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OUTLINE

• Overview of FPY theory 

• Some GNDS format requirements 
are unrealistic 

• Storing Q matrix as a <matrix> 
is silly 

• Start and stop times for Q are 
equally silly 

• Some GNDS format requirements 
have important and useful 
implications 

• Need for (proper) covariances 
for Q, CY, IY 

• Need for finer energy grids in 
CY, IY 

• We neglected consideration of 
ternary fission

ENDF/B-VII.1 238U(n,f) independent yields from SIGMA plot



RATE (AKA BATEMAN) EQUATION

Take away message: FPY will be intimately related to decay 
branching ratios and half-lives
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1 Introduction

We need to develop an evaluation strategy as well as a GNDS format that
can support the full set of features required to use the evaluation.

2 Theory introduction

The rate equation for particle species i following a fission burst at t = 0 sec.
is given by

dNi

dt
=

X

j

�jbj!iNj(t)� �iNi(t) (1)

where

Ni(t) is the population of species i at time t in units of (particles)

�j is the total rate at which species j in units of (decays/unit time)

bj!i is the branching ratio for species j to decay into species i (no units)

�j!i ⌘ �jbj!i is the rate at which species j decays into species i in units
of (decays/unit time)
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The species i may be the ground state or an isomer. Here the first term on
the right describes decay into i from other particles j and the second term
on the right describes the total decay of i.

Eq. (1) is a simple first order linear di↵erential equation. Harry Bate-
man solved it by simply Laplace transforming it and produced the famous
Bateman Equation:
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This may be viewed as a matrix equation:

Nn(t) = Nn(0) +
X

m

Bnm(0, t)Nm(t) (3)

=
X

m

Qnm(0, t)Nm(0) (4)

where Q(0, t) = (1 � B(0, t))�1 and time 0 is understood as the end of
irradiation and the beginning of the clock for counting decays.

Note the matricesB andQ are mostly well behaved, but there evaluation
can be tricky for cases where �p!n ⇡ �j!n because of the denominator in
(2). Fortunately this doesn’t happen often (since the daughter nucleus n
has to be the same). To ensure that the inversion is safe, the ENDF Decay
sublibrary has an unspoken rule that no two nuclei can have the same decay
rate.

Also, B and Q are sparse, if that helps.
In the limit that t is large but 1/�i!j >> t for some i and j, two things

happen. First, the rates where 1/�i!j << t do not contribute to the matrix
in Eq. (2) as exp(��i!jt) ! 0. Second, the rates where 1/�i!j >> t then
dominate as exp(��i!jt) ! 1, but the time dependence drops away. This
results in a state of secular equilibrium as it corresponds to the case where
dNn(t)/dt ⇡ 0.

3 Fission Product Yields

We specialize to the case of fission. Define NF as the fission rate for time t <
0 and fission is turned o↵ at = 0. We can use the rate and Bateman equations
to compute the time dependence of the population of fission product, writing
Ni(t) = NFYi(t).

The conventional definitions are:
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WAYS TO SOLVE THE BATEMAN EQUATION

• Numeric integration (Leap Frog, …) 

• Laplace transform: 
 
 

• Use someone else’s code (i.e. FISPACT, FISPIN, Origen, 
DecayNetwork, PyNE, ROOT, CINDER, MONTEBURNS, …) 

Take away message #1: Care needed when rates very close 

Take away message #2: Propagating uncertainties from decay data 
cannot be done “the easy way” with GLSQR.  A Monte Carlo approach 

is probably needed.  As far as we know, one has ever done it.

Bateman Equation:
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This may be viewed as a matrix equation:

Nn(t) = Nn(0) +
X
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Bnm(0, t)Nm(t) (3)

=
X
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Qnm(0, t)Nm(0) (4)

where Q(0, t) = (1 � B(0, t))�1 and time 0 is understood as the end of
irradiation and the beginning of the clock for counting decays.

Note the matricesB andQ are mostly well behaved, but there evaluation
can be tricky for cases where �p!n ⇡ �j!n because of the denominator in
(2). Fortunately this doesn’t happen often (since the daughter nucleus n
has to be the same). To ensure that the inversion is safe, the ENDF Decay
sublibrary has an unspoken rule that no two nuclei can have the same decay
rate.

Also, B and Q are sparse, if that helps.
In the limit that t is large but 1/�i!j >> t for some i and j, two things

happen. First, the rates where 1/�i!j << t do not contribute to the matrix
in Eq. (2) as exp(��i!jt) ! 0. Second, the rates where 1/�i!j >> t then
dominate as exp(��i!jt) ! 1, but the time dependence drops away. This
results in a state of secular equilibrium as it corresponds to the case where
dNn(t)/dt ⇡ 0.

3 Fission Product Yields

We specialize to the case of fission. Define NF as the fission rate for time t <
0 and fission is turned o↵ at = 0. We can use the rate and Bateman equations
to compute the time dependence of the population of fission product, writing
Ni(t) = NFYi(t).

The conventional definitions are:

Yi(t) The fission yield of species i at time t

CYi The cumulative fission yield of species i at “t ! 1” (more accurately
when dYi(t)/dt ⇡ 0)

IYi The independent fission yield of species i, equal to Yi(t = 0)
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• Independent fission yield, IFYi, is the probability that species i is promptly 
populated after fission event 

• The Cumulative fission yield is recursively defined as  
 
                                            CFYi= IFYi+ Σ Bij CFYj 

• Bij is the probability of the jth material in the network will decay to the ith material.    

• Can be shown that CFYi= IFYi+Σ Aij IFYj = Σ Qij IFYj , where Aij is the product of 
decay branching ratios. 

• If there is a single fission burst and Ni(t) gives the number of nuclides for the ith 
material as function of time, then CFYi = Ni(t=∞) for stable or very long-lived 
nuclides, T1/2 > 1015 years. 

• In an operating nuclear reactor, if a given material has achieved equilibrium, that 
is dNi/dt = 0, then Ni(t) per fission is proportional to  CFYi x T1/2i

FISSION PRODUCT YIELDS



TAKE AWAY MESSAGES

• The Q (or A or B) matrix is computable directly from the (e.g.) 
ENDF/B decay sublibrary and the list of isotopes in the CFY & 
IFY tables is all that is needed. 

• A precomputed Q matrix & (if computable) Q matrix covariance 
might be useful for some users



YIELDS HAVE ENERGY DEPENDENCE

• England and Rider files have 
three “fake” energies: thermal, 
fission spectrum and 14 MeV.  

• Major requirements:  

• Enable CFYi(E) and IFYi(E)

• Provide covariance between 
different yields at different 
energies  

• Provide covariance between 
CFY and IFY 

• This argues for using XYs1d’s 
for the energy dependence of 
yields

Energy Dependence of Fission . . . NUCLEAR DATA SHEETS M.E. Gooden et al.

FIG. 34: (Color online) Present data along with existing
literature data for 147Nd from the fission of 239Pu

V. CONCLUSIONS AND FUTURE WORK

A consistent set of high-quality cumulative fission prod-
uct yield measurements have been performed to inves-
tigate the energy dependence of selected high-yield fis-
sion products from the neutron induced fission of 235U,
238U and 239Pu. These measurements were performed
with quasi-monoenergetic neutrons and utilized dual-
fission ionization chambers for an accurate measure of
the number of fissions that occurred in the target sam-
ples. Examples of these measurement have been given
above and are given fully in the appendices, where the
fission product yields for each identified fission product
is given along with the total and minimum uncertainty
for each. For 235U and 238U the observed energy de-
pendences in general agree well with existing data and
the expectation that the fission product yields of peak
fission products should remain relatively constant before
decreasing as the incident neutron energy increases, i.e.,
with increasing excitation energy. The results that were
obtained also agree well with the evaluated yields of Eng-
land & Rider [6], as demonstrated in Fig. 35.
Unlike 235U and 238U, the cumulative fission product

yields obtained for 239Pu show unexpected energy depen-
dences for certain high-yield fission products like 95,97Zr
and 147Nd. The energy dependence of 147Nd from the
fission of 239Pu shows at low-energy a positive energy
dependence with increasing incident neutron energy, in
agreement with the earlier critical assembly data [1]. This
is an important finding because it demonstrates that the
high-yield fission products can have a dependence on inci-
dent neutron energy. 147Nd also has served as a standard
reference in the National Security Laboratories for deter-
mining the number of fissions in a sample, and without
including this energy dependence results will be in error.

FIG. 35: (Color online) Present data at two energies
compared to the fission product yield distributions from

England & Rider [6].

These data help to answer the question of an energy
dependence at low energy (En < 4 MeV) and provide new
data at 14.8 MeV. However, there still exists a large range
of incident neutron energies for which the fission product
yields are not known (see Fig. 34) or as demonstrated
in the figures of Section IVC, known poorly. There-
fore, measurements are still proceeding both at thermal
and from 5-14 MeV. At time of publication, the region
near second-chance fission is being studied (5-8 MeV) and
preparations for measurements with thermal neutrons are
being made. Thermal neutron energies have been care-
fully studied and therefore, measurements at that energy
will be important to establish the method detailed above.
As discussed in Appendix A, the thermal fission product
yield of 99Mo from 235U is the basis for fission measure-
ments in the national laboratories and necessary to con-
struct the R-values that have been measured.
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Energy Dependence of Fission . . . NUCLEAR DATA SHEETS M.E. Gooden et al.

FIG. 18: (Color online) Present data along with existing
literature data for 143Ce from the fission of 235U. See

legend for Fig. 13.

FIG. 19: (Color online) Present data along with existing
literature data for 147Nd from the fission of 235U. See

legend for Fig. 13.

in the data, except for the datum of MacInnes [2], which
is ∼ 15% low compared to the other data.

Considering Fig. 26 and 34, the energy dependence
of 147Nd is much different for 235U than either 238U or
239Pu. The energy dependence of 147Nd at low-energy
(extending to ∼ 5 MeV) is approximately flat for 235U,
as shown in Fig. 19. The present results agree very well
with those from Selby [1] and at higher energy with those
from Chapman [28]. While there is a spread in the values
from the ANL group [26], the values are still consistent
with the present values and those from Chapman. At
14.8 MeV, the present data and that of Laurec [4] differ

by less than 1% from each other but are more than 2-
sigma lower than the Nethaway [30] value.

B. 238U Fission Yields

The yields for the selected fission products from
238U presented here are given in Table XVI. The low-
est incident neutron energy that was investigated for
238U was 1.37 MeV due to the fission threshold at ∼ 1.4
MeV, i.e., no data for 0.58 MeV was taken. Therefore,
having less data, the comparison to 235U and 239Pu be-
comes more difficult, to establish a low energy depen-
dence for 238U FPY.

FIG. 20: (Color online) Present data along with existing
literature data for 95Zr from the fission of 238U.

FIG. 21: (Color online) Present data along with existing
literature data for97Zr from the fission of 238U. See

legend for Fig. 20.
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PROVIDING THIS 
ENERGY 

DEPENDENCE IS 
TRICKY

• Thermal and fission spectrum 
values are spectrum averages tied 
to high precision data (e.g. Maeck) 

• Must do GLSQR fit to this data 
• Energy dependence only known 

for a few IFY’s 
• Energy dependence of CFY 

“inherited” from IFY 
• Need model of Z,A dependence 

of IFY to propagate energy 
dependence to CFY 

• Extra wrinkle: without unified grid, 
sum rules fail 

• There are many sum rules we must 
obey 
• 2 fragments (unless there’s 

ternary fission, an issue for gas 
production) 

• baryon number conservation 
• charge conservation 
• …



• Evaluation methodology will impact form of covariances we can generate 

• Machine Learning (Random Forest, GLSQR, Mixture Density Networks, …) 

• Hauser-Feshbach-like (CGMF or YAHFC) 

• all of the above? 

• Joint BNL/LANL project should clarify within 1-2 year

Path forward is murky, but are things to consider: 
1. need correlation matrix between yields  
2. mass or charge yields (Y(A) or Y(Z)) are well known 

and constrain yields like total cross section 
constrain partials


