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Motivation

• Light water (H-H2O) is the most important ENDF-format thermal neutron 

scattering law (TSL) material for many reactor applications.

• Many reactor applications involve elevated temperature (T) and pressure (P).  

• Direct validation of H-H2O TSL performance for these conditions is limited.   

• Early efforts (1950s and 1960s) to characterize thermal neutron scattering in 

water for reactor applications produced more than 100 publications of 

experimental measurements of neutron diffusion over a range of elevated T.
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Temperature-Dependent H-H2O Phonon Spectra
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ENDF/B-VII.1 ENDF/B-VIII.0

Mattes and Keinert IKE model (2005) based on linear interpolation

of DDXS measurements at 295 K and 550 K, Page and Haywood, 

AERE Report 5578, United Kingdom (1968). 

CAB molecular dynamics simulation model by Márquez 

Damián et al., Annals of Nuclear Energy 65 (2014).  

Phonon and diffusion information is independently defined for each T



Importance of Temperature-Dependent Validation  

• The dynamics of H2O molecules in liquid water change significantly with respect 

to T, along with density, and these changes are non-linear.

• Consequently, thermal neutron scattering microscopic cross sections, and 

probabilities in energy and angle, vary non-linearly with T.      

• The accuracy of calculated thermal scattering cross sections depends on the 

temperature-dependent phonon and diffusion information in the H-H2O TSL.

• Unlike solids and “fast” evaluations, validation of H-H2O TSL performance at one 

T provides little direct assurance of acceptable performance at another.
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THEORETICAL BASIS FOR USING

NEUTRON DIFFUSION MEASUREMENTS 

FOR TSL VALIDATION
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Linking Diffusion Theory to Experiment 

(Time-Dependent Case)

Time-dependent one-speed diffusion equation for a homogeneous medium:

1

𝑣

𝜕𝜑 𝒓, 𝑡

𝜕𝑡
− 𝐷∇2𝜑 𝒓, 𝑡 + 𝛴a = 𝑆 𝒓, 𝑡

Fundamental-mode solution for a non-multiplying system with no neutron source:

𝜑 𝒓, 𝑡 = 𝜑0 𝒓 𝑒−𝛼𝑡, where

𝛼 = 𝑣𝛴a + 𝑣𝐷𝐵g
2

The blue expression for 𝛼 is from one-speed diffusion theory,

where 𝐵g
2 is geometric buckling. 

• For a real homogeneous source-free non-multiplying system with a thermalized 
neutron flux, the solution form in red is physical.

• The physical time eigenvalue 𝛼 is independent of diffusion theory.  Using the pulsed-
neutron die-away (PNDA) method, it may be measured or calculated by simulation.     
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The physical 𝛼 can be expanded as as a Taylor series in 𝐵g
2:

𝛼 = 𝑣𝛴a + 𝑣𝐷𝐵g
2– 𝐶𝐵g

4 + 𝑂 𝐵g
6 ≈ 𝑎eff + 𝐷eff𝐵g

2 − 𝐶𝐵g
4

Now, 𝑎eff is an “effective” absorption term, 𝐷eff is an “effective” diffusion coefficient, and 

the one-speed approximation is relaxed (𝑎eff and 𝐷eff are spectrally averaged).

• The parameter 𝐶 is a diffusion cooling coefficient associated with preferential 

“transport” and boundary leakage of higher-energy neutrons in the thermal spectrum.

• The second-order and higher terms in buckling are essentially “transport corrections” 

to the diffusion-theory time-eigenvalue form 𝛼 = 𝑣𝛴a + 𝑣𝐷𝐵g
2.

• By determining 𝛼 over a range of 𝐵g
2 (or for samples of varying dimensions), 𝑎eff, 

𝐷eff, and 𝐶 can be calculated with a quadratic (or higher order) fit of 𝛼 to 𝐵g
2.
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Linking Diffusion Theory to Experiment 

(Time-Dependent Case)



If an external source makes up for losses in the flux such that it is constant in time, the 

one-speed diffusion equation for a homogeneous medium in this stationary case is:

∇2𝜑 𝒓 −
1

𝐿2 𝜑 𝒓 = −
𝑆 𝒓

𝐷
, 

where 𝐿 (the neutron diffusion length) ≡ 𝐷/𝛴a = 
1

6
∗ RMS distance to absorption

For an infinite homogeneous non-multiplying system with a point source at 𝑟 = 0, the 

fundamental-mode flux profile solution converges as 𝑟 → ∞ to the form:

𝜑 𝑟 = 𝜑0
𝑒−𝜅𝑟

𝑟
, where 𝜅 = 1/𝐿

For a real system, the form in red still describes the physical asymptotic solution far from 

a source or boundary, where the spatial eigenvalue 𝜅 depends on the physical 𝐿.
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Linking Diffusion Theory to Experiment 

(Static Case)



With 𝐿 ≡ 𝐷/𝛴a, the one-speed static case 𝛼 = 𝑣𝛴a + 𝑣𝐷𝐵g
2 = 0 requires 𝐵g

2 = −1/𝐿2,

since 𝑣, 𝛴a, and 𝐷 are physical properties that cannot be negative.

𝐵g
2 characterizes the boundary leakage effect on the flux spatial curvature and decay rate.

Requiring negative buckling (𝐵g
2 = −1/𝐿2) to yield 𝛼 = 0 is equivalent to stating that 

net leakage is negative due to the presence of an external source.

𝛼 ≈ 𝑎eff + 𝐷eff𝐵g
2 − 𝐶𝐵g

4 is a more physical representation of 𝛼.  

Solving the quadratic expansion of 𝛼 ≈ 𝑎eff + 𝐷eff𝐵g
2 − 𝐶𝐵g

4 with 𝐵g
2 = −1/𝐿2 yields:

𝐿 =
𝐷eff

2𝑎eff
1 + 1 +

4𝑎eff𝐶

𝐷eff
2 ≈

𝐷eff

𝑎eff
+

𝐶

𝐷eff
≈

𝐷eff

𝑎eff
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Equivalence of the Time-Dependent and Static Cases



The solution 𝐿 =
𝐷eff

2𝑎eff
1 + 1 +

4𝑎eff𝐶

𝐷eff
2 was derived from the static case in terms of the 

expanded diffusion coefficients from the time-dependent case.

However, the thermal neutron diffusion length 𝐿 is an intrinsic property of a material.

• 𝐿 physically depends on the density, temperature, absorption, and integral and 
differential thermal scattering properties of the material.

• 𝐿 can be calculated equivalently as 𝐿 = 1/𝜅 by determining the spatial eigenvalue 𝜅
(with a fixed source) or by the PNDA method using the equation form for 𝐿 above.

• The neglect of higher-order coefficients in the equation for 𝐿 above has virtually no 
impact for light water (due to weak absorption and near-linear angular dependence).   
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Equivalence of the Time-Dependent and Static Cases



Physical Geometric Buckling

• The form 𝐵g
2 =

𝜋

𝑅+𝑧0

2
is given by diffusion theory for spherical geometry, where the 

extrapolation distance 𝑧0 serves as a vacuum boundary correction.

• The physical treatment of 𝑧0 and 𝐵g
2 in PNDA experiments have been the subject of 

considerable study, including for light water and for spherical systems.       

• While 𝑧0 and 𝐵g
2 are artifacts of diffusion theory, for real systems of arbitrary geometry, the 

physically appropriate 𝐵g
2 have values which reproduce the physical time eigenvalues 𝛼 =

𝑎eff + 𝐷eff𝐵g
2 − 𝐶𝐵g

4 and yield 𝐿 consistent with the physical spatial eigenvalue 𝜅 = 1/𝐿.

• The appropriate 𝑧0 is a function of material density, material scattering and absorption 

properties, and geometry.  This relationship is given by 𝑧0 = λtr𝐹g. The geometry factor 𝐹g is 

shape-dependent and is a nearly-constant function of 𝐵g
2, except for very small systems. 
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DEVELOPING AN EMPIRICAL RELATIONSHIP

OF THE NEUTRON DIFFUSION LENGTH

AS A FUNCTION OF TEMPERATURE  



Incorporation of Historical Data

• The physical variation of 𝐿 with 𝑇 depends on the non-linear relationship of density (𝜌) 

vs. 𝑇 as well as on changes in the dynamics of H2O molecules (such as changes in 

clustering and rotational hindrance).  

• Under the assumption that microscopic cross sections are 𝑇-independent and have 

1/𝑣 dependence over a Maxwell-Boltzmann neutron spectrum, diffusion theory 

predicts that 𝜌𝐿 should vary as 𝑇.

• Physically, experimental data has been shown to follow the form 𝜌𝐿 = 𝑇𝑅, where 𝑅 is 

slightly less than 0.5.

• In the present work, experimental 𝐿 data at 49 reported temperatures from 25 

publications (using several types of static and time-dependent methods) is compiled.
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𝜌𝐿 = (0.1766 g/cm2)𝑇0.483 (for 𝑇 in Kelvin)

𝐿ref (at 𝑇ref = 22 °C) = 2.761 ± 0.009 cm

Experimental 𝐿 Data and Empirical Temperature Fit 



Uncertainties and Biases

Clear systematic biases exist between publications, where the data spread exceeds 

what may be reasonably expected based on the authors’ quoted uncertainties.  

