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Abstract

On the basis of the cross section models of neutron scattering in liquid H2O and D2O, which have been developed in the previous

papers, we have generated eight sets of multigroup constants (energy-averaged cross sections) for each liquid at 5, 27, 52 and 77 �C. The

multigroup constants cover a wide energy range 0:1meV–10MeV with 140 energy groups at equal logarithmic intervals and represent an

angular scattering distribution by the Legendre polynomial expansion up to order 3. Major characteristics of neutron scattering inherent

to liquid water are fully included in terms of coherent and incoherent properties and temperature-dependent quasi-elastic and inelastic

scattering. These characteristics are assured by comparison with relevant experimental results of scattering cross section and also by

neutron slowing-down and thermalization analysis in liquid H2O and D2O. It is shown that the present multigroup constants serve for

analysis of neutron moderation from fission/spallation to ultra-cold energies, in combination with the already-generated ones for liquid
4He, H2, D2 and CH4 and solid CH4.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

During the past 3 years an extensive study of neutron
scattering in liquid water has been carried out with a view
to developing a cross section model [1–4].
�
 Cold and thermal neutron scattering in liquid H2O has
been studied in terms of a physical cross section model
expressed basically by a velocity auto-correlation func-
tion and, equivalently, a generalized frequency distribu-
tion. The microscopic dynamics of water molecules is
fully described from very general considerations con-
nected with jump diffusion, intermolecular vibration,
hindered rotation and intramolecular vibration at
temperatures between 0 and 100 �C.

�
 The cross section model has been generalized to the one of

liquid D2O. Coherent neutron scattering is treated in view
e front matter r 2006 Elsevier B.V. All rights reserved.
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of a microscopic static structure and molecular motions
through the Vineyard’s convolution approximation [5]: a
set of partial static structure factors for pairs of DD, DO
and OO, determined experimentally [6], is utilized to
express interference scattering from distinct molecules.

�
 A full set of double-differential and total cross sections

for neutron incident energies from 0:1meV (ultra-cold)
to 10 eV (epi-thermal) has become numerically calcul-
able. Satisfactory agreement with the neutron scattering
experiments and computer simulations [7–19] has been
shown at several different temperatures. For reference,
such a typical example is given in Fig. 1 for scattering
laws for liquid H2O and D2O. Inclusion of water
molecule dynamics well reproduces the experimentally
observed behavior [14–16,20] especially at small mo-
mentum and energy transfer, which is in contrast to the
molecular gas models for H2O [21] and D2O [22].

In the present paper, eight sets of multigroup constants
(energy-averaged cross sections) for liquid H2O and D2O at

www.elsevier.com/locate/nima
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Fig. 1. Calculated scattering laws as a function of energy transfer _o and momentum transfer Q for liquid H2O and D2O at 20 �C, compared with the

experimental results [14–16,20] and the Nelkin and Honeck models [21,22].
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5, 27, 52 and 77 �C are newly generated using the cross
section model mentioned above. A wide range of neutron
energies from 0:1meV to 10MeV is covered and forward
scattering inherent to H by epi-thermal and fast neutrons is
adequately represented by the Legendre polynomial
expansion up to order 3. By the combined use of the
already-developed multigroup constants for liquid H2 and
D2 [23], liquid and solid CH4 [24], and liquid 4He [25], it
becomes possible to treat quantitatively neutron slowing
down and thermalization over the extremely wide energy
range, say, from fission/spallation to ultra-cold-neutron
energies. All the sets of multigroup constants are expected
to serve for research and development of an advanced
neutron source.

