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Observations: Sources of Uncertainty

Depletion Calculation and Validation

Depletion Code Bias in Uncertainties
weaknesses Nuclear Data in Nuclear Data
Recalculation of
chemical assays \ v
| Bias in Isotopic Uncertainties
\ 4 oge . . ege
Uncertainties Densities in Isotopic Densities

Isotopic Correction
Factors (ICFs)

in assay data

\ 4

Uncertainty in ICFs .
Uncertainties
in Bias-Corrected

Isotopic Densities

'

H Criticality “

A

Application case calculation

Benchmarks

A
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Observations: Sources of Uncertainty

Criticality Calculation and Validation

Uncertainties Bias in Criticality Code
in Nuclear Data Nuclear Data weaknesses il
Recalculation of
. : crits/subcrits
Uncertainties Bias Ak, |, |
in design data in k
g et : v Uncertainty in
) Blas.es (AkB)i. for crits/subcrits data
< crits/subcrits

| Uncertainties in
Akg and its uncertainty Biases (Akp).

for application case

A

> Uncertainty
—»q in (K + Akp)

Uncertainties v

in Bias-Corrected Confidence Statement
Isotopic Densities on (k. + Akg)

Application case

Benchmarks

A
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Observation: Hierarchy of Uncertainties

Example Statements
* Observed data (E, C, ...) are random numbers, i.e.
Uncertainties Uncertainties outcomes from random variables (vectors)
in Measured Isotopic in Calculated Isotopic - Random variables (vectors) x are completely
Concentrations (E) Concentrations (C) defined by probability distributions:
v v X9
Uncertainties P(x < Xo) = IdX p(X | 0)

in Isotopic Correction X min
Factors (ICF = E/C)

p(x|®):= probability density function (pdf) of x,
©:= parameter characterizing the pdf

\ 4

Uncertainties (e.g.: p(x|®) = multivariate normal distribution,

in the Bias-Corrected ® - mean vector and covariance matrix)
Isotopic Concentrations of * Problem: p(x|®) often unknown,
the Application Case only available: empirical data (e.g.: E) or
observations (e.g.: C)
y
Uncertainty Tasks:
n Ker * Derive from empirical data/observations on x

statements about ®

Application case . OO O .
PP * Bearing the uncertainties in the variable/vector

Benchmarks x from one level to the next one

J 2o\
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Observation: Hierarchy of Uncertainties

Statements on © from data/observations
Example
=Xamp=e > distributions of ®
Uncertainties Uncertainties _/ \\
in Measured Isotopic in Calculated Isotopic (a ® \ (b ® )
Concentrations (E) Concentrations (C) P ‘ a/ P ‘ b
Uncertainty Uncertainty
v v in Parameter in Parameter
Uncertainties Set a set b
in Isotopic Correction
Factors (ICF = E/C) 4 4
Uncertainty in ( )
X|®
v Parameter Set x = x(a,b) P X
Uncertainties
in the Bias-Corrected y
Isotopic Concentrations of Uncertainty in p( ® )
the Application Case Parameter Sety = y(x) y y
A Y
Uncertainty U.ncertalnty p(Z 0, )
in K¢ in z = z(y)
Most powerful tool of bearing the uncertainties < - -
from one level to the next one: 11‘)1 CSD :;)gﬁ(’;oll))lcalg[eeftm)g, Sept. 13-17, 2009
. . . aper euber, Hoefer
- Bayesian Monte Carlo hierarchical procedures P e
r gy
CSN /TAEA Workshop on Advances in Applications of Burnup Credit for Spent Fuel Storage, Transport, Reprocessing, and Disposition AREVA

Cordoba, Spain, 27 — 30 October, 2009



J.C. Neuber, A. Hoefer, AREVA NP GmbH, NEEA-G

Monte Carlo Sampling at given level = pdf of the succeeding level

X3 Monte Carlo (MC) sampling on the Sets of MC sampled parameter values
1 parameter region (Xs)i = (X515 X525 X3 «+)pp 1=150000K

i

Set of MC sampled parameter values

X2

(ys)i = Y((Xs)i)9 i =19° oK

y

distribution
of y

= MC sampling on a parameter region from the joint probability density function (pdf)
p(x|®) of the parameters

