of the total sample mean eq. (A-28) in eq. (A-34) and straightforward application of the
multiplication rules for vectors and matrices leads to the expression (A-35) for eq. (A-34),

n,n

. n, +n Tr{27 (lio _i) (lio _i) } (A-35)

Q(i,ﬁo,u)=(ﬁN—u)T[ = ] By —w)+
n,+n

So therefore, using equations (A-27), (A-31) and
Vy =Vo+n=n,-1+n=N-1 (A-36)
the posterior pdf eq. (A-33) becomes
1. (X
. eX —_—— —_ —_—
p{ A (N)

vy +tm+l

g .exp{—%Tr[ (v, ¥, +(n—1)S )+ nIO\In = (i, - %) (i, —i)Tj}

-1/2

p(u,ZIX)%% (ﬁN—u)}

and hence with equations (A-32) and (A-36):

'eXp{—%(ﬁN - u)(%j

: |z‘,|_VN +2m+1 : exp{— %Tr(Zl A2 &% )}

-1/2

p(p,Z|X)oc ‘% (fy - u)}-

(A-37)
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As follows from a comparison of this expression with eq. (A-23), the posterior pdf eq. (A-37) is
of the same family as the prior pdf eq. (A-23). So the prior pdf eq. (A-23) meets the concept of
conjugate priors described at the beginning of this appendix.

Eq. (A-23) can be rewritten as follows

p(n,Z)ec exp{—“—z"mo - (Z) @, —u)}-IE e -exp{—%Tr(Z‘l vo‘l’o)} : (A-38)

In compliance with the interpretation of the hyperparameters fi,, n,, v, and ¥, as parameters

which are related to a prior sample x,,...,X,, the lack of any prior knowledge is regarded as the

limit of the conjugate prior eq. (A-38)as n, -0, vi »>n,-1—>-1and ¥, -0,
m+1

p(rX)oc|x 2. (A-39)

This limit is just the multivariate Jeffreys prior density commonly proposed as non-informative
prior density [6]. With this prior the posterior pdf eq. (A-37) becomes

- .exp{—%(i—uf[%j (i—u)}'

p(u,E\X)%‘—

(A-40)

_(n-1)+m+l

1Y R exp{— %Tr(zl (n-1) S)}

This expression shows that the covariance matrix X follows an Inverse-Wishart distribution
p():. | X)oc Inv—Wishart((n—l)_1 Shin-1 m) (A-41)

with n—1 degrees of freedom and mxm scale matrix (n—1) S (cf. eq. (A-12)), and that the
expectation vector p follows a normal distribution

p(n|Z,X)oc N(X,Z/n) (A-42)
with expectation X and covariance matrix X/n.

So therefore, by means of Monte Carlo (MC) techniques a sample X,,- on X can be drawn from
the pdf eq. (A-41). Inserting this sample X, into the pdf eq. (A-42), a sample p\,~ on p can be
drawn from N(i,ZMC / n). And finally, using the samples p,,-. and X, in the pdf eq. (A-1), a

sample Xy, on the random vector x can be drawn.
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