The purpose of the present paper is to report that the
newly generated multigroup constants exhibit not only all
of the essential characteristics of liquid water dynamics,
but also yield proper energy spectra of fast and thermal
neutron fluxes inherent to liquid H2O and D2O. The former
is assured by calculating group-transfer scattering cross
sections, angular distributions of scattered neutrons and
total scattering cross sections especially at low energies
below 10 eV. Good agreement with many experimental
results [14,15,17,19,26–29] is found, for instance, with
respect to the temperature dependence of total scattering
cross sections at very-cold neutron energies around
0.01meV. The latter spectral analysis is performed by a
multigroup neutron transport calculation for pure liquid
H2O and D2O and their mixtures at each temperature. The
thermal neutron spectra are compared with the experi-
mental ones in water and aqueous boric acid solutions [29]
and characterized in terms of effective neutron temperature
and thermal neutron gain with a change in liquid
temperature and H2O/D2O content. Furthermore, non-
Maxwellian deviations of the calculated spectra are found
and clarified in view of water molecular dynamics such as
quasi-elastic scattering and hindered rotation, which is
essentially in contrast to the molecular gas models [21,22].
Section 2 describes briefly the procedures of multigroup

constant generation. Section 3 illustrates physical char-
acteristics of the multigroup constants. Section 4 is devoted
to the concluding remarks.
2. Generation of multigroup constants

Since the method and procedure of multigroup constant
generation have been described [30], only the main points
concerned hereupon are touched. The energy range of
incident and scattered neutrons from 0:1meV to 10MeV is
divided at equal logarithmic intervals into 140 groups: total
number of groups is G ¼ 140 with 10 groups per one
energy decade. The angular distribution of scattering cross
section is represented by the Legendre polynomial expan-
sion up to a maximum order L ¼ 3, i.e. in the P3

approximation, which is almost adequate for reproducing
forward scattering in free H, D and O by epi-thermal and
fast neutrons. Hence the multigroup constants are defined
using the double-differential scattering cross section
d2sX

s ðE! E 0; yÞ=dOdE0 for liquid H2O and D2O
(X ¼ H2O or D2O) at scattering angle y with the change
of neutron energy from E toE0:

sl;X
s;g!g0 ¼ 2p

Z 1

�1

dm
Z Eg�1

Eg

dE

Z Eg0�1

Eg0

dE0

�wðEÞ
d2sX

s ðE! E0; yÞ
dOdE0

PlðmÞ ð1Þ

where m ¼ cos y, PlðmÞ is the Legendre polynomial function
of order l (¼ 0; 1; 2; 3), Eg and Eg�1 are the lower and upper
boundaries of the energy group g (g ¼ 1; 2; 3; . . . ;G), and
wðEÞ is the weighting spectrum of neutron flux consisting of
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Maxwellian flux, 1=E component and fission spectrum withR Eg�1

Eg
wðEÞdE ¼ 1.

The total cross sections for scattering and absorption in
group g are written as

sX
s;g ¼

XG

g0¼1

s0;Xs;g!g0 (2)

sX
a;g ¼

Z Eg�1

Eg

dE wðEÞsX
a ðEÞ (3)

where sX
a ðEÞ¼s

X
a0

ffiffiffiffiffiffiffiffiffiffiffiffi
E0=E

p
with sH2O

a0 ¼ 6:652� 10�1 b=H2O

and sD2O
a0 ¼ 1:038� 10�3 b=D2O at thermal neutron energy

E0 ¼ 25meV [19]. Hence the total cross section for any type of
reaction is just

sX
t;g ¼ sX

s;g þ sX
a;g.

Notice that the macroscopic cross sections can be defined as

Sl;X
s;g!g0 ¼ Nsl;X

s;g!g0 ; SX
s;g ¼ NsX

s;g

SX
a;g ¼ NsX

a;g and SX
t;g ¼ NsX

t;g
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Fig. 2. Group transfer cross sections s0;H2O
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Fig. 3. Group transfer cross sections s0;D2O
s;g!g0
where N is the number density of molecules being common to
both liquids [31]: N=1024 ¼ 0:03345; 0:03333; 0:03303 and
0:03257 cm�3 at 5; 27; 52 and 77 �C, respectively.