= Problem: pdf usually unknown

= Necessary: pdf model derived from empirical data A
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Monte Carlo Sampling at given level
> Generate MC samples x; under the condition of empirical data X:
Posterior —
e p(x [ X )= [ p(x,|©)p(©]X)dE
0 T

n x m data matrix of © - probability parameter ® unknown

n independent distribution model .

identically distributed e 9MC. 'sampllng on © under the

(iid) m-variate data gg. 1(10r21:1)1a1 distribution: condition of the data X
= . . . =,

Xi= (Xi1sXizo+ ++5Xim) p(@‘X) o p(X\@)p(@)
Xll X12 tc Xl,m—l le - - -
X1 X2 0 Xoma Xom T i i

Xoar X2 7 Xpaamaa Xooam
Xn,l Xn,2 Xn,mfl Xn,m

posterior know- Likelihood of X prior knowledge
ledge about © under ® about ®

A
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Simple example for Monte Carlo Sampling at given level

Empirical data x,, x,, X3, ...

p(x|p,6%) = (2rc”) " exp[~(x — )" /26°] = N(u, 6°)

'

p L~ N(Y,GZ/I’])

MC

i:ixi/n
=1

tMc

" n AL MC
67 =) (x;-X)*/(n-1) » o ~Inv—y*(N-1G7) —l
i=1 A
p(x|p,0°) =N(w,c%)
next MC : :
sample I|MC
(sampling Xme
loop)
v
Yme = y(X MC )
distribution | ]
of y ) -
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First step: Evaluation of the results from one lab for one sample

Measured Isotopic Calculated Isotopic

Concentrations (E) Concentrations (C)

v v

Isotopic Correction
Factors (ICF = E/C)

Required: Burnup of
the fuel sample

\ 4

Ey :(""EIJL"")T

e J:=number of the fuel sample

e L(J):= number of the lab (- J-th sample is divided in L(J)-th subsamples which are
independently analyzed by the L(J)-th labs)

* I=I(L(J)):= number of the isotope (number can differ from lab to lab at given J)

: ok, ok
S, Withcov(E, , Eyy ) =D —%=—"Lcov(p,,p,)
JL JLr =kl " op, apu n
= Z aaEiJL aaEkJL (52 (pv) , If Cov(pv’ pu) = Oforv + 1)
v \% pv

* Vector p: experimental parameters impacting the results E

assumption on pdf:

N(E,., Sy.)

(normal distribution)

A\ 4

Monte Carlo (MC)
sample

MC
EJL

A
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Depletion Validation: Evaluation of Assay Data

Second step: Evaluation of the sample’s burnup

Measured Isotopic Calculated Isotopic |, Required: Burnup of
Concentrations (E) Concentrations (C) the fuel sample

! ! §

Isotopic Correction Different cases possible:
Factors (ICF = E/C)

i a) Each lab has estimated the
burnup value from burnup
Case al): Burnup indicators for which a MC sample is included in E?‘LC. indicators
B\'\/’IC —f (E%E) v=1.., Vo b) Burnup only calculated (not
any measurement at any
Case a2): Burnup indicators for which a MC sample is not included in E?L(.; lab)
Draw MC sample ¢) a)andb) mixed
MC B 2/M
BYC from N((B,,s%(B,)), p="L... 1,
|
By=—"+ ZBMC+ZBMC !
I
) § . 1 MC B BMC 2 ]
6" (B, )= 1 Z( JL) "‘Z( JL)
(Vm + Mm) A
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Second step: Evaluation of the sample’s burnup / case a)

Measured Isotopic Calculated Isotopic |, Required: Burnup of
Concentrations (E) Concentrations (C) the fuel sample
v v

Isotopic Correction
Factors (ICF = E/C)

— 0 Inv—xz((vm +u, )1 62(§JL)) MCsample(c?, )M
_ 52 )
- E[BJL] <~ N BJL’ =
Vi T4
-
MC sampleE[B, B, < N(E[B, 1,62 )

