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FORWORD .
Burn-up analysié plays a fundamental role in the assessment
. of the parameters .which enter directly into the burn-up and decay
equations, the khowledge of the correct values of which is directly i
connected with the ability of predicting the reactor tife behaviour,
in order then of performing an optimal exploitation of the Information _
i contained -in the exper‘imenta[- quantities méasur-ed, i.e. the amounts
of the various burnt-up and _built—u’p fissile, fertile and fission product

Isotopes, the knowledge of the sensitivities of these integral quanti-

"; ' - ties with respect to such parameters (i._é., capture and fission cross-—

sections and decay cohstants) should be known. In simple cases (of
‘ very few varliables) for which an analytical solution may be easily {
detérmined, the evaluation of the sensitivities, corresponding to the
first derivative of a given isotope density at a given*fin;jl time with {
respect to the various parameters, is stralght~forward, In those
cases, however, in which the number of variables aﬁd the complexity
of _the problem renders impractical the analytical evaluation of the
derivatives, a method could be used, as shown in the present paper,
explolting the time—dependent.genera[ized perturbation techniques /17,
What Is here required are the r';eal and adjoint solutions of t-he '

~burn-up equatlons at umperturbed conditions, which may be obtained

numerically once for all the sensitivity coefficients requested for a
given Integral quantity. In the illustrative example at the end, the

correspondance is shown of the proposed pebtur‘bative' method with
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the evaluation of the first derivative of the integral qu-ntity considered

with respect to the various parameters,
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THEORY

Having defined the burn-_up' and decay matrix
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relevant to ] Isotopes with density n], n'z, seey nI and where aT.i

represent given coefficients (°), the burn-~up equation may be written;

dn - _ ‘ _
= fnlt). | S {2y

If the initial density __QO at time to is given and the_matrix A results

_time~independent, -we can write the formal solution:

- n(t) = eﬁ(t_td)n _ (3)
n _ n, _

(°) In the ‘au coefficients the following terms may generally be

pr‘esent::
a) hi {decay constant of isotope i);

b) b, (flux by absorption cross—séction of isotope 1);
!
c) cpc (flux by fission cross-—sect:on of isotope i);

.d} KIJ (K = fractmn per fission of isotope | of the ﬂssmn

'pr‘oduc:t j).
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Let us now consider the integral quantity

T
Q=h’ nlt_) (t_>1t ) (4)

where

T (5)

h; representing assigned values (generally = O or 1), and let us
write with respect to Egn. {2} the adjoint equation, by which the
importance function results defined, We obtain:

dn*(t)

—— - A, (e

where \AT is the transposed matrix of #& , with the (final) condition

at time t__:
|eF_.

n*e_) =h . | {(7)
The solution will be:

| T
a)=nTe % Ut (8)

It after the time t, we now introduce a perturbation EMQ |
into the matrix J}, a change $Q of the quantity Q will génerally
follow. By making use of the expression (11) of Ref. /17, which
may be directly extended from the neutron to the nuclide field,
and recalling that in 6ur‘ case Sft=0 for t<to, we can write the

exact perturbation expressidn:

t
F
;
Sa =fa 0TS (o) (o)
oo _

where n! represents the isotopic density after the perturbation,

Let us now suppose that at times to,' the

t]’ ey tF_-
densitles of the various isotopes are altered by an external operation

(material removal, addition, substitution, etc,) and that a change is




‘induced also into matrix vt (which, however, at different times is sup-
posed time-independent), In this case, for the generic time-interval

(tf—]’té’)’ we can write the solution:

A

_ (t-t, ) _ KA. @, -«t. )
i =e 8 TRAULY Y e CEET Ry

sy e
ALt -t ) '
ceere e T CU-A) n, (io)

where

. { o
(u_U]{{) —_ . (]—mz) . . (I])
i e . {7
)

(@] (1—mI

£

is a diagonal matrix in which the coefficients mi‘ represent the fractio-
nal Qar‘iatlons of the generic 1-th isotope at time ti . At this point the
pr‘obler_n remains of determining the Importance functions corresponding

to the density Qe(t) as given by. Equ. (10). For this purpose the follo~
wing argument may be followed: the importance n?(t) of a nuclide i is
defined as the contributlion given by such nuclide, introduced into the
system at time t, to the "measurement! Q at the final time t_ and since
at every Intermediate time tZ we assume a reduction (or increz;se) by

a fraction m;Z of such nuciide', its importance at the time tE (i.e,, im-
mediately preceding t; ) undergoes a correspohding decrease (or increase)
with respect to time t;, i.e, immediately following t; ) by the same
fraction mle. Therefore the solution adjoint to the expression given by

y tg) results: )
T( } a T

t ~t -7t (t -t )
-1 L((f,(—a‘f;'__ 1) I R A

Equ. (10} in the interval (ttf

; - A
ﬁ*m'z D_T({U»"Jil_) o "._;‘ L.