3. Physical characteristics of multigroup constants

3.1. Inelastic and quasi-elastic scattering processes

Various scattering processes in the whole energy region
may be conveniently represented by s0;Xs;g!g0 , called the
group-transfer scattering cross section. It represents all the
scattering processes connected with the change of neutron
energy group from g to g0, but being irrelevant to y as an
isotropic (l ¼ 0) component.
Figs. 2 and 3 show, respectively, s0;H2O

s;g!g0 and s0;D2O
s;g!g0 at 5

and 77 �C, in which the histograms are plotted as a function
of E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgEg�1

p
and E0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eg0Eg0�1

p
in the range of E and

E0p10 eV (i.e. g and g0X60). The following scattering
processes can be seen from Figs. 2 and 3: (a) the sharp peaks
of quasi-elastic scattering along the diagonal line E�E0 are
obvious. They arise from the translational diffusion of water
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molecules and their width broadens with increasing T

through the diffusion coefficient DðTÞ. As E decreases
below E0, the quasi-elastic peaks of liquid H2O become
larger and narrower by an incoherent component having the
width Q2DðTÞ where Q is the momentum transfer. On the
other hand, those of liquid D2O are not observed distinctly
at low E below the diffuse Bragg-cut energy �3meV since
the coherent scattering almost vanishes. (b) There are
marked inelastic peaks around E0�5 and 60meV for liquid
H2O and E 0�5 and 40meV for liquid D2O. They represent
up-scattering processes ðE04EÞ due to the de-excitations of
intermolecular vibration and hindered rotation. Hence, as T

increases, they tend to be more significant. (c) For E41 eV,
the recoil scattering in free atoms H, D and O becomes
dominant, though it is not clearly seen from Figs. 2 and 3.

Since various properties of neutron scattering in each
liquid have been fully discussed in the previous papers [1,2],
two typical results among them are presented in Fig. 4 to
show essential behavior of the present multigroup con-
stants. The double-differential scattering cross section with
the energy change from g to g0 is calculated as

1

ðEg�1 � EgÞðEg0�1 � Eg0 Þ

Z Eg�1

Eg

dE

�

Z Eg0�1

Eg0

dE0
d2sX

s ðE! E0; yÞ
dOdE0
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Fig. 4. Double-differential cross sections of liquid H2O for E ¼ 304meV and l
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1
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XL
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4p
sl;X
s;g!g0Plðcos yÞ. ð4Þ

The results of liquid H2O at 26 �C for 304meV neutrons
and liquid D2O at 26 �C for 213meV neutrons are
compared with the experiments [14,15]. It can be seen
from Fig. 4 that major behavior of quasi- and inelastic-
scattering is well reproduced over the energy range of
scattered neutrons at each scattering angle.
The change of neutron energy from E to E0 may be

simply characterized by the ratio of an averaged energy of
scattered neutrons to an incident one. It is defined by

E
X

f ;g

Eg

¼
1

EgsX
s;g

XG

g0¼1

s0; X
s;g!g0Eg0 (5)

where Eg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EgEg�1

p
. Fig. 5 shows the ratios for liquid

H2O and D2O at four temperatures. It is obvious that
there are transition energies of about 40meV from energy
loss ðE0oEÞ to gain ðE04EÞ by single scattering. At
higher temperature, energy-gain scattering become much
significant. The liquid D2O indicates slightly suppressed
ratios around 5meV on account of inherent coherent
scattering.
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3.2. Angular distributions of scattered neutrons

Angular distribution of scattered neutrons may be
evaluated as:

f X
g ðyÞ ¼

1

sX
s;g

XG

g0¼1

XL

l¼0

2l þ 1

4p
sl; X
s;g!g0Plðcos yÞ. (6)

Since
R

f X
g ðyÞdO ¼ 1, then the first moment of cos y is

given by

mX
g ¼

1

sX
s;g

XG

g0¼1

s1; X
s;g!g0 . (7)

