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FORWORD 

Burn-up analysis plays a fundamental r o l e  i n  the assessment 

of the parameters whlch enter d i rect ly  into the burn-up and decay 

equations, the knowledge of the cor rec t  values of which i s  d i rect ly  

connected wi th the abi l i ty  of predict ing the reactor  l i f e  behaviour. 

In order then o f  performing an optimal exploitation of the information 

contained i n  the experimental quantities measured, i.e. the amounts 

of the various burnt-up and built-up f issi le, fe r t i l e  and f iss ion product 

isotopes, the knowledge of the sensit iv i t ies of these integral quanti- 

t ies wi th respect to such parameters (i.e., capture and f iss ion cross-  

sections and decay constants) should be known. In simple cases (of 

ve ry  few variables) for  which an analytical solution may be easily 

determined, the evaluation of the sensitivities, corresponding to the 

f i r s t  derivat ive of a given isotope density at a given f inal time wi th 

respect to the various parameters, is  straight4orwat-d. In those 

cases, however, in which the number of variables and the complexity 

of the problem renders impractical the analytical evaluation of the 

derivatives, a method could be used, as shown in the present paper, 

expioit ing the time-dependeni generalized perturbat ion techniques [g. 
What i s  here required a re  the rea l  and adjoint solutions of the 

bum-up equations at umperturbed conditions, which may be obtained 

numerically once f o r  a l l  the sensit iv i ty coefficients requested for  a 

given integral quantity. in  the i l lustrat ive example at the end, the 

correspondance i s  shown of the proposed perturbat ive method wi th 



the evaluation of the  f i r s t  der iva t ive  of the integral qu-n t i ty  cons idered  

with respec t  to the  var ious  parameters .  



THEORY 

Having defined the burn-up and decay matr ix 

.... relevant to 1 isotopes with density n n n and where a 1 '  2' I i j 
represent given coefficients (O), the burn-up equation may be written: 

If the in i t ia l  density po at time t is  given and the matr ix & rresults 
0 

tirne-independent, we can w r i t e  the formal solution: 

n( t )  = e 
&t-t 1 

- o n .  
-0 

(O) In the a.. coefficients the fol lowing terms may generally be 
I J  

present : ' 
1 

a) X (decay constant of isotope i); 
i 

b, (k aa, i ( f lux by absorption cross-section of isotope i); 

C, +<f' I 
( f l w  by f ission cross-section of isotope i); 

(K..= f ract ion per f iss ion of isotope i of the f iss ion 
d' K~ j'af, i i j  

product j). 



Let us now consider the integral quantity 

where 

h representing assigned values (generally = 0 o r  I ) ,  and let us 
i 

w r i t e  w i t h  respect to Eqn. (2) the adjoint equation, by which the 

importance function resu l ts  defined. We obtain: 

where ~q~ i s  the transposed matr ix of & , wi th  the (f inal)  condition 

at time t 
F: 

n*(t ) = h  . - F (7) 

The solution w i l l  be: 

r 
If after the time to we now introduce a perturbat ion 3& 

into the matr ix 4, a change S Q  of the quantity Q w i l l  generally 

follow. B y  making use of the expression (11) of Ref. [ I I ,  which 

may be di rect ly  extended from the neutron to the nuclide field, 

and recal l ing that i n  our case S&=O fo r  t < t we can wr i te  the 
0' 

exact perturbat ion expressidn: 

where "1 represents the isotopic density after the perturbat ion. 