MCsampleB’'©

13 AREVA
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Second step: Evaluation of the sample’s burnup / case b) (Burnup only calculated)

Required: Burnup of

Measured Isotopic Calculated Isotopic
Concentrations (E) Concentrations (C)
v v

Isotopic Correction
Factors (ICF = E/C)

the fuel sample

In analogy to case a2): Draw MC sample

BYC from N((B,,s%(B,)), VL(J)

Second step: Evaluation of the sample’s burnup / case ¢) (mixed case)

« For Labs to which case a) applies use a) > lab-specific MC sample B

* For Labs to which case b) applies use b) = one MC sample for all labs

A
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Third step: Evaluation of the calculated isotopic concentration and the ICF

Measured Isotopic Calculated Isotopic | Burnup of the
Concentrations (E) Concentrations (C) fuel sample
v v
Isotopic Correction Casea)/b)/c)

Factors (ICF = E/C)

A 4

C, :CJ(B) BMC

Depletion calculations for sample J

JL
Monte Carlo sample M C Sam p I c C.Ilvllc
Step 1 — Egic
g MC T
MCsampleICF)"* =£"° =| ..., C:\J/IIEJ e | [
IJL

A
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Depletion Validation: Evaluation of Assay Data

Sampling MC-ICF values for fuel sample J analyzed in lab L

Step 1:
T .
E, =(..E,.,) Step 3:
- ICF Sample
= y
§ A 4 A\ 4
= assumption on pdf: MC sample
- e Step 2:
= N(E, ,S,.) E; Burnup Sample
S
) MC_1qT
) Sample average f 6]
JL- Matrix FJL _ p After N loops
Sample cov— Matrix S FMC_NTT
[f0 ]
P ) T £ 1< MC
v — i — _n
~ I JL —(---’fm_'---) with fm_ —szm
{fJL S } VIAVL n-1
| SICF _ 1 < (fMC_n f )(fMC_n f )T
L - Z JL L L L
N-17 A
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L IONICTION VAl 29T1I0N°® A DYDNDIICOATION OT 1T K«

Step 4: Selection of the ICFs for the isotopes selected for the BUC application case

— 7,8

},‘v’J/\‘v’L

pool (set) for selecting the ICFs Set of BUC isotopes to be
for a specific BUC application case used in the application case

| |

Reduction to BUC isotopes (to be used in application case)

{f-JEIE_UC S?,_UC }’ VIAVYL | “BUC AC working pool”

JL?

(AC: application case)

MC sampling on
BUC isotopes’ ICFs
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L IONDICTION VAIIAO9TIOMN® A DNNINCOAaTToOoMm ot 18 e .

Step E1: Evaluation of the BUC AC working pool

¢ BUC
{fJL

§ove } VIAVL

JL?

pdf assumption : £2°¢ « N(E[f2"°], 25°°)

3| [EIrSe] e N f2 z:i“CJ 5 WHN-LIIN-DS5)
z N (W™ = Inverse — Wishart)

£|  |MC sample E[f;"°]" MC sample £°

=7

A

2 eI ], 2
|

v
MC sample (f;°“ )" Fill up a Matrix ® ——

A
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Step E2: Evaluation of the matrix @

Matrix ©

J tot

Number of lines: & = > L(j),

=1

Number of columns = Number of BUC Isotopes to be used

Matrix is usually incomplete, since not all of the isotopes to be

used are measured for all J and L(J) _

0.25 /
0.2
0.15 ®11 ®12 o - ®1I
0.1
005 | Dy, e Dy, Dy
o . . . . .
é 0 - : . . . :
0.1 q)k—l,Z (Dx—l, -1 CI)k—l,l
-0.15 A
o, [ ua P
0.2
-0.25
-0.3
U-235 Pu-240 Sm-149 A
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- Devnletion Vahaation: Annhcatbronox 1¢ s |

Step E2: Evaluation of the matrix @: Solution of the missing data problem

* By construction, the matrix elements @;; are possible outcomes for the random variables ®;;.
* Therefore, each line vector f;, is a sample on the pdf p(f|®) of the random vector f

* If the matrix @ were complete, the elements ®; would be completely defined by the pdf p(®|®),
called “complete-data pdf” in the following.