>
- bpta “‘t{) (12)

{h’-u%z) e
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and the perturbation 5

Q will be given by Equ. (9) which, when lineari-
zed by setting the unperturbed density n in place of n!', may be written:

(13)

ty '
va =%_f 'p_*lT(t) Sﬁzng(t)dt .
_ ty_y

If we now suppose that:

DQE

“.
3._, .

and that at times to and tr__ there are no external alterations, Equs, -
(10} and {12) may be written:

Alt-t, ) A
ntw=e N LU-p 0T

b AT R s | -
0T =0T [0 )] e A ) (14)
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EXAMPLE

‘ let us consider the two equation system:

(E.1)

—= = n_ o+
dt 9517 T Baglp

if we Indicatei by nm and no2 the initial conditions at time to, the

solutions result (for semplicity, supposing in this case that a”7£ azz):

a.  (t-t )
n () =n e H o
1 ol
221 "ot ap, -t %21 "ot a,,it-t,)
. : nz(t) =T, e *An - T - ) e .
. _ 11 22 11 22
' (E. 2)
The system adjoint to (&E.1) is given by the equations
. *
dn .
- ! = a n* + a na_e
dt 11 1 21 2
% ' - (E.3)
dn; %
T dat | 82 "2 ’
the solutions of which are:
b Ty
Disy
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* TR R T %21 62 -2yl
n-:l‘(t) =-T + (n1 p— )
11 722 _ 11 %22 .
- a_ (t-t (E. 14)
n—.?f(t) cn e 22( F')
2 o2 ’

Y] .
having Indicated by n_ and nZZ the !"final conditions'lat time tF.

1

Let us now suppose that the quantity to be analyzed is:

® 5 Q= nylt) = | o 1] n(t_) , (. 5)
: nzﬁtr:)

so that the final condition results:

n * n *] ="0 :1 . . (é.ﬁ)
ot 02 j

Besides, let us suppose that n.

= 0, Setting t = 0, the solutions
o2 o

{E.2) and (E.4) become:

a .t
11
nl(t) nol e
n a a .t a
11 2
nz(t) =-;9"]':';'%1' { e - e 2% ' | (E.7)
() 11 %22 | |
* 221 mapltg) o~ e )
. Ny (t) = R — e - e
: i1 22 (E.8)
* - a,, (t-—tF__)
ni {1} =e

11 by a quantity Sa” and adopting the time-dependent

generalized perturbation method we obtain the expression:

By perturbing a
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¢ ‘e § . g"“n © "
Q= f dt I nI n2 ‘ =
to O @) n2
t
F . nISa”
fdt \ n: n*l S fn* n. dt
== P = a =
to ] 2 o 11 ]
. A a_t
| X 22
® _ <. i 21 'F_fn'E %2 , le ""F- e FN
11 ol a, "8, (a”-a22)

(. 9)'

From the second one of the solutions (E.7) one could obtain, by

differentiation with respect to al, at tlme tF’ exactly the same expres-

sion above, which shows the validity (as well as the limits) of the
proposed perturbation method,

Let us suppose now that at time t, the densitles r*:I and n

1 2

are altered by fractions m1 and mz. In this case the real solution

is glven by the expressions (E,7) in the Interval (to,tl), while in

the interval (tl’tF) it results:

n{t) =(1 - m,)n ea”m
1 . 1" ol
: n a e a, . t a,,t a .t
nz(t) = ;'9-1":;“2“3“ i(l—ml) e UL [(1—m'2)(e ” ]-e 22 1) -
11 22
a_ .t - a (t -t) .
- (1-m.) e " ]J e. 227 ! i . j (£, 10}

Instead, the adjoint scolution remains that glven by the expressione (E.B8)

el re
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in the Interval (tl,tF), while in the interval (t('),t}) it results:

a ' ' —-a _  (t-t

) -a, (t-t )
n(e) = = 28‘ i—(l—mz)e 22 Fi[le ' 1
: 11 "22
(£.11)
. - t-t_}
n“*(t) = (1-m_) e 822( F
2 2 ’
having indicated by [] the exbr‘ession:
. - —a_{t -t ) ~a,_ (t_ -t} | -a,_ (t. -t )
221
. L(!—ml)(e 1 1 F - 22 1 ) + (1-——m2) e F] -
The per'tur‘bat'lon SQ in this case becomes:
t t t
F 1 F
gQ=sa n*ndt=5a n*ndt+§a n*ndt =
. 1 1 1 g 1 H 1
. ' t )
(o) =] 1
1 921 -m, 2oter @y magM, 1 1t
=§ . 9 - ;_ e [e —1J+[]tle +
9117 %22 4117 %22
t - t - -
¢ e M 202t 1 Bt (g azz)tij
+ “_mi)(tf:_tl)e - e e - e .
11" %2
(E.12)

We cén easily verify also for this case that, by differentiating the
second one of the expressions (E,10) at time tF-" we would obtain the
some perturbative expression, From what shown above, the interest resuits _
proved of adopting the time-dependent generalized pebtur‘bat.ion methods
In complex cases, for which the analytical solution of the burn-up
equations would be impﬁactical, ahd rather a numerical approach results

prefereable, when the sensitivity values are required of a given burn-up-

e . S et B ,u___.__.__..Ww,...,..,.,_ﬁ..___“?.w_..
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~dependent integral guantity with respect to the parameters appear‘ing.

In the same equations,
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