Fig. 6 shows f H2O
g ðyÞ and f D2O

g ðyÞ as a function of E

(10�4pEp104 meV) and y at 5 �C only because their
temperature dependence is not significant. For reference,
two typical cases of f H2O

g ðyÞ with E ¼ 850meV and f D2O
g ðyÞ

with E ¼ 6:3meV are calculated. The results are compared
in Fig. 7 with the experiments [27]. Note that f H2O

g ðyÞ for
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E ¼ 20meV has been presented in previous paper [1].
Furthermore, Fig. 8 shows the calculated mH2O

g and mD2O
g at

each temperature, together with the experimental results
[17,28]. As a result, the following characteristics may be
noted. (a) For liquid H2O, there is a gradual transition
from almost isotropic to distinct forward scattering with
increasing E. And (b), for liquid D2O, an anisotropic
behavior due to the diffuse Bragg coherent scattering
around 2meV is obvious. Forward scattering at higher E is
relatively weak since mD2O

g �0:22 for E41 eV.
3.3. Total scattering cross sections

Fig. 9 shows SH2O
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neutron energies ranging from 0:1meV to 10MeV, together
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10 eV have been well-established as an evaluated nuclear
data [19,32], only the calculation is presented. The
experimental results of liquid D2O for very-cold neutrons
are compared with SD2O

t;g for pure liquid D2O and a liquid
mixture of 93% D2O and 7% H2O. The latter is shown in
the insert of Fig. 9 and found to be nearly consistent with
the experiments in terms of magnitudes and slopes with a
variation in liquid temperature. It may be to be noted that
the Honeck’s model [22] for pure D2O gas at 27 �C passes
through the experimental very-cold neutron results of
liquid D2O at 23 �C though the Nelkin’s one [21] for H2O
gas at 27 �C largely over-estimates the relevant experiment.
Consequently, the present multigroup constants based on
the liquid water models are found to be adequate over the
wide energy range concerned with, say, very-cold to fast
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neutrons. Finally, it is further mentioned that the diffuse
Bragg coherent scattering in liquid D2O is well reproduced
around 3meV and that gradual transitions of sH2O

t;g and
sD2O
t;g to respective free atom cross section, i.e. 44.6 b and

10.6 b for E�10 eV, can be ascertained.
Following the argument in Ref. [26], the calculated total

cross sections at very-cold neutron energies are character-
ized as follows. A linear function of a neutron wavelength
lg (/ 1=

ffiffiffiffiffiffi
Eg

p
), mðTÞlg þ cðTÞ, is fitted to SH2O

t;g and SD2O
t;g ,

so that the magnitudes of mðTÞ as well as cðTÞ are
determined at each temperature. The fitting region is
selected to be 0:0021oEo0:053meV and the average
deviation is less than 0.3%. Fig. 10 shows the values of
mðTÞ for liquid H2O and D2O as a function of temperature.
Also shown in Fig. 10 are the experimental and theoretical
results taken from Ref. [26].The present results of liquid
H2O exhibit an increasing tendency of mðTÞ with tempera-
ture, while those of liquid D2O are rather gradual on
account of less magnitude of SD2O

t;g . Such tendencies may be
explained physically by reference to the results of Figs. 2
and 3. At lower temperatures, the quasi-elastic scattering
by molecular diffusion is relatively significant, whereas it
becomes less effective with increasing T by the enhance-
ment of up-scattering due to the de-excitations of inter-
molecular vibration and hindered rotation. These
temperature-dependent processes of liquid dynamics have
been included in the multigroup constants through the
cross section model of liquid H2O and D2O [1,2], which is
essentially in contrast with the models of Nelkin [21],
Debye crystal [33], simple self-diffusion [33] and Esch [34].

3.4. Integral tests with neutron energy spectra

As an integral test of the multigroup constants, they are
applied to the neutron transport analysis of large homo-
10-1

100

101

102

10-4 10-2 100 102 104 106 108 1010

101

10-3 10-2 10-1

Σa x 100

Σt

Incident Neutron Energy [meV]

Liquid D2O Present Model

52°C
27°C
5°C

77°C

Zaitsev et al. [26]

BNL325 [19]
60°C
40°C
23°C

Honeck Model
27°C

Present Model 
for 93% D2O 
and 7% H2O

r liquid H2O and D2O, together with the experimental results [26,19].