Complete-data pdf can be written:

p((I)‘G)): ((I)mlss’q)obS‘G): ( mISS‘(I)obs’ ) ( obS‘Q)

T

predictive 4
distribution of Solution of the
missing data missing data problem
-> Data augmentation

A
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- ebletion Vahaatorn Aonhcationot t1¢ ¥s |

Step E2: Evaluation of the matrix ®:
Solution of the missing data problem by data augmentation (principle)

Gi‘yenaguesse)(i) ( mls‘(I)obw ))—>(I)('+1)

i=itl “complete-data (@‘(I)

posterior pdi”

p(©|@)o p(@/e)p(®)

obs?

mis

“Imputation
step”

}

D |+1)) N ®(|+1) “Posterior

mis

step”

Sufficient number of iterations 2>
MC samples fy;c can be drawn from
the model p(f|®) after each posterior step:

p(f‘(@(i))—> fir

convergence achieved

Starting parameter vector ©;, can be generated by using the
“Expectation Maximizing (EM) algorithm”; the data augmentation
procedure is performed by means of Markov chain Monte Carlo techniques

J.C. Neuber, A. Hoefer,
ICNC 2007, paper 223

X
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- Depletion Vahdation: Apphcationofti1¢C¢s |

Step E2: Evaluation of the matrix ®:
Solution of the missing data problem by data augmentation (performance)

« Each line vector f, of @ is a sample on a multivariate normal distribution
p(fl®)=N(E[f], cov(f)) with unknown expectation E[f] and unknown covariance matrix cov(f)

* No prior information about E[f] and cov(f) available
- using a non-informative prior (e.g. p(®) = [det (cov(f))]-™*172)

Posterior Step becomes

cov(f) - W- -1, with ¥, (x—l)‘l[s(cp o) )" = cov(r),,

obs !

Inverted Wishart Distribution Sample covariance matrix

and
|

E[f] < NI(f;, 2" cov(f)) with ) = f(@

J.C. Neuber, A. Hoefer, Sample mean
J.M. Conde Lopez, ICNC
2007, paper 243

o!) )= E[f],

obs !

> MC samples fy;c drawn ( ‘ - ¥ ) (i)
UEo NEDOT, £ IR after each posterior step: NIt E[f](')’ COV(f)(i) = tyuc
PHYSOR 2008, Paper 525 A
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L Dbevnletion Vahaasation: Annhcationor t\¢ ¥k

Sampling MC-ICFs for the BUC application case

Generation of the BUC AC working pool
{f‘fﬁ“‘? §Bue } VIAVL

JL?

A 4

Step E1: Evaluation of the BUC AC
working pool - Matrix ®

Step E2:
e Matrix @ complete

* Matrix @ incomplete = solution of
the missing data problem

ICF MCsample for BUC isotopes f,,.
|

v
Application to isotopic concentrations
calculated for the application case g
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Depletion Calculation and Validation

Depletion Code Bias in Uncertainties
weaknesses Nuclear Data in Nuclear Data
\ 4
Recalculation of
chemical assays \ v
| Bias in Isotopic Uncertainties
\ 4 o e o . oy
Uncertainties Densities in Isotopic Densities

Isotopic Correction
Factors (ICFs)

in assay data

\ 4

Uncertainty in ICFs .
Uncertainties
in Bias-Corrected

Isotopic Densities

'

Criticality
Application case calculation

A

Benchmarks

A
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Criticality Analysis Application Case

——{ICF MCsample for BUC isotopes fMC—l eyl Gl o

i for the application case

i Ye

BUC isotopic concentrations C

for application case: MC sampling on system parameters x

design parameters different from nuclear fuel)
BUC-AC (LEe
MC sample Cj,-

Sampled vector for K. calculation

Muc = (CII?/I%C_AC’XMC’gMC)

A

Calculation of the k.4 value for the sampled vector 2 K.,

MC sampling on involved
nuclear data §

A

A 4

Add sampled Akg of application case to K., : K+ AKp
T _ v

” Monte Carlo sampling on bias Akg ” ” Empirical distribution of (K, +AKkg) “

A
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Criticalitx Analzsis AEElication Case