𝑳 data from 10 PNDA sources:

0.8% below empirical curve

𝑳 data from 15 static sources:    

0.2% above empirical curve (with half the quoted uncertainty of PNDA) 
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Taking into account the ambiguity of the observed

systematic biases, a best estimate of 0.5% is given for

the uncertainty in calculating 𝐿 with the empirical

function 𝜌𝐿 = (0.1766 g/cm2)𝑇0.483 (for 𝑇 in Kelvin).
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RESULTS OF

PNDA SIMULATION OF H-H2O TSLs

WITH MC21



PNDA Model Data and Time Eigenvalue Results
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Room temperature 𝑧0 data from Schmidt and Gelbard (1965).

NCSU TSL is under development.



Temperature Correction of 𝑧0

• To determine appropriate 𝑧0 at 500 K, we note that the theoretical value for 𝐿500 K is 

given by 𝐿500 K = (0.1766 g/cm2) 500 0.483/(𝜌500 K = 0.8315 g/cm3) = 4.274 cm.  

• Using 𝐿 ≈ 𝐷eff/𝑎eff, we can predict 𝐷500 K/𝐷ref = (𝜌500 K/𝜌ref) 𝐿500 K/𝐿ref
2 = 1.997.  

• Given 𝜆tr ∝ 𝐷eff and 𝑧0 ∝ 𝜆tr, the 𝑧0 values at 𝑇ref are first scaled by a factor of 1.997.

• Since 𝐵g
2 decreases as 𝑇 increases, fine adjustments are then made to 𝑧0 to account 

for the small variation of 𝐹g with 𝐵g
2.
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MC21 ENDF/B-VIII.0 H-H2O TSL vs. Empirical at 500 K
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Calculation of Diffusion Length at 500 K

ENDF/B-VIII.0

Poly. (ENDF/B-VIII.0)

C Deff aeff

𝐿 =
𝐷eff

2𝑎eff
1 + 1 +

4𝑎eff𝐶

𝐷eff
2 = 4.283 cm

𝐿(500 𝐾) = (𝐿(295.15 K)  ∗ ρ(295.15 K)  ∗ (500 K)^0.483) / (ρ(500 K) ∗ (295.15 K)^0.483) =
((2.761 cm)  ∗ (0.99776 g/cc) ∗ 20.1188 ) / ((0.8315 g/cc)  ∗ 15.5966) = 4.274 cm

MC21:

Based on pure experimental fit:



Diffusion Parameter Results 

Compared to Experimental Averages

20

Experimental values and uncertainties for 𝑎eff, 𝐷eff, and 

𝐶 are unweighted and based on available data from 10 

publications at or near 𝑇ref = 22 °C. 

All data for 𝑎eff and 𝐷eff is adjusted to 22 °C.  Data for 

𝐶 is unadjusted.  The experimental value and 

uncertainty for 𝐿 at 227 °C is based on the empirical fit.

The estimated uncertainty in MC21-calculated 𝑳 using the given PNDA method is 0.3%.



Quality of C/E for Expanded Diffusion Coefficients

• The experimental 𝑎eff, 𝐷eff, and 𝐶 data used in calculating C/E values at 22 °C is 

primarily from PNDA sources.  

• Considering the PNDA-based experimental 𝐿 data used in the work is biased about 

1% lower than the static-method 𝐿 data, it is possible that the experimental 𝐷eff

average is biased too low (since 𝐿 ≈ 𝐷eff/𝑎eff, and 𝑎eff can be calculated more 

accurately than 𝐷eff).

• It is notable that the MC21-calculated 𝐷500 K/𝐷ref, averaged over the two MD-

generated TSLs tested (ENDF/B-VIII.0 and NCSU), is 1.996, nearly exactly the value 

of 1.997 predicted based on the empirical fit derived from experimental 𝐿 data. 

• Uncertainties in 𝐶, whether calculated by experiment or Monte Carlo simulation, will 

always be large.  Higher-order diffusion effects are very weak in light water, and 

effectively probing 𝐶 requires extremely small geometries that can be impractical.     
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MC21 Results in Empirical Fit Space
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Note that O is always treated as a free gas (as is justified by the results).  However, treating

H as a free gas (shown above) results in enormous deviation of 𝐿 from physical reality. 



• The ability to accurately calculate the thermal neutron diffusion length 𝐿 in light water with 

MC21 PNDA simulations at very different temperatures has been established by leveraging 

experimental data from numerous publications.

• The calculated 𝐿 is consistent with experimental measurements and sufficiently sensitive to 

different H-H2O TSL physics models to use the method as a TSL integral performance 

benchmark, if not a validation basis. 

• This method allows comparison of calculated 𝐿 to experiment for light water at arbitrary 𝑇.

• The diffusion-based validation method for H-H2O TSLs has the advantage of being isolated 

to the physics of the material under consideration. There is no influence of nuclear data 

uncertainties or effects from other materials.  

• Repeating the method over a fine mesh of temperatures should result in a smooth 

inflectionless curve of 𝐿 vs. 𝑇. Any anomalies in the underlying TSL physics models as a 

function of 𝑇 could be easily identified, which is difficult with critical benchmarks. 
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Conclusions