ARTICLE IN PRESS
m

 x
10

-8
 [c

m
-2

]

Temperature [°C]

0

0.2

0.4

0.6

0.8

1

1.2

0 10 20 30 40 50 60 70 80

Nelkin Model [21]
Esch Model [34]
Simple Diffution [33]
Debye Crystal [33]

Zaitsev et al. [26]
Present Result

Zaitsev et al. [26]
Present Result

Liquid H2O

Liquid D2O

Fig. 10. Temperature dependence of the slope mðTÞ for liquid H2O and

D2O, together with the experimental results [26].

Beyster [29]
Calculation (D2O Content)

99.75 %
99.0 %
97.0 %
90.0 %

6.04b/H

3.15 b/H

Pure D2O

Pure H2O

Neutron Energy [meV]

N
eu

tr
on

 E
ne

rg
y 

S
pe

ct
ru

m
 [a

rb
. u

ni
t]

Pure D2O

Pure H2O

10 eV 10 keV 10 MeV
10-4

10-2

100

102

104

106

10-4 10-2 100 102 104

10-8

10-6

10-4

10-2

Fig. 11. Infinite-medium energy spectra of neutron flux for liquid H2O

and D2O at 27 �C, normalized to the 1=E component above 0:5 eV.

Y. Edura, N. Morishima / Nuclear Instruments and Methods in Physics Research A 560 (2006) 485–493 491
geneous moderators composed of liquid H2O and D2O.
The purpose is to make sure of the reproduction of
equilibrium energy spectra of neutron flux inherent to each
liquid. Hence infinite-medium spectra are calculated under
the condition of a spatially uniform external source of
fission neutrons with an average energy of �2MeV. A
neutron transport code ANISN [35] in the P3-S8 approx-
imation is used. A set of energy spectra for pure liquid H2O
and D2O at 27 �C, together with mixtures of them and
liquid H2O poisoned with

ffiffiffiffiffiffiffiffiffiffiffiffi
E0=E

p
absorber, are calculated.

Fig. 11 shows the calculated results for the whole neutron
energies from 0:1meV to 10MeV. In addition, the spectra
measured in liquid H2O and poisoned water [29] are
presented since they can be considered infinite medium
spectrum [36,37]. To characterize the energy spectra of
thermal neutrons, the following expression in a Maxwellian
plus 1=E form [38] is fitted by a least-square method:

fðEÞdE ¼ fM:B:ðEÞdE þ DðEÞfS:D:ðEÞdE (8)

where

fM:B:ðEÞdE ¼ fth

E

ðkBTnÞ
2
exp �

E

kBTn

� �
dE (9)

fS:D:ðEÞdE ¼ fepi

1

E
dE (10)
DðEÞ ¼

2

1þ expðA=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E � B
p

Þ
; ðE4BÞ

0; ðEpBÞ

8><
>: (11)

fth is the total flux of thermal neutrons, Tn is the effective
neutron temperature, kB is the Boltzmann constant, fepi is
the epi-thermal neutron flux, A and B are the fitting free
parameters. Fig. 12 shows the resulting values of ðTn �

TÞ=T and fth=fepi for pure liquid H2O and D2O and
mixtures of them at each temperature. The following
moderating properties can be ascertained from Figs. 11 and
12: (a) good moderation to thermal neutrons is attained in
liquid D2O and liquids rich in D2O, on account of the very
weak absorption of lower-energy neutrons and the lower
excitation energy of hindered rotation. (b) Spectral indexes
of ðTn � TÞ=T and fth=fepi indicate slight temperature
dependence. In particular, as T increase, fth=fepi for pure
liquid H2O and D2O approaches the theoretical value of
moderating ratio, given by 71 and 5700, respectively [38].
A further study of the infinite-medium spectra FðEÞ is

pursued on the question whether fine structure due to the
molecular dynamics is found or not. A relative deviation of
FðEÞ from the fitted fM:B:ðEÞ is defined as FðEÞ=fM:B:ðEÞ �

1 and calculated for pure liquid H2O and D2O at each
temperature. Fig. 13 shows the percent deviations for
neutron energies between 0.1 and 100meV, compared with
those by Nelkin model for liquid H2O [21] and Honeck
model for liquid D2O [22]. Non-Maxwellian deviations are
obvious, which arise mainly from two up-scattering
processes by the de-excitations of intermolecular vibration
and hindered rotation: their respective energy gains are
about 5 and 60meV for liquid H2O and about 5 and
40meV for liquid D2O. At lower temperatures, the peak
width of such scattering is relatively narrow (see Figs. 2



ARTICLE IN PRESS

φ t
h/

φ e
pi

R
el

at
iv

e 
D

ev
ia

tio
n 

(T
n 

- 
T

)/
T

Moderator Temperature [K] Moderator Temperature [K]

0 % (Pure H2O)
90 %
97 %
99 %
99.75 %
100% (Pure D2O)

D2O Content

0

0.01

0.02

0.03

0.04

0.05

0.06

273 293 313 333 353 373
101

102

103

104

273 293 313 333 353 373

0 % (Pure H2O)
90 %
97 %
99 %
99.75 %
100% (Pure D2O)

D2O Content

Fig. 12. Temperature dependence of neutron temperature deviation ðTn � TÞ=T and moderating ratio fth=fepi.

Liquid H2O

Liquid D2O

Nelkin Model [21]

5°C

77°C
52°C
27°C

Honeck Model [22]

5°C

77°C
52°C
27°C

R
el

at
iv

e 
D

ev
ia

tio
n 

[%
]

Neutron Energy [meV]

-6

-4

-2

0

2

4

10-1 100 101 102

-6

-4

-2

0

2

4

Fig. 13. Relative deviations of the calculated spectra from the fitted

Maxwellian one at the temperatures shown, compared with those by the

Nelkin model [21] and Honeck model [22].

Y. Edura, N. Morishima / Nuclear Instruments and Methods in Physics Research A 560 (2006) 485–493492
and 3), thus resulting in up-scattering with specific energy
gains. As liquid temperature is raised, the peaking behavior
becomes more marked with both increased magnitude and
broad tail component. The former enhances the deviations
around 30meV and the latter moderates the ones below
about 10meV. In the case where such an up-scattering
accompanied with specific energy gains is not significant,
the condition of detailed balance tends to be satisfied. This
extreme is illustrated with the almost Maxwellian behavior
of the Nelkin and Honeck models since they are essentially
molecular-gas models for translational motion.
4. Concluding remarks

The eight sets of multigroup constants for liquid H2O
and D2O at 5, 27, 52 and 77 �C have been successfully
generated, which are examined for physical and quantita-
tive characteristics:
�
 A wide range of neutron energies from 0:1 meV to
10MeV is covered so that slowing-down and thermali-
zation of spallation/fission neutrons to ultra-cold ones
can be analyzed as a whole.

�
 Scattering properties of liquid water are fully included,

thus resulting in good reproduction of scattering laws
[14–16,20], double-differential cross sections [14,15],
angular distributions [27,17,28] and total cross sections
[26,19]. This essentially contrasts with the results of
ordinarily used models such as Nelkin [21] and Honeck
[22].
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�
 Integral tests with infinite-medium energy spectra for
thermal neutrons reveal that the effects of water
molecular dynamics and H2O/D2O content are signifi-
cantly dependent on liquid temperature.

Consequently it may be concluded that, in combination
with the already developed multigroup constants for liquid
H2 and D2, solid and liquid CH4 and super-fluid 4He
[23–25], the present ones are expected to serve for
development of an advanced neutron source to be installed
at a high-power proton accelerator and a high-flux research
reactor.
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