Uncertainty of nuclear data: Monte Carlo sampling on involved nuclear data &

p(O(E,)| M) p(M] ©(E,)) p(O(E,))
\ \

i+l M Matrix of empirically Neutron

i-th MC based basic nuclear data energy
sample on @

v

p(‘gBD(En)‘G(En)) Basic dat
! e

gl
th MC sample on &,

i o
1

A\ 4

Basic data evaluation codes

\4

Point data (continuous cross-sections)

Application case

A
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Criticalitx Analxsis AEElication Case

Uncertainty of Nuclear Data: Use of TSUNAMI

Perform n TSUNAMI calculations using different starting random numbers

v

Results (onp)is --s (OND)n

\ 4 A 4

On\p

:%Zn:(GND)i T _i n ((GND)i_END)Z

i—1 n-143

|

A

Inv—y*(n—-117%) = 15,

A 4 A 4

N(END’TiAC/n) — Elowplne

N(El[o o lvce: Ti/IC) = (@)he

v

N(O, (GND)i/IC)_) Ak'l\\l/ltc):

Monte Carlo
sampling on

\A 4

bias Akg

27

Add to k- and Ak — [k, +AK,p + Ak ]

calc
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Criticalitz Analxsis Validation

In many cases: “mutually
dependent experiments”

Monte Carlo sampling on entire x space «

'

For each sampled vector xy;c calculation of the k. values
(ky, Ky, ...,ky) for all the N experiments

Space of experimental parameters x
of all the experiments

\ 4

Bias vector (Akg;, Akg,, ...,Akg,) for all the N experiments

y

Bayesian linear regression with this bias vector
using adequate explanatory variables

A 4

MC sampling for MC sample of the bias Akg for the application case
application case 2> v
Keate Add to Kk, of application case: (K., +Aknp)+AKg
MC sampling for I
application case on ‘ . J.C. Neuber, A. Hoefer,
Aknp ' NCSD 2009 Topical

Empirical distribution of Meeting, Sept. 13-17, 2009
(TSUNAMI) (Keare*Aknp+AKp) Paper 33
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Criticalitx Analzsis Validation

Explanatory variables

N, _akeff or N|. op
Ker  ON, p ON,

 Isotopic sensitivity coefficients: (N;:= number density)

1 1
" k(without 1) k(with 1)

« Isotopic reactivity worths: Ap,

A
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Criticality Calculation and Validation

Uncertainties Bias in Criticality Code
in Nuclear Data Nuclear Data weaknesses !
Recalculation of
. . crits/subcrits
Uncertainties Bias Ak, |
in design data ink
5 et : v Uncertainty in
| Biases (Akp); for crits/subcrits data
< crits/subcrits

| Uncertainties in
AKg and its uncertainty Biases (Akp).

for application case

A

Uncertainty

31 in (ke + Aky)

Uncertainties v

in Bias-Corrected Confidence Statement
Isotopic Densities on (k. + Akg)

Application case

Benchmarks

A

CSN / IAEA Workshop on Advances in Applications of Burnup Credit for Spent Fuel Storage, Transport, Reprocessing, and Disposition AREVA
30 Cordoba, Spain, 27 — 30 October, 2009



J.C. Neuber, A. Hoefer, AREVA NP GmbH, NEEA-G

Conclusions

What was the objective?:

« We are using tools < Nuclear data, calculation codes

* So, what is the bias in k.4 given these tools (given code and given nuclear data)?

« -> Evaluation of experiments for estimating the bias

« Uncertainties in the experiments have to be considered

Uncertainties in the nuclear data - have to be considered in the application case

Uncertainties in the design data of the application case

The MOCADATA procedure presented fullfill all the requirements and takes into account
« all uncertainties due to experiments and application case

+ all uncertainties due to
- empirical data required for performing the statistical analysis
- the finite number of the data and
- the possible incompleteness of the data

 the fundamental variability due to the selection of probability distribution models required for
evaluating empirical data.

A
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