Le t  us now suppose that at times t t , ,  . . . , t the 
0' F 

densities of the various isotopes a re  al tered by an external operation 

(material removal, addition, substitution, etc.) and that a change i s  



induced also into matr ix (which, however, at different times i s  sup- 

posed time-independent). In this case, for the generic time-interval 

t ) we can w r i t e  the solution: ( t t - p  e 9 

a where 

l i s  a diagonal matr ix i n  which the coefficients m. represent the f ract io-  
I 

nal variat ions of the generic i - th isotope at tlme te . At  this point the 

problem remains of determining the importance functions corresponding 

to the density n2(t) as given by Equ. (10). F o r  this purpose the fol lo- 
* 

wing argument may be followed: the importance n. ( t )  of a nuclide i i s  
I 

defined as the contribution given by  such nuclide, introduced into the 

system at time t, to the   measurement^ Q at the f inal time t and since 
F 

at every intermediate time t we assume a reduction (or  increase) by  I 
L - 

a f ract ion m. of such nuclide, i t s  importance at the time tp (i.e., im- 
I 

mediately preceding tp ) undergoes a corresponding decrease (or  increase) 
+ 

wi th respect to time t, i.e. immediately following t2 ) by the same l '  

f ract ion mZ Therefore the solution adjoint to the expression given by 
I' 

Equ. (10) in the interval ( t  . t. results:  
(-1'  C 



C and the perturbation o Q wi l l  be given by Equ. ( 9 )  which, when l inear i -  

zed by setting the unperturbed density n i n  place of n l  may be written: - - 3 

If we now suppose that: 

and that at times t and t there a re  no external alterations, Equs. 
0 F 

(10) and (12) may be written:' 



EXAMPLE 

Le t  us consider the two equation system: 

If we indicate, by n and n the ini t ial  conditions at time t the 
01 02 oJ 

solutions resul t  ( for sempllcity, supposing in this case that a 
I 1 f a22): 

a (t-t ) ( nI(t) = n e 
11 0 

01 

a 
21 nol 

a (t-to) 
I I 

a n a (t-t ) 
21 01 22 0 

e * ("02- a - a 
) e 

a - a  
11 22 1 1  22 

The system adjoint to (E. 1 )  is  given by the equations 

the solutions o f  which are: 



% n 
having indicated by n: and n: the "f inal conditionsllat time t 

0 1 02 F' 

L e t  us now suppose that the quantity to be analyzed is: 

so that the f inal condition results: 

Besides, let us suppose that n = 0. Sett ing t = 0, the solutions 
02 0 

( ~ . 2 )  and (E.4) become: 

By perturbing a by a quantity 5 a and adopting the time-dependent 
1 1  1 1  

generalized perturbation method we obtain the expression: 



F r o m  the second one o f  the solutions (E. 7 )  one could obtain, by 

di f ferent iat ion wi th  respect to a at time t exactly the same expres- 
I I F ' 

sion above, which shows the val id i ty  (as wel l  as the l imits) o f  the 

proposed perturbation method. 

Le t  us suppose now that at time t the densities n and n 
1 1 2 

a r e  a l tered by fractions m and m In this case the rea l  solution 
1 2' 

i s  given by the expressions ( ~ . 7 )  in the interval ( t  t ), whi le in 
0' 1 

the interval ( t  t ) i t  results:  

a 1' F 

Instead, the adjoint solution remains that given by the expressione (E.8) 



in the interval ( t  t 1, while i n  the interval ( t  t ) i t  results:  
1' F 0' 1 

a ' -a (t-t ) 
- I -  e 22 F + [ ] e  

al l-a22 

having indicated by  [I the expression: 

- -a (t -t ) -a (t -t ) 
[(1-ml)(e 11  1 F - e 22 F ,  + (1-m2) e -a22(t1-tF'~ q a 
The perturbat ion S Q  in this case becomes: 

(E. 12) 

We can easily ver i fy  also for  this case that, by differentiating the 

second one o f  the expressions (E. 10) at time t we would obtain the 
F ' 

some perturbat ive expression. F rom what shown above, the interest resu l ts  

Proved of adopting the time-dependent generalized perturbat ion methods 

In complex cases, for  which the analytical solution of the burn-up 

equations would be impractical, and rather a numerical approach resu l ts  

prefereable, when the sensitivityvalues a re  requ i red of a given burn-up- 



-dependent integral quantity with respect to the parameters appearing 

In the same equations